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Abstract

Ordinary differential equations subject to boundary conditions (BVPs)
play a crucial role in many scientific disciplines. Boundary value problems
(BVPs) can be solved analytically, however, there are different types of
boundary value problems are difficult to solve. Therefore, the numerical and
approximation approaches for solving boundary value problems are used. In
this paper, an algorithm is proposed for hybridizing the Rayleigh-Ritz method
with the particle swarm algorithm to find approximate solutions of boundary
value problems. To achieve this, it is vital to minimize the fitness function
value. A discrete least squares weighted function is used to calculate the
fitness function. Linear and non-linear boundary value problems are solved
using the proposed algorithm. A comparison was made between the
approximate and exact solutions. This is carried out by presented variety of
linear and nonlinear examples. Moreover, the convergence of the proposed
algorithm presented. The results of the approximate solution are promising in
terms of convergence and accuracy.
Keywords: ordinary differential equations, particle swarm optimization,
Rayleigh-Ritz method
1. Introduction.
Ordinary differential equations (ODEs) arise in a wide variety of
mathematical fields, as well as in engineering and many other application
areas such as Biological applications, statistical physics and molecular
dynamics [1].
Although most of differential equations types can be solved analytically,
approximation and numerical techniques have gained interest as methods for
solving differential equations, such as Runge-Kutta methods, Adams-
Moulton method , Euler’s method, Adams Bashforth method, Heun’s method
[2], Shooting technique[3], and Rayleigh-Ritz method(RRM) [4].
Alternatively, the use of intelligence algorithms has recently applied to solve
mathematical problems such as Neural Networks (NN), particle swarm
optimization (PSO)[5], Genetic Algorithm(GA)[6]. These intelligent
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algorithms have been used successfully to solve mathematical problems. This
is carried out by hybridizing the particle swarm optimization with Padé
Approximant for solving ordinary differential equations[7]. Particle swarm
optimization is approximation solutions of nonlinear differential equations
with Fourier series[8]. solving the Fredholm integral equation [9], Genetic
algorithm was used to solve ordinary differential equations[10].

In general, using intelligent algorithm in association with approximation
methods led to more accurate solutions and less computational efforts.

The (RRM) is one of the approximation methods to solve boundary value
problems. The Rayleigh-Ritz method was also used to solve the second kind
linear Fredholm integral equations[11]. It has also been primarily applied to
solve linear differential equations[12,13]. However, there are lacks of
attempts to use the Rayleigh-Ritz method for solving nonlinear differential
equations. In a recent study, it was found that the applicability of the method
to nonlinear problems, nevertheless, the obtained results inconsistent with
the exact solution [14] [15].

The concept of the (RRM) is to minimize the functional and then take its
derivative with respect to unknown coefficients to create system of algebraic
linear equations then determining the unknown coefficients of the
approximate solution [16]. In this paper, a hybrid algorithm is proposed based
on the particle swarm optimization algorithm and the Rayleigh-Ritz method
to approximate solution of linear and nonlinear (BVPs). The proposed
algorithm determines the values of the unknown variables resulting from the
(RRM). Consequently, this algorithm shortens many algebraic operations and
saves time, and computational efforts. In addition, produce an accurate result
for solving nonlinear differential equations.

This introduction is followed by preliminary. The methodology of solving
linear and nonlinear boundary value problems is illustrated. Then, several
examples are shown. Finally, the results are discussed.

2. PRELIMINARY

In this section, an explanation of the (RRM) is presented. There is also a
discussion of the fundamentals of particle swarm optimization algorithms
(PSO). This is followed by a description of the PSO algorithm.

2.1. Rayleigh-Ritz method (RRM)

The functional form of a given differential equation is essential for the
(RRM). Functional is an application of a function (or set of functions) to a
value. The concept of the functional is derived from the study of variational
principles which is commonly applied to physical problems as well as other
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problems. Mathematically, a variational principle is the determination of the
extreme value of a typical function's integral,

For more clarification, the Rayleigh-Ritz method can be explained by the
following:

second-order (BVP) is considered:

y'+px)y+qx)=0, y(a)=0,y(b)=0 (1)

which can be expressed as follows :

b
1(y()) = f oy, y")dx @)

Where y(x) satisfies the boundary conditions v(a)=y(b) =0 , the
necessary condition for I(y) to have a maximum is that f(x,y,y"') must
satisfy the Euler- Lagrange differential equation.

L 4(3)-

dy dx ®)
To find the functional associated with any equation follow these steps:[17]
o Multiply the equation by v(x) from the left and integrate according to the

given x values (on the problem domain).

e Use integration by parts for the term containing the second-order
derivative.

e The boundary integrals should be expressed on the boundary conditions.

e Convert the equation to a homogeneous one and divide the nonlinear terms
within the integral by the exponent of each one of them.

So that the functional of Eq.(1) is written as follows:

b 2
I(V(x)) = f [(j—z) —pv? —2qv

Let @;(x)for 1 =i =<n be n independent weight functions satisfying the
corresponding boundary conditions of the given differential equation and let
consider:

() =(x—a) = (b—x) ()

dx =0 4)

Define
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V(x) = er- ©;(x) (6)
Substituting for v(x) |n Eq.(4) we get

V() = f l wm) —'p(zfxi witxJ)

i=1

(7

—Zani 0,05)|ax
i=1

After completing the integration process, the result of the integration is

derived with respect to unknown coefficients and equated to zero
I(V(x)) aI(V(x)) oI(V(x)) 8

da,  da, = Oa, ®

Where a set of algebraic equations is obtained Which are then solved

algebraically to obtain the values of the unknown coefficients «; .

Where v(x) is the approximate solution after substituting the values of the

coefficients a; [18].

2.2. Particle swarm optimization

Kennedy and Eberhart introduced in 1995 a new algorithm inspired by the

collective behavior of animals such as birds, fish, and ants, called the particle

swarm algorithm (PSO)[5]. Each member of the algorithm is called a particle,

and each particle has a (position) and (velocity) that can be continuously

updated based on time. The position and velocity of each particle can be

represented by a mathematical model[19][20]:

§:(t+1)=wX§;(t) + ¢y Xrand, X (0;(t) —y:(t)) + c; Xrand, (9

X (M0 —y:(D) )

Y+ 1) =y )+ 6(t+1) (10)
where &; represents the velocity of the ith particle ,and y; represents its
position,w is a damping factor, ¢, and ¢, are two acceleration coefficients it
is important to note that They are positive constants, rand,, rand,are two
random factors in the interval [0,1],number of population in swarm (nPop) ,
a;(t)is the best position for i*" particle at time t and A(t) is the global best
position among all particles,t = 1,2,3,...Maxit , represents the number of
iterations, and (#Max/f) is the max iteration, In order to decrease the
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probability that a particle leaves search space, the velocity vectors are
clamped within a range of [varmax , varmin].

A particle swarm optimization (PSO) algorithm can search in N
dimensions depending on the number of variables 7/ar, the values of ¢;and
c;and w are determined as follows:[7]

2k
ifd =4
x=1[2-9—92 - 49| 4 (11)
k if9<4
9=09,+9,. c,=0, Xy .¢c,=9, Xy. w=Y (12)

ke[0,1], and the values 9,1, are chosen randomly to achieve ¥ = 4.
Using the following parameter &, the non-converging behavior of PSO can be
avoided by continuously damping the velocity in each iteration.
(t+1)=eX w(t) (13)
We can obtain the velocity space by following these steps:
Max Velocity = a X (VarMax— VarMin) ,
Min Velocity = —Max Velocity (14)

and a is a positive parameter.
2.3. The PSO Algorithm
PSO consists the following steps:[21][7]
1) Parameters and inputs are initialized, 9,,9,.k, &, a ,VarMax, VarMin,
nVar ,Maxit and (nPop)
1) Let the initial velocity be equal to zero.
i) Initializing an arbitrary particles’ position in the search space.
Iv) The fitness function of the swarm particles is evaluated
v) Find the global optimal position (gbest) of the particle swarm, and the
particles’ optimal position (pbesti), wherei = 1,2,...,N .
vi) The position and velocity of particles are updated according to Eq. (6)
and Eq. (7).
vii) Go to Step (iv) if the number of iterations is less than Maxit.
3. METHODOLOGY

An approach for finding the approximate solution (V- (x)) of linear
and nonlinear (ODEs) with boundary conditions is presented. In this work,
the Rayleigh-Ritz method is hybridized, by first finding the functional of the
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given (BVP). In addition, the fitness function and the weighted discrete least
squares function are introduced. Finally, an algorithm for finding the
Vappr (x)) Of the given (BVP) is presented.

3.1 The proposed method

The Rayleigh-Ritz method is hybrid with particle swarm optimization to
solve (ODEs) with boundary conditions [18].

Suppose that the approximate solution to the ODEs can be written as follows:

V) 2 Vo (1) = ) 9,00 (15

i=1
Where x € I = [x,,x,], and «; are real coefficients, @;(x) be n independent
weight functions satisfying the corresponding boundary conditions
, Vappr (x),y(x) are the approximate solution and the exact solution

respectively.

As the central idea of Rayliegh — Ritz is to determine coefficients «;, the

integral is found and then the equation obtained from the integral is derived

with respect to @; and set equal to zero where © = nVar
a(1(ven))

E(0) = |——_

i

(16)

An optimal solution to the ODEs can be obtained when E,.(x) approach to
zero. It is necessary to use a quantitative criterion that determines the
accuracy of the approximate solution to reduce E,.(x). This can be
minimized using a discrete least squares weighted function[7].

3.2. The Discrete Least Squares Weighted Function (DLSWF)

The discrete least squares weighted function is computed as follows:[7][9]
Taking the interval I and dividing it into N points
{xo =a ,xy,%5,%3,..., X, = b} , Where x, =x, +hk Vk=0,123,..,n
and h =0, and

Sy (Er(x)” (17)
N

DLSWF = \/

3.3. RRM -PSO Algorithm

Here is an outline of the proposed algorithm for solving ODEs:
Step (1): Create an array of coefficients functional nVar as
follows:[a,, a,, ..., a,]
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Step (2): Convert the ODE into the implicit form:

a(1(vn))

E —
(%) 52
Step (3): The fitness function is determined as follows:
N_ E z
FITFUN = pLSWE - | 2=l ; C)) (18)

Step (4): To determine V(x) coefficients, PSO parameters are initialized.
Step (5): A PSO algorithm applied to minimize fitness function

Step (6): Do step (5) until FITFUN <TOL or the maximum number of
iterations is reached.

By calculating the Mean Absolute Error (MAE) using the approximate

solution V., (x) and exact solution y, the algorithm is evaluated:
MAE — Zf:llj’(xk)N_ Vo () | (19)

4. NUMERICAL RESULTS:

RRM -PSO Algorithm is utilized in this section to approximate the
solution of linear and nonlinear (BVPs). Additionally, the algorithm's
convergence is shown
4.1. Numerical Examples

In this paper, linear and non- linear ODEs are included in TABLEL:

[18,22,23]

TABLE 1: Shows different examples of ODESs, with their exact solutions.
Examples ODEs boundary condition Exact Solutions

LODE1 y'=2x—-1) y(1)=0,v(2)=0

LODE2 —y" +w?y = 2m?sin(mx) y(0)=0,y(1)=0

y(x) = sin(mx)

LODES3 y' +y=_,cos (Ix) y(0)=0,y(1)=0

1 T
y(x) = —3cos (I x)—
2 T 1 T
%sin (E :w:) + ECDS(Z x)
NLODE4 vy(x)+ y%+y = —2cos(x) + sin(x) = (1 — x)?

y(0)=0,y(D =0 y(x) = =% +1x
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NLODE5 y"+y?2=x%*(1—-x)*-2 y(0)=0,y(1)=0
y(x) =x(1—-x)
NLODE6 y" = —(y)?+sin*(nmx) —n?sin(mx) y(0)=0,y(1)=0

v(x) = sin(mx)

TABLE 2 shows examples of parameter values. After running the algorithm
ten times, its reliability is verified. To implement the algorithm, Matlab
R2020a software is used, There is a type of computer Lenovo laptop, Intel(R)
Core(TM) i5-4300U CPU @ 1.90GHz 2.49 GHz , RAM 4.00 GB ,
Windows 10 Pro and system type 64-bit.

TABLEZ2: The following parameters are used in all examples:

Parameter |91 |¥2 |k|e |a |h TOL | Maxit | npop
Value 205/2.05/1|0.8|0.4|0.01|1e- |200 50
10

As a result of the PSO algorithm, the coefficients for approximate solutions
of ODE for all examples are listed in TABLE 3. For example, one of the
approximate solutions of can be found for LODE1 (V,,,,, (x)) is shown,
where nVar=5, and x € [0,1] as follows:

V(x) = Vppr (x)

—0.348437(x — 1) * (2 — x) (20
— 0.260558(x — 1)2 * (2 — x) )
— 0.024038(x —1)** (2 —x)

— 0.184347(x —1)** (2—x) + 0.1595837(x — 1)° * (2

— I]
TABLE 3: Displays variables based on their values using by FIE - PSO
algorithm.
The number of variables, nVar=5 ,[Var max,Var min]=[6,—6].
Examples

coffl. LODE1 LODE?2 LODE3 | NLODE4 | NLODE5 | NLODESG6
a; |-0.348437 3.003620 | -0.418504 1 1 3.147213
a, - 0.260558 | 3.9999999 | 0.154931 | -0.03802 | -0.156086 | 2.663599
as - 0.024038 | -3.695963 | -0.246357 | 0.064266 | 0.394280 -0.48843
ay -0.184347 | -0.919661 | 0.385042 | -0.41505 | 0.044966 -3.19456
as 0.1595837 | 0.746937 | -0.239774 | 0.237617 | -0.343871 | 0.891574
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Figure 1: Exact and approximate solutions are compared
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The exact solutions of several examples are shown in Figure 1. Within the
defined domain, the approximate solutions in Figure 1 were consistent with
the exact solution. Hence, the RRM-PSO algorithm can solve linear and
nonlinear ODEs.

Though the algorithm may reach the exact solution, the approximation often
leaves an error rate. The acceptable error is determined by the value of TOL.
The Mean Absolute Error (MAE) is obtained to give the error between the
exact solution and the approximate solution shown in TABLE 4.

TABLE 4: Indicates the Mean Absolute Error between the approximate

and exact solutions

Examples MAE
ODE1 3.2627167897355e-04
ODE?2 0.002001728345009
ODE3 0.001565151398762
ODE4 1.506774892229766e-04
ODE5 0.001808212701365
ODE®6 0.001912864083887

As a result of this method, convergence occurs rapidly. FIGURE 2 shows the
convergence of the RRM-PSO algorithm over 200 iterations for all examples,
acceptable solutions are obtained with less than 60 iterations and are stable to
200 iterations ( see FIGURE 2). Display the convergence of the algorithm.
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Figure 2: Display the convergence of the algorithm

5. Conclusion

The particle swarm algorithm is practical for hybridization with
Rayliegh-Ritz method to solve boundary value problems (BVPs). The
functional was formulated and then the integral result was derived with
respect to «;. The proposed RRM was used to find the values of &; which in
turn represent an approximate solution of linear and nonlinear BVPs. Based
on the results, the algorithm successfully solves both linear and nonlinear
BVPs. The advantages of using this approach are the elimination of algebraic
operations, convergence, and accuracy.
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