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Abstract:    
The intention of this paper is to find the exact and split sequences of the sub 

modules of FW6-second and third pair of hooks representation modules, when F 

be a field of characteristic 0 . This intention is revealing by presenting the main 

results theorems (3-1) and (3-2), where we gave two of this kind of sequences. 

0        0 

 
Here we refer that depending on the structural constructing of the 

elements (modules) of these sequences or it‘s sub modules by counting 

the dimensions was essential for proving these theorems. 

Index: Second and third pair of hooks representation modules , Group algebra , 

Weyl group , Field of characteristic 0 , Homomophisms. 

1- Introduction:- 
Let F be a field of characteristic 0 , and W6 is the Weyl group of type Bn of the 

set {∓x1 , ∓x2 , ∓x3 , ∓x4 , ∓x5 , ∓x6}, where x1 , x2 , x3 , x4 , x5 , x6 are 

independent indeterminate over F.  

The set FW6 of all liner combination of the form , where ci ∈ F is 

the group algebra of Weyl group of type Bn  .   

The hook representation modules of the symmetric groups have been given 

first in 1971 by M. H. Peel in [6], and later in 1975 in [5]. In 1977 E.M.A. Al-

Aamily presents in [1] the analogues of some results in [4] and [5] for the Weyl 

groups of type Bn. in 1981 E.M.A. Al-Aamily and F.A. Al-Tayar in [2] present 

the analogues of more result in the symmetric groups for the Weyl groups of 

type Bn.   

The purpose of this paper is to find exact and split sequences of the sub 

modules of FW6 – second and third pair of hooks representation modules. When 

F  be a field of characteristic 0 .   
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Finally it be useful to refer that  denotes to the monomial xi xj xk xp xq , where 

1 ≤ i < j < k < p < q ≤ 6  ,and {xr} ⋃ {xi , xj , xk , xp , xq} = {x1 , x2 , x3 , x4 , x5 , 

x6}. 

In another word  denotes to the monomial x1x2x3x4x5x6 in which xr is omit, 

where r ∈ {1, 2, 3, 4, 5, 6}.  

2- Preliminaries: 

2-1 :- Partitions and tableaux:- 
The pairs of hook partitions of the number 6 are  : 
( (6) , (  ) ) ( (  ) , (6) )   

( (5,1) , (  ) )  ( (  ) , (5,1) )  

( (4,1,1) , (  ) ) ( (  ) , (4,1,1) )  

( (3,1,1,1) , (  ) )  ( (  ) , (3,1,1,1) )  

( (2,1,1,1,1) , (  ) )  ( (  ) , (2,1,1,1,1) )  

( (1,1,1,1,1) , (  ) )  ( (  ) , (1,1,1,1,1) )  

( (5) , (1) )  ( (1) , (5) )  

( (4,1) , (1) ) ( (1) , (4,1) )  

( (3,1,1) , (1) )  ( (1) , (3,1,1) )  

( (2,1,1,1) , (1) ) ( (1) , (2,1,1,1) )  

( (1,1,1,1) , (1) )  ( (1) , (1,1,1,1) )  

( (4) , (2) ) ( (2) , (4) )  

( (3,1) , (2) ) ( (2) , (3,1) )  

( (2,1,1) , (2) ) ( (2) , (2,1,1) )  

( (1,1,1,1) , (2) )  ( (2) , (1,1,1,1) )  

( (4) , (1,1) )  ( (1,1) , (4) )  

( (3,1) , (1,1) )  ( (1,1) , (3,1) )  

( (2,1,1) , (1,1) ) ( (1,1) , (2,1,1) )  

( (1,1,1,1) , (1,1) ) ( (1,1) , (1,1,1,1) )  

( (3) , (3) ) ( (2,1) , (2,1) )  

( (3) , (2) )  ( (2,1) , (3) ) 

( (3) , (1,1,1) ) ( (1,1,1) , (3) )  

( (2,1) , (1,1,1) ) ( (1,1,1) , (2,1) )  

( (1,1,1) , (1,1,1) )   

* There are exactly 30 row standard tableaux corresponds to the pair of hook         

partition ( (4,1) , (1) ).  
 

 

 

  

 

 

 

  

 

 

 

  

 

 

 

  

x1 x2 x3 x4      x6 

x5 

 

 

x1 x2 x3 x5      x6 

x4 

 

 

x1 x2 x3 x6      x4 

x5 

 

 

x1 x2 x3 x4      x5 

x6 

 

 

x1 x2 x3 x5      x4 

x6 

 

 

x1 x2 x3 x6      x5 

x4 
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 x1 x3 x5 x6     x4 
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2-2 :- Some FW6 – modules : 
We are interesting in the following FW6 – modules which we are dealing with 

in this paper.                                                                                 

i-  and  are the second pair of hooks representation modules 

corresponding to the pairs of partition ((4,1),(1)) and ((1),(4,1)) respectively.   

  is generated over FW6  by µ6  , and consists of all polynomials in x1 , x2 , 

x3 , x4 , x5 , x6 of the form :  

 
  is generated over FW6  by x6  , and consists of all polynomials in x1 , x2 , 

x3 , x4 , x5 , x6 of the form:  

 
and {xr} ⋃ {xi , xj , xk , xp , xq} = {x1 , x2 , x3 , x4 , x5 , x6}.          see [1] 

ii-  and   are the third pair of hooks representation modules corresponding 

to the pairs of partition ( (3,1,1) , (1) ) and ( (1) , (3,1,1) ) respectively.   

 is generated over FW6 by µ6 and consists of all polynomials in x1 , x2 , 

x3 , x4 , x5 , x6 of the form:  

 x1 x3 x4 x5      x2 

 x6 

 

 

 x1 x3 x4 x6      x2 

 x5 

 

 

 x1 x3 x5 x6     x2 

 x4 

 

 

 x1 x4 x5 x6      x3 

 x2 

 

 

 x2 x3 x4 x5      x6 

 x1 

 

 

 x2 x3 x4 x6     x5 

 x1 

 

 

 x1 x4 x5 x6      x2 

 x3 

 

 

 x2 x3 x4 x5      x1 

 x6 

 

 

 x2 x3 x4 x6     x1 

 x5 

 

 

 x2 x3 x5 x6      x4 

 x1 

 

 

 x3 x4 x5 x6      x2 

 x1 

 

 

 x2 x4 x5 x6     x3 

 x1 

 

 

 x2 x3 x5 x6      x1 

 x4 

 

 

 x3 x4 x5 x6      x1 

 x2 

 

 

 x2 x4 x5 x6     x1 

 x3 

 

 

 x1 x2 x4 x5      x6 

 x3 

 

 

 x1 x2 x4 x6      x3 

 x5 

 

 

 x1 x2 x5 x6      x3 

 x4 
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  is generated over FW6  by x6  and consists of all polynomials in x1 , x2 , 

x3 , x4 , x5 , x6 of the form:  

 
and {xr} ⋃ {xi , xj , xk , xp , xq} = {x1 , x2 , x3 , x4 , x5 , x6}.               see [1] 

iii-  and are the FW6 - sub modules of the modules ,  respectively. 

generated over FW6 by µ6(x
2
1x

4
3 - x

2
1x

4
2) , and consists of all 

polynomials in      x1 , x2 , x3 , x4 , x5 , x6 of the form:  

 
 generated over FW6 by  x6 (x

2
1x

4
3 - x

2
1x

4
2) , and consists of all polynomials 

in x1 , x2 , x3 , x4 , x5 , x6 of the form: 

 
,  {xr} ⋃ {xi , xj , xk , xp , xq}={x1 , x2 , x3 , x4 , x5 , x6} .  

                                                                                                                                  see [3] 

iv-  and  are the FW6 - sub modules of the modules ,  respectively. 

 consists of all polynomials in x1 , x2 , x3 , x4 , x5 , x6 of the form:  

 
consists of all polynomials in x1 , x2 , x3 , x4 , x5 , x6 of the form :  

 
, and {xr} ⋃ {xi , xj , xk , xp , xq}={x1 , x2 , x3 , x4 , x5 , x6}. 

                                                                                                                                see [3] 

v-  and  are the FW6 - sub modules of the modules ,  respectively.  

 consists of all polynomials in x1 , x2 , x3 , x4 , x5 , x6 of the form : 
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 consists of all polynomials in x1 , x2 , x3 , x4 , x5 , x6 of the form : 

 

,and  {xr} ⋃ {xi , xj , xk , xp , xq}={x1 , x2 , x3 , x4 , x5 , x6}. 

2-3 :- Basis and dimensions of FW6 – modules:-   
i- The set:-  

 = {μ1 ( )  , μ1 ( )   , μ1 ( )  , 
   μ1 ( )   , μ2 ( )   , μ2 ( )  , 
   μ2 ( )  , μ2 ( )   , μ3 ( )  , 
   μ3 ( )  , μ3 ( )   , μ3 ( ) , 
   μ4 ( )  , μ4 ( )   , μ4 ( ) , 
   μ4 ( )  , μ5 ( )   , μ5 ( ) , 
   μ5 ( )  , μ5 ( )   , μ6 ( ) , 
   μ6 ( )  , μ6 ( )   , μ6 ( ) } 

is a F – basis of the module  , and dimF = 24.  
 
ii- The set:-  

 = { x1 ( )  , x1 ( )   , x1 ( )  , 
    x1 ( )   , x2 ( )   , x2 ( )  , 
    x2 ( )  , x2 ( )   , x3 ( )  , 
    x3 ( )  , x3 ( )  , x3 ( ) , 
   x4 ( )  , x4 ( )   , x4 ( ) , 
   x4 ( )  , x5 ( )   , x5 ( ) , 
   x5 ( )  , x5 ( )   , x6 ( ) , 
   x6 ( )  , x6 ( )   , x6 ( ) }. 

 is a F – basis of the module  , and dimF = 24 . 
iii- The set:- 

 = {μ1 ( )  , μ1 ( )   , μ1 ( )  , 
 μ1 ( )   , μ1 ( )   , μ1 ( )  , 
 μ1 ( )  , μ1 ( )    μ1 ( )  , 
 μ1 ( )  , μ1 ( )   , μ1 ( ) , 
 μ1 ( )  , μ1 ( )   , μ1 ( ) , 
 μ1 ( )  , μ1 ( )   , μ1 ( ) , 
 μ1 ( )  , μ2 ( )   , μ2 ( ) , 
 μ2 ( )  , μ2 ( )   , μ2 ( ) , 
 μ2 ( )  , μ2 ( )   , μ2 ( ) , 
 μ2 ( )  , μ2 ( )   , μ2 ( ) , 
 μ2 ( )  , μ2 ( )   , μ2 ( ) , 
 μ2 ( )  , μ2 ( )   , μ2 ( ) , 
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 μ2 ( )  , 
μ3 ( ) , 

μ2 ( )   , 
μ3 ( ) , 

μ3 ( ) , 
μ3 ( ) , 

 μ3 ( )  , μ3 ( )   , μ3 ( ) , 
 μ3 ( )  , μ3 ( )   , μ3 ( ) , 
 μ3 ( )  , μ3 ( )   , μ3 ( ) , 
 μ3 ( )  , μ3 ( )   ,   μ3 ( ) , 
 μ3 ( )  , μ3 ( )   , μ3 ( ) , 
 μ4 ( )  , μ4 ( )   ,  μ4 ( ) , 
 μ4 ( )  , μ4 ( )   , μ4 ( ) , 
 μ4 ( )  , μ4 ( )   , μ4 ( ) , 
 μ4 ( )  , μ4 ( )   , μ4 ( ) , 
 μ4 ( )  , μ4 ( )   , μ4 ( ) , 
 μ4 ( )  , μ4 ( )   , μ4 ( ) , 
 μ4 ( )  , μ5 ( )   , μ5 ( ) , 
 μ5 ( )  , μ5 ( )   , μ5 ( ) ,  
 μ5 ( )  , μ5 ( )   , μ5 ( ) ,  
 μ5 ( )  , μ5 ( )   , μ5 ( ) , 
 μ5 ( )  , μ5 ( )   , μ5 ( ) , 
 μ5 ( )  , μ5 ( )   , μ5 ( ) ,  
 μ5 ( )  , μ5 ( )   , μ6 ( ) ,  
 μ6 ( )  , μ6 ( )   , μ6 ( ) , 
 μ6 ( )  , μ6 ( )   , μ6 ( ) ,  
 μ6 ( )  , μ6 ( )   , μ6 ( ) ,  
 μ6 ( )  , μ6 ( )   ,  μ6 ( )}, 
 μ6 ( )  , 

  μ6 ( ) ,     
μ6 ( )  , 
μ6 ( )  , 

μ6 ( ) ,  
  μ6 ( ) }  

             is a F – basis of the module  , and dimF = 114 .  
iv- The set :  

 = {x1 ( )  , x1 ( )   , x1 ( )  , 
 x1 ( )   , x1 ( )   , x1 ( )  , 
 x1 ( )  , x1 ( )    x1 ( )  , 
 x1 ( )  , x1 ( )   , x1 ( ) , 
 x1 ( )  , x1 ( )   , x1 ( ) , 
 x1 ( )  , x1 ( )   , x1 ( ) , 
 x1 ( )  , x2 ( )   , x2 ( ) , 
 x2 ( )  , x2 ( )   , x2 ( ) , 
 x2 ( )  , x2 ( )   , x2 ( ) , 
 x2 ( )  , x2 ( )   , x2 ( ) , 
 x2 ( )  , x2 ( )   , x2 ( ) , 
 x2 ( )  , x2 ( )   , x2 ( ) , 
 x2 ( )  , 

x3 ( ) , 
x2 ( )   , 
x3 ( ) , 

x3 ( ) , 
x3 ( ) , 

 x3 ( )  , x3 ( )   , x3 ( ) , 
 x3 ( )  , x3 ( )   , x3 ( ) , 
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 x3 ( )  , x3 ( )   , x3 ( ) , 
 x3 ( )  , x3 ( )   ,   x3 ( ) , 
 x3 ( )  , x3 ( )   , x3 ( ) , 
 x4 ( )  , x4 ( )   ,  x4 ( ) , 
 x4 ( )  , x4 ( )   , x4 ( ) , 
 x4 ( )  , x4 ( )   , x4 ( ) , 
 x4 ( )  , x4 ( )   , x4 ( ) , 
 x4 ( )  , x4 ( )   , x4 ( ) , 
 x4 ( )  , x4 ( )   , x4 ( ) , 
 x4 ( )  , x5 ( )   , x5 ( ) , 
 x5 ( )  , x5 ( )   , x5 ( ) ,  
 x5 ( )  , x5 ( )   , x5 ( ) ,  
 x5 ( )  , x5 ( )   , x5 ( ) , 
 x5 ( )  , x5 ( )   , x5 ( ) , 
 x5 ( )  , x5 ( )   , x5 ( ) ,  
 x5 ( )  , x5 ( )   , x6 ( ) ,  
 x6 ( )  , x6 ( )   , x6 ( ) , 
 x6 ( )  , x6 ( )   , x6 ( ) ,  
 x6 ( )  , x6 ( )   , x6 ( ) ,  
 x6 ( )  , x6 ( )   ,  x6 ( )}, 
 x6 ( )  , 

  x6 ( ) ,     
x6 ( )  , 
x6 ( )  , 

x6 ( ) ,  
  x6 ( ) }  

             is a F – basis of the module  , and dimF = 114 . 
iii- The set:-  

 = {μ4 ( )  , μ5 ( )   , μ6 ( )  , 
 μ3 ( )   , μ5 ( )   , μ6 ( )  , 
 μ3 ( )  , μ4 ( )   , μ6 ( )  , 
 μ3 ( )  , μ4 ( )   , μ5 ( ) , 
 μ4 ( )  , μ5 ( )   , μ6 ( ) , 
 μ3 ( )  , μ5 ( )   , μ6 ( ) , 
 μ3 ( )  , μ4 ( )   , μ6 ( ) , 
 μ3 ( )  , μ4 ( )   , μ5 ( ) , 
 μ4 ( )  , μ5 ( )   , μ6 ( ) , 
 μ2 ( )  , μ5 ( )   , μ6 ( ) , 
 μ2 ( )  , μ4 ( )   , μ6 ( ) , 
 μ2 ( )  , μ4 ( )   , μ5 ( ) , 
 μ3 ( )  , 

μ2 ( ) , 
μ5 ( )   , 
μ5 ( ) , 

μ6 ( ) , 
μ6 ( ) , 

 μ2 ( )  , μ3 ( )   , μ6 ( ) , 
 μ2 ( )  , μ3 ( )   , μ5 ( ) , 
 μ3 ( )  , μ4 ( )   , μ6 ( ) , 
 μ2 ( )  , μ4 ( )   ,   μ6 ( ) , 
 μ2 ( )  , μ3 ( )   , μ6 ( ) , 
 μ2 ( )  , μ3 ( )   ,  μ4 ( ) , 
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 μ3 ( )  , μ4 ( )   , μ5 ( ) , 
 μ2 ( )  , μ4 ( )   , μ5 ( ) , 
 μ2 ( )  , μ3 ( )   , μ5 ( ) , 
 μ2 ( )  , μ3 ( )   , μ4 ( ) , 
 μ2 ( )  , μ2 ( )   , μ2 ( ) , 
 μ1 ( )  , μ1 ( )   , μ1 ( ) , 
 μ1 ( )  , μ1 ( )   , μ1 ( ) ,  
 μ1 ( )  , μ1 ( )   , μ1 ( ) ,  
 μ1 ( )  , μ1 ( )   , μ1 ( ) , 
 μ1 ( )  , μ1 ( )   ,  μ1 ( )} 

is a F – basis of the module  , and dimF  = 90.  
iv- The set:-  

 = {x4 ( )  , x5 ( )   , x6 ( )  , 
 x3 ( )   , x5 ( )   , x6 ( )  , 
 x3 ( )  , x4 ( )   , x6 ( )  , 
 x3 ( )  , x4 ( )   , x5 ( ) , 
 x4 ( )  , x5 ( )   , x6 ( ) , 
 x3 ( )  , x5 ( )   , x6 ( ) , 
 x3 ( )  , x4 ( )   , x6 ( ) , 
 x3 ( )  , x4 ( )   , x5 ( ) , 
 x4 ( )  , x5 ( )   , x6 ( ) , 
 x2 ( )  , x5 ( )   , x6 ( ) , 
 x2 ( )  , x4 ( )   , x6 ( ) , 
 x2 ( )  , x4 ( )   , x5 ( ) , 
 x3 ( )  ,  x5 ( )   , x6 ( ) , 
 x2 ( )  ,  x5 ( )   , x6 ( ) , 
 x2 ( )  ,  x3 ( )   , x6 ( ) , 
 x2 ( )  , x3 ( )   , x5 ( ) , 
 x3 ( )  , x4 ( )   , x6 ( ) , 
 x2 ( )  , x4 ( )   ,   x6 ( ) , 
 x2 ( )  , x3 ( )   , x6 ( ) , 
 x2 ( )  , x3 ( )   ,  x4 ( ) , 
 x3 ( )  , x4 ( )   , x5 ( ) , 
 x2 ( )  , x4 ( )   , x5 ( ) , 
 x2 ( )  , x3 ( )   , x5 ( ) , 
 x2 ( )  , x3 ( )   , x4 ( ) , 
 x2 ( )  , x2 ( )   , x2 ( ) , 
 x1 ( )  , x1 ( )   , x1 ( ) , 
 x1 ( )  , x1 ( )   , x1 ( ) ,  
 x1 ( )  , x1 ( )   , x1 ( ) ,  
 x1 ( )  , x1 ( )   , x1 ( ) , 
 x1 ( )  , x1 ( )   ,  x1 ( )} 

is a F – basis of the module  , and dimF  = 90.  
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2-4:- FW6 – homomorphisms:   
We are interesting in the following FW6 – homomorphisms throughout this 

paper.                                                                                                  

i- 𝜑 :    ,  defined by: 

 
                                   

                              ( )  ,  and (s,t)≠(i,j) . 

Where {xr} ⋃ {xi , xj , xk , xp , xq} = {x1 , x2 , x3 , x4 , x5 , x6}.        see [4] 

ii- 𝜃:     ,  defined by:-    

 
                    

  and (s,t)≠(i,j) . 

Where {xr} ⋃ {xi , xj , xk , xp , xq} = {x1 , x2 , x3 , x4 , x5 , x6}.    see [4] 

3- Exact sequences:   
Theorem (3-1):   The following sequence of FW6 – modules is exact and split. 

0        0 

proof :  𝛿  is one – to – one map since it's inclusion map . 

 Since Im 𝜑 = 𝜑 ( )  

           = 𝜑 (FW6  ( ) )  

           = FW6 𝜑 (  ) ) 

                             = FW6  ( ) =    

          Thus 𝜑 is onto .  

Now 𝜑 (  ( )) = )    

                                        =  0 

 Furthermore  ( ) generates  , so that    ⊂  ker𝜑 . 

We prove the reverse inclusion by counting dimensions . 

 

 dimF ker𝜑  = dimF      dimF      

                    = 114  24 = 90  

                    = dimF      

Hence ker𝜑 =      

But Im 𝛿  =               ( 𝛿 is inclusion map )   

Therefore Im 𝛿 = ker𝜑, and the sequence is exact.  



On the exact sequences of FW6- pair of hooks representation modules over 

a field of characteristic 0 ………………………….  Auday Hekmat Mahmood 
 

3122الثاني والسبعون العدد ملحق        مجلة كلية التربية الأساسية                                                 70 

Second , define a FW6 - homomorphism  :      by:- 

 
Where   s>i    , and 1≤i< j< k< p< q≤6  .  

 

 

 
   

That is    is the identity on  and consequently the sequence split . 

 

Theorem (3-2):  The following sequence of FW6 – modules is exact and split.  

0        0 

proof :  𝜂 is one - to - one map, and Im 𝜂 =  .               (inclusion map)  

          also  𝜃  is onto since : 

                    Im 𝜃 = 𝜃 ( )  

           = 𝜃 ( FW6   ( ) )  

           = FW6   𝜃 (  ( ) ) 

           = FW6   

           =    

Thus 𝜃 is onto ,and we need only to prove the exactness at .  

 First  𝜃 (  )     

                                           

Furthermore  generates   , that is:- 

                           ⊂ ker 𝜃  

By counting the dimension of  ker 𝜃  we get : 
dimF  ker 𝜃  = dimF   dimF    

                                                        = 114  24 = 90  

                                                        = dimF   

Then ker 𝜃 =   .                                                
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Hence  Im 𝜂 = ker 𝜃 , and the sequence is exact.  
Finally to prove that the sequence split, define a FW6 – homomorphism  
f :     by:-   

 
Where   s>i  , and 1≤i< j< k< p< q≤6  .  

 

 

 
   

Which mean that is the identity on   ,therefore the sequence split. 
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