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Abstract 

This paper introduces and systematically investigates the class of  -

adjunct modules, a generalization of adjunct modules defined by the 

existence of direct summand complements with a certain small 

intersection property. We establish sufficient conditions for direct 

summands and factor modules of a  -adjunct modules to inherit this 

property. Our primary focus is the characterization of rings over 

which every cyclic right module is  -adjunct modules. We demonstrate 

that such rings are necessarily quasi-flawless and provide a precise 

internal ring-theoretic characterization. Furthermore, we distinguish this 

new class by constructing examples showing it lies strictly between the 

rings whose cyclic modules are ascending and those whose cyclic 

modules are merely adjunct, and prove that this property is not left-right 

symmetric. 

Keywords:  -adjunct, adjunct modules, radical, ascending, quasi-flawless. 

1. Introduction and Preliminaries 
This paper is set in the context of associative rings with identity and their 

unital right modules. Let   be a ring and    an  -module. We adhere to 

the following notational conventions:     denotes that   is a 

submodule of  .       signifies that   is a direct summand (DS) 

of  . 

Definition 1.1. A submodule    , if   submodule    , then 

      insurance     then   is called small in   (denoted 

    ). a radical of  , express     , is defined as all maximal 

submodule's intersections of  . Similarly,      is the sum of each 

small submodule of  . For foundational concepts and any undefined 

mailto:hashmia.athrwi.ajaj@gmail.com


                                  

 P- ISSN: 3007-3650    E- ISSN: 2706-8536                                                                                                                 الجامعة المستنصرية –كلية التربية الاساسية 
Journal of the College of Basic Education           Vol.32 (No.13<) 2026,pp.<;=-890 

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
          <<0                    (000: )August 

P- ISSN: 3007-3650    E- ISSN: 2706-8536 

  

terms, we refer the reader to standard texts (Anderson & Fuller, 1992; 

Clark et al., 2006; Lam, 1998; Wisbauer, 1991). 

The structure of a module can be analyzed through a hierarchy of 

supplementation properties, which we now define. 

Definition 1.2. Let      . 

 if       and      , then   is an adjunct of   in  . This 

is equivalent to   being a minimum element belongs to a set      
      . 
 if every submodule has an adjunct in   then   is called adjunct. 

 if for any submodules       with         an adjunct   

in   provided     then   represent amply-adjunct. 

 For each submodule       a DS       then   is  -adjunct 

provided that       if and only if          . 

 if for every submodule       a DS       then   is  -

adjunct provided that       and      . 

Further structural analysis is provided by the following decomposition 

conditions. 

Definition 1.3. Let   be a module. We say that   satisfies: 

       submodule       a decomposition         with 

     and        . 

 (    ) if whenever     and     is isomorphic to a DS of  , 

then      . 

 (    ) if whenever    and    are DS of   with        , 

then          . 

These conditions give rise to important classes of modules. 

Definition 1.4. we called  -module  : 

 an Ascending Module (or an   -module) if the condition      is 

verified. 

 a Discrete Module if it satisfies both      and     . 

 a Quasi-Discrete Module if both      and      are satisified. 

The connection between  -adjunct-adjunction and the (    ) condition is 

captured by the following known result. 
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Proposition 1.5. A module   is  -adjunct if and only if for every 

submodule       a DS        such that       and 

     . 

As a generalization of adjunct modules (Adj. Mod.),  -Adj. Mod. play a 

key role in ring theory. 

Theorem 1.6. A ring   is quasi-flawless if and only if the right regular 

module    is  -adjunct. 

A concept related to the (    ) condition is defined as follows. 

Definition 1.7. we call   Radical Ascending (RA) if   submodule 

    with          a disintegration         with 

     and        . 

Recent research, (Nguyen & Zhou, 2018) has studied rings at each cyclic 

right   module is ascending. This line of inquiry motivates the present 

work. This paper aims to systematically introduce and study the class of 

rings for which every cyclic right  -module is  -adjunct. 

2. Some Concepts on a  -adjunct Module 

To characterize the varieties of  -Adj. Mod., we recall the following 

established hierarchy: 

                                                            

The following examples illustrate the distinctions within this hierarchy. 

Example 2.1.  

(1) The  -module             is ascending, and hence it is  -

adjunct (Harmanci et al., 1999; Kosan & Keskin, 2007).   

(2) suppose   is discrete valuation ring with field of fractions  , let   be 

the unique maximal ideal of  , and let      for some    . An  -

module               satisfies           . This 

module is not  -adjunct, but it is  -adjunct (Harmanci et al., 1999; 

Kosan & Keskin, 2007).  

(iii) The  -module   satisfies       . However,   is not adjunct, and 

hence not  -adjunct (Clark et al., 2006).  

A  -Adj. Mod.   with        is an ascending module. However, a 

 -Adj. Mod.   with        may not ascending. We recognize the 

next weaker result. 
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Proposition 2.2. Let   be a  -adjunct module with       . So, 

  is  -adjunct. 

Proof. Let   be a submodule of  . Since   is  -adjunct,   a DS   

such that       and      . This   is the required  -adjunct 

for   (Wang & Wu, 2012).  

Whenever a DS of an ascending module is ascending (Mohamed & 

Müller, 1990), the analogous property for  -Adj. Mod. requires 

additional conditions. 

Proposition 2.3. If the condition (    ) is verified by  , then each DS of 

  is  -adjunct where   is a  -Adj. Mod. 

Proof. assume        . Let     . Since   is  -adjunct,   

a DS   such that            and           . Since 

         , we have       . Using the (    ) 

condition,      is a DS of   , so             for some 

    . One can then verify that   is an adjunct for   in   . 

Recall the following definitions:   represent duo module if all of its 

submodules are fully invariant (FI); it has the summand intersection 

property (SIP) if an intersection of any two DS is a DS; it has the 

summand sum property (SSP) if the sum of any two DS is a DS; a 

submodule   of   is FI if        for all          . 

Proposition 2.4. suppose   be a  -Adj. Mod. with the SIP. Then every 

DS of   is  -Adj. Mod. 

Proof. The proof is similar to that of the previous proposition. 

Proposition 2.5. Assume that   is a  -Adj. Mod. suppose   have 

SSP. Hence, each DS belongs to   represent a  -Adj. Mod. 

Proof. assume       . We prove that      is  -adjunct. 

suppose          . Since   is  -adjunct,   a DS   of   such 

that       and      . By the SSP,      is a DS of  , so 

           for some    . Then             
            . It can be verified that           is a DS 

adjunct of      in     .   

We now investigate when factor modules of  -Adj. Mod. are themselves 

 -adjunct. 
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Proposition 2.6. suppose   is a  -adjunct module and    . If   

DS   of  , the image         is a DS of    , then     is 

 -adjunct. 

Proof. Let        . Since   is  -adjunct,   a DS   of   

provided that       and      . By hypothesis,         

is a DS of    . This image serves as the required adjunct for    .   

Proposition 2.7. If   is a distributive and  -adjunct module, then 

    is  -adjunct for every submodule    . 

Proof. Let     and   a DS of   with       . Then   
                  . By distributivity,       
        , so                     . The result 

follows from Proposition 2.6.   

Proposition2.8. suppose   is a submodule of     Adj. Mod.   

provided a decomposition        , then          
      . Then     is  -adjunct. 

Proof. We verify the condition of Proposition 2.6. Let   be a DS of  , 

so       . The hypothesis on   implies              
 . Thus,                     , proving that    
     is a DS of    .   

Corollary 2.9. Let   be a  -adjunct module and    . If      

for all              (in particular, if   is a fully invariant 

submodule), then     is  -adjunct. 

Proof. The condition on   ensures it satisfies the hypothesis of 

Proposition 2.8. 

Remark 2.10. If the right regular module    is  -adjunct and every 

right ideal   of   is fully invariant (      for all idempotents     ), 

then every factor module     is  -adjunct. 

3. Main Results 

At the beginning, the following facts of a right  -module   on a quasi-

flawless ring   are provided:  

(a) Assume that   is a quasi-flawless ring.    -module         
     , when      is the Jacobson Rad. of the ring   (Anderson & 

Fuller, 1992).  
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(b) suppose that   is a quasi-flawless ring and   a cyclic right  -

module. Hence,         for some     and for some right ideal   in 

     (Anderson & Fuller, 1992). 

Lemma 3.1. suppose that   is a quasi-flawless ring and       be a right 

 -module for     and for ideal   in     . Then          
         and               . 

Proof. because                     , we get          
        . The 2nd part of proof comes from (Anderson & Fuller, 

1992). 

Theorem 3.2. The next claims were identical for  : 

1. Each cyclic right  -module is  -adjunct. 

2. Whenever                                   

contains a DS      of       with the decomposition      
           such that                          where 

  is quasi-flawless. 

3. Whenever                      , we have    
                      , where             
                 with         such that          and 

                                         where   

is quasi-flawless. 

Proof. (1)   (2) According to the assumption, we imply that   is quasi-

flawless (since every cyclic module being  -adjunct implies    is  -

adjunct, which is equivalent to quasi-flawless-ness). suppose   
           , and        . So, by Lemma 3.1, we get      
                     . As       is  -adjunct,   a 

decomposition                 such that         
         and                          as required. 

(2)   (1) 'since   is quasi-flawless, each cyclic module in   is 

isomorphic to       for     and right ideal   in      of  . So, i.e.    

is an ascending module' and       is amply-adjunct. Let      
      with              . Then      has an adjunct      and 

     has an adjunct           in      . Just as    is ascending, 

write       , for some         and     . So, utilizing of 

minimality of     , we construe that        . By hypothesis, 
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                 for some suitable DS            . Since 

               , we have                  and hence 

the summand       is an adjunct of     . This shows that       is a 

 -Adj. Mod. 

(2)   (3) By [11],               and              
      with         such that          and          
                         . 

Corollary 3.3. A commutative ring   is quasi-flawless iff each cyclic  -

module is   adjunct. 

Proof. note that each comm. quasi-flawless ring   usually mollify 

condition (3) of Theorem (3.2), by assuming       . So, by utilizing 

of remark (2.10). 

A following two examples demonstrate a cyclic module on a quasi-

flawless ring has not to be  -adjunct. 

Example 3.4. Let   (
    
   

)     is quasi-flawless. suppose the 

right ideal   {(
   
   

)      }       (
     
    

). Let   

(
  
  

). Then       , and     

     (
     
   

). We verify that           has no non-zero DS of 

   . Assume that           has a summand that is not zero of    . 

Then, from [11],         provided that                  
                      . So,     . and          , we 

should get   (
   
  

) for some     . However,  (
  
  

)  (
  
  

)  

 . So,           has not any DS of     does not equal to zero. 

Hence,     doesn't represent a  -adjunct. 

Example 3.5. suppose                         is a localized ring 

at   . let   (
        
     

). So,   is a quasi-flawless ring. Choose 

  (
  
  

) in   and let a principal right ideal           
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(
         
      

). Let   (
  
  

). Then       , and         

(
         
     

). We verify that           has no DS of     does not 

equal to zero. Therefore,         provided that           
                              and     . As 

         , we should get   (
  
  

) for       . However, 

 (
  
  

)  (
   
  

)   . So,           has no any non-zero DS of 

   . Hence,     is not a  -adjunct. 

The subsequent result was found in (Nguyen and Zhou, 2018). To 

differentiate between the concepts of ascending modules and  -Adj. 

Mod., we will provide an alternative proof below. 

Theorem 3.6. The next claims are identical in  : 

1. Each cyclic right  -module is ascending. 

2. When                                is a DS of 

      where   is quasi-flawless. 

3. When                      , we get             

and        for some         where   is quasi-flawless. 

Proof. (1)   (2)   is quasi-flawless by the assumption which insurance 

that (Baba & Oshiro, 2009) . suppose              , and    
                   . Note       and therefore    is an 

adjunct of            in    (Clark et al., 2006) . Hence, we get 

                             and            
                        . To see                
                    , assume                   
                     for some           . So, we get 

                                  , insurance that 

     (because                    ). Note that    
      is an adjunct in      . But       is an ascending module, 

hence          is a DS of      . 

(2)   (1) each 'cyclic module in   is isomorphic to       for     and 

ideal   in      of   where   is quasi-flawless. Next, it follows that    
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is an ascending module and       is amply-adjunct'. Assume that 

          . Then      has an adjunct      and      has adjunct 

          in      . when    is ascending, write       , for 

some         and     . So, utilizing the minimality of     , we 

glean that        . By hypothesis,                  for 

some suitable DS            . Since                , we 

have                  and hence the summand       is an 

adjunct of     . This shows that       is an ascending module. 

        we can conclude the proof from (Nguyen et al., 2017).  

The following illustration demonstrates the fact of existing   provided 

that each cyclic right  -module is  -adjunct, but not each cyclic right  -

module is ascending. 

Example 3.7. suppose that   is a field. Let 

  {(
   
   
   

)               }        

{(
   
   
   

)         } and              is semisimple. So, 

       . Therefore,   is a quasi-flawless ring. assuming a right ideal 

  {(
   
   
   

)     }      . Consider   (
   
   
   

). Then 

      , and      {(
   
   
   

)         }. Then        not a 

summand of    , because   (
   
   
   

) in     , for some 

        . However, for    (
   
   
   

) in        , for some 

            is a non-zero DS of           in     with       

and                          . Furthermore, it is easy to 

confirm   verifies third condition of theorem3.2. 
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The following two examples explain that   rings provided that each 

cyclic right  -module is  -adjunct, but not each cyclic left  -module is 

 -adjunct. 

Example 3.8. suppose that   (
    
   

). Leads to   be quasi-flawless 

and each right ideal in the Jacobson radical      of   is an ideal [6]. By 

(Nguyen et al., 2017), each cyclic right  -module is ascending. Let the 

left ideal   {(
  
  

)  (
  
  

)}       (
     
  

). Let   

(
  
  

). Then         (
     
   

). We verify that           

does not contain 'any non-zero DS of     as a left  -module. Suppose 

that           has a non-zero DS of    . therefore, utilizing 

(Nguyen et al., 2017),          such that              
                           and     . As      

    ,   must be of the form (
  
  

) for some     . However, 

(
  
  

)   (
  
  

)   . Therefore,           has not any non-zero 

DS of    . Hence,     does not represent a  -adjunct like a left  -

module'. 

Example 3.9. suppose   is a division ring. Let 

  {(

   
   
   

)             }. So,      involves all matrices in   

with zero diagonal and also        . similarly,            is 

semi-simple and each right ideal belongs to      is an ideal. Hence each 

cyclic right  -module is ascending from (Nguyen et al., 2017) . For non-

zero elements     of  , suppose   {(
     
    
   

)       }  

     {(
   
   
   

)}. Suppose that   (
   
   
   

)   . So,    



                                  

 P- ISSN: 3007-3650    E- ISSN: 2706-8536                                                                                                                 الجامعة المستنصرية –كلية التربية الاساسية 
Journal of the College of Basic Education           Vol.32 (No.13<) 2026,pp.<;=-890 

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
          <<=                    (000: )August 

P- ISSN: 3007-3650    E- ISSN: 2706-8536 

  

     {(
   
   
   

)}. We show that           is left  -module 

has not any non-zero DS of    . Let           has a non-zero DS of 

   . Therefore, from (Nguyen et al., 2017),         provided that 

                                       . So, 

    . As          , we should get   (
   
   
   

) for some 

     . However, (
   
   
   

)  (
      
   
   

)   . Therefore, 

          has not any non-zero DS of    . Hence,     is not a  -

adjunct as a left  -module. 

4 Conclusions 
This paper has investigated the structure of rings over which every cyclic 

right module is  -adjunct. We have shown that such rings are 

necessarily quasi-flawless, and we provided a precise characterization of 

them in Theorem 3.2. Furthermore, we demonstrated that this class of 

rings lies strictly between those rings whose cyclic modules are ascending 

and those whose cyclic modules are adjunct. Illustrative examples were 

constructed to show that this property is not left-right symmetric. 
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 )مُلحقة) مُكم َّلة وحدات الدورية وحداتها تكون التي الحلقات

 . هاشمية اثروي عجاجم.م

 انًذٌشٌخ انعبيخ نزشثٍخ صلاح انذٌٍ / قسى رشثٍخ ثٍجً

hashmia.athrwi.ajaj@gmail.com 

0;;0=9900<0 

 مستخلص البحث<

ًُهذقخ، انٕدذاد فئخ يُٓجً ثشكم ٔرذسس انجذثٍخ انٕسقخ ْزِ رقذو ًُهذقخ نهٕدذاد رعًٍى ًْٔ ان  ان

ًُعش َّفخ ً َّلاد ثٕجٕد ان  ششٔطًب َُثجذ. يُذذ َّدح صغٍش رقبطع خبصٍخ راد نهًجًٕعبد يجبششح يُك

ًُهذقخ نهٕدذاد انعٕايم ٔٔدذاد انًجبششح انًجًٕعبد رشس نكً كبفٍخ  ٌُصت. انخبصٍخ ْزِ ان

. يُهذقخ ٔدذاد ًٌُى دٔسٌخ ٔدذح كم فٍٓب ركٌٕ انزً انذهقبد رٕصٍف عهى الأسبسً رشكٍزَب

 داخهًٍب دقٍقًب رٕصٍفًب َُٔقذو ثبنضشٔسح، انعٍٕة يٍ خبنٍخ شجّ انذهقبد ْزِ أٌ عهى َُجشٍْ

 رٕضخ أيثهخ رقذٌى خلال يٍ انجذٌذح انفئخ ْزِ ًٍَز رنك، عهى علأح. انذهقبد َظشٌخ ثبسزخذاو

 انذٔسٌخ ٔدذارٓب ركٌٕ انزً ٔرهك رصبعذٌخ انذٔسٌخ ٔدذارٓب ركٌٕ انزً انذهقبد ثٍٍ رقع أَٓب

 .انًٍٍٍ إنى انٍسبس يٍ يزُبظشح نٍسذ انخبصٍخ ْزِ أٌ َٔثجذ فقط، يهذقخ

 .يثبنً شجّ رصبعذي، جزسي، يهذقخ، ٔدذاد ،  يهذق <المفتاحية الكلمات
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