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Abstract:
The intention of this paper is to find the exact and split sequences of the sub
modules of FWs-second and third pair of hooks representation modules, when F
be a field of characteristic 0 . This intention is revealing by presenting the main
results theorems (3-1) and (3-2), where we gave two of this kind of sequences.
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Here we refer that depending on the structural constructing of the
elements (modules) of these sequences or it's sub modules by counting
the dimensions was essential for proving these theorems.
Index: Second and third pair of hooks representation modules , Group algebra ,
Weyl group , Field of characteristic 0 , Homomophisms.
1-1ntroduction:-

Let F be a field of characteristic 0 , and Ws is the Weyl group of type B, of the
set {+X1, ¥X2, ¥X3, ¥X4 , +X5 , +Xe}, Where X; , Xo , X3, X4 , X5, Xg are
independent indeterminate over F.

The set FWs of all liner combination of the form Ewﬁ c; T; , Where ci € F is

the group algebra of Weyl group of type B, .

The hook representation modules of the symmetric groups have been given
first in 1971 by M. H. Peel in [6], and later in 1975 in [5]. In 1977 E.M.A. Al-
Aamily presents in [1] the analogues of some results in [4] and [5] for the Weyl
groups of type B,. in 1981 E.M.A. Al-Aamily and F.A. Al-Tayar in [2] present
the analogues of more result in the symmetric groups for the Weyl groups of
type B,.

The purpose of this paper is to find exact and split sequences of the sub
modules of FWs — second and third pair of hooks representation modules. When
F be a field of characteristic O .
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Finally it be useful to refer that . denotes to the monomial X; Xj Xk Xp Xq , Where
1<i<j<k<p<g<6 ,and {x} U {Xi, Xj, Xx, Xp, Xg} = {X1, X2, X3, Xq, X5,

X6} .

In another word p, denotes to the monomial X;X;X3XsXsXs IN Which X; is omit,
wherer € {1, 2,3, 4,5, 6}.
2-Preliminaries:

2-1 :- Partitions and tableaux:-
The pairs of hook partitions of the number 6 are :

((6).()) (().(6)
((61),()) (().(61))
((411),()) (().(411))
(G1LL1),()) ((),BLL1))
((211,11),()) ((),(1111))
(L1111, ()) ((),(1L1111))
((®.1D) ((1). )
((41),(1)) ((1),(41))
(B11),1) ((1),GLY)
((2111),(1)) (M), (111))
((1.111),(1)) ((1),(1111))
((4),) ((2).(4))
(31),(2)) ((2),31))
(211), () ((2.(@211))
((1.111),(2)) ((2,(1111))
((4),(11)) ((L1),4)

((31),(1.1))
((21.1),(11))
((1,1,11),(12))
((3.03))
((3.()
((3,(111))
((21),(1.11))
((1,1,1),@1@11)
* There are exactly 30 row standard tableaux corresponds to the pair of hook
partition ( (4,1) , (1) ).

(L1, (G1)
((L1),(211))
((11),(1111))
((21),(2,1))
((21),(3))
((1L,11),(3))
(111, (@21)

X1 X9 X3 X4 X6 X1 X2 X3 Xg X6 X1 X2 X3 Xp Xa
X5 X4 Xg
X1 X2 X3 X4 X5 X1 X2 X3 Xsg X4 X1 X2 X3 Xp X5
Xa Xa Xz
X1 X2 X4 Xg X3 X1 X2 Xz Xg X5 X1 X2 X5 Xp Xa
Xe Xa Xa
X1X3X4Xs  Xg X1X3X4Xe  Xs X1X3Xs5Xs  Xg
X2 X2 X2
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X1 X3 X4 Xg Xo X1 X3 X4 Xp Xo X1 X3X5Xg X2
Xa Xc Xz
X1 X3 X5 Xg X3 Xo X3 X4 Xsg Xs XoX3 Xy Xs Xs
X2 X1 X1
X1 X3 X5 Xg X2 Xo X3 X4 Xsg X1 Xo X3 X4 Xg X1
Xa Xa Xc
X2X3Xs5Xe X4 X3X4X5Xe X2 X2 X4 X5 Xe X3
X X X
X2X3Xs5Xe X1 X3X4X5Xe X1 X2 X4 X5 Xe X1
X4 X2 X3
X1 X2 X4 Xsg Xs X1 X2 X4 Xg X3 X1 X2 X5 Xg X3
X3 X5 X4
23 - Some FWg — modufes : Xy
We are interesting in the following FWg — modules which we are dealing with
in this paper.

i- Mz and M7 are the second pair of hooks representation modules
corresponding to the pairs of partition ((4,1),(1)) and ((1),(4,1)) respectively.
MZ is generated over FWg by Uex: , and consists of all polynomials in x; , X ,

X3, Xa , X5, Xg Of the form :

q
E é 2
}'Lr Ci-j.-kup.lq.ls XS ,WhEI'E‘ ci'j-'k“p-'q-'s E F.

lzi<j<sk<p<sg=zs g=1i
Mz is generated over FWg by xg x§ , and consists of all polynomials in x; , X, ,
X3, Xa, X5, Xg Of the form:

q
2
Z X, Z Cijkpas Xs , Where Ciikpas € F
1zi<j<hk<p<g=8 s=1
and {X:} U {Xi, Xj, Xk, Xp, Xq} ={X1, X2, X3, X4, X5, X6} see [1]

ii- N7 and N7 are the third pair of hooks representation modules corresponding
to the pairs of partition ( (3,1,1), (1) ) and ( (1), (3,1,1) ) respectively.

N7 is generated over FWs by pexs Xsand consists of all polynomials in X1 , X, ,

X3, Xa, X5, Xg Of the form:
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aq aq
2 4
Z L Z Z Gikpast X5 Xt , Where Cijkpast EF
1zic<jckcp<gsh g=i t=1i
t£s=

NZ is generated over FWg by Xgxi X= and consists of all polynomials in X3 , Xs ,
X3, Xa , X5, Xg Of the form:

q q
E E E 2 .4
Xr Cijkpags Xs Xt ,Where Cijkpagst EF

lzic<jck<cp<g=h s=i t=1
t£s
and {X:} U {Xi, Xj, X, Xp, X} ={X1, X2, X3, Xa , X5, Xs}- see [1]

iii- Ur and UF are the FW; - sub modules of the modules Nz, NZ respectively.
U generated over FWg by pe(x*x*s - x%x%) , and consists of all
polynomialsin  X;, Xz, X3, X4, X5, Xg Of the form:

q q q
E E E 2 .4 E
lJ-:[" Ci.lj.lkup.-q.ls.lt XS Xt ! and ci-j.lk\.-p.lq.ls.lt :D "

1zic<jckcp<gsh g=i t=i t=i
t£s= t¥s

UZ generated over FWg by xg (xX*1x*3 - X%:x%) , and consists of all polynomials
in X1, X2, X3, X4, X5, Xg Of the form:

q q q
E E E 2 .4 E
Xr Ci,j,k,p,q;s,t Xs Xt : and Ci,ij,p,qu,t =0
' t=1

1=1 i Ir < B =1 t=1
=l johap=g= g5=1 it tes
where 5 xnast €F, X3 U {X, X, X, Xp, Xg}={X1, X2, X3, Xa, X5, Xe} .

see [3]
iv- G7 and G7 are the FWs - sub modules of the modules Mz, Mz respectively.

G# consists of all polynomials in X1 , X2, X3, Xs , X5 , Xg Of the form:

q q
2 _
Z }J.r Ci,j;lhp;q;s X, and Z ci.j;]:i.p;q;ﬂ = 0.
lzi<j<sk<p<sg=zs g=1i 5=1
GZ consists of all polynomials in X; , X2 , X3, X4, X5 , Xg Of the form :
q q
2 _
Z X, Z ci,j,k.p,q,s b S and Z ci,j,k.p,q,s = (.
lzi<jchk<p<sg=zs 5=1i =1
where Cypqs € F,and {x} U {Xi, Xj, X, Xp, Xg}={X1, X2, X3, X4, X5 , X}

see [3]
v- Hz and H7 are the FWs - sub modules of the modules N7, NZ respectively.

H2 consists of all polynomials in X; , X2 , X3, X4, Xs , X Of the form :
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q q q q
2 ) ) ke R and ) D Gypes =0
lzi<j<k=<p<gz & ==i t=i =i t=i
TZE TxE

HZ consists of all polynomials IN Xy, X2, X3, X4, X5, Xe Of the form :

a a
S n Y Y e DY =

lzi<j<k<p<gz & 5'.—|_t—l =i t=i
TZE

where €y nqs €F ,and {xr} U {Xi, X, Xk, Xp, Xg}={X1, X2, X3, Xa, X5, Xe}.
2-3 :- Basis and dimensions of FWg — modules:-

I- The set:-
At = {5 - =), Wy (3 — x3) i (=3 — x3)
Wy (k3 — x3) Mo (x5 — x{) W2 (x§ — x1) ,
o (2 — x7) , o (xf — xi) M3 (x3 — i) ,
M3 (xi - xi) ) M3 (xs - xl) ) M3 (xé - Kf) )
Ha (xg - xi) 1 Ha (KEI - xl) 1 H4 (X; - Xi) ]
Ha (Xé - XE) ) Hs (xzz - XE) ) Hs (XEI - Xi) )
Hs (Xi - XE) ) Hs (xé - XE) ) He (x" - XE) )
Me (x5 — x1) , Me (x5 — xf) Mo (3 — x{) }
is a F — basis of the module G2, and dimg G2 = 24.
ii- The set:-
AE = {Xl(xﬂz_ X«f) ) Xl(x4_ xzz) ) Xl(xé_ x’f) 1
X1 (xe — %3) , Xp (x5 — x1) Xp (x5 — x7) ,
Xp (%2 — x7) , X (x5 — x7) X3 (%3 — x{) ,
X3 (Xi — Xi) , X3 (xé — Xi) ) X3 (Xé — Xf) ,
X4 (x5 — %1) , X4 (x5 — xi) Xq (%2 — x7) ,
X4 (22 — %1) , Xs (x3 — x7) , Xs (%3 — i),
Xs (x5 — x1) , Xs (xz — x7) , Xe (%3 — %{),
Xe (x5 — x1) , Xe (xi — xi) X6 (x2 — i) }-
is a F — basis of the module G7 , and dimg G2 =24 .
Ii- The set:-
BY= g (x3=d— xnxa) My (x3x5 — x3x3) , Mg (x3xf — x3x3)
My (e2xd — x2x) o (x3=f — x3x3) , Mg (x2x5 — x3x5)
Wy (k3x5 — x3x3) , Mg (x3x5 — xIx5) Uy (x3x3 — x3x3) ,
(et — i) (el — ) L (cdxE — xEx)
wi(kexs — xa%3) |, W (edxd — x3xd) W (edxd — xdxg)
i (e — xixd) (e xxd) L Gt — )
(bt~ xB) (i i) | (el - )
(e — ) | o (x— xh) | (e — xied).
o (e — i) o (edxi— xbed) L (et — xied).
Mo (xdxd — xix3) Mo (xdxd — xixd) ,  Ho(x3xg — xix3),
Mo (k%3 — x1x3) , Mo (xixd — xix3) ,  Ho(xdxd — xixj),
Mo (xixg — xix3) , Mo (xdxs— xix3) , o (xdxi— xix3),
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is a F — basis of the module H2

iv- The set :

Mo (x2x2 — x{x3) |
Ma (xixf — x7%3) ,

M3 (xixg — xix3) ,

Ma (x3xf — xix3) |
Ma (elxz — x{x3) |
Ma (exg — x{x3) |
M3 (xexi — xix3) ,
Ug (x1x5 — x{x3) ,
Mo (elxf — x{x3)
Mg (}{223'[51 xix") '
Mo (elxz — x{x3) |
Mo (eixg — x{x3)
Mg (xéx; xix") '
Ha (xiz‘x:f xlx") )
Ws (xixi — xix3) ,
Ws (xgxy — xix3) |
Ws (x3x; — xix3) |
Ws (x3xg — xix3) ,
Ws (xixs — xix3) ,
Ms (x3xg — x{x3) ,
Mo (xix3 — xix3) ,
Ue (xﬁxf xle.‘) ,
Mo (x3x3 — xix3) ,
Ue (}{E‘zxf;l xixf.‘) ,
Ue (}c;}vz‘1 xixﬂ)

Mo (xixs — xix3),

B?= {x(x3xi— xﬂxa)

X1 (x5xf. — x,. )

Xy (x3%5 — xnxa) ,
X1 (xaxs — X3X ) 1
X (x2x3 — x2x3)
Xy (x3x — xix3)
Xy (2= — x2x3)
X (xfx] — xix3) |
Xp (x3xf — xix3) |
X (x5x2 — x{x3) |
Xp (xgx3 — x1x3) |
Xp (x5xg — xix3) |
X2 (XSXE - x13'::;1) '
X3 (x4x1 - xlx") .
X3 (X1XE. - x1x")

X3 (x2x4 — XiX ‘) :
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M (xixf — x{x3) M3 (xixi — xix3)
e (xxs — xix3), s (xdxf — x{xj),
Ma (xixt — xix3) , g (x3xi — x{x3),
Ma(xixs — xix3) , M3 (xfxd— xix3),
Ma(xixi — xix3) ,  pa(xdx; — xix3),
Ma (x2xs — x7x3) , M3 (edxi — xix3),
e (xdxf — xix3) ,  Ma(xfxf — xix7),
Ma (e3xi — xix3) , Wa(xixg — xix3),
Wa (eixs — xix3) , Mg (xéxq — xix3) ,
Ma(xax3 — xix3) , Wa(edxd — xix3)
Ug (x3%; — xix3) , Mg (x3x5 — xix3),
Ma(x2xg — xix3) ,  Ha(x3xi— xix3),
Ma(x3xd — xix3) ,  Ha(xdxd — xix3),
Ws (ixs — xi%7) , M5 (xax; — x9%3) ,
U5 (x4x1 Xi%3) ,  Ms(xixg — x{x3),
Ws (eixy — xix7) ,  Ws(x3x3 — xix3),
Ms (eixi — xix3) , s (xix; — xix7),
Ms(x2x3 — xix3) , s (x3xi— xix7),
Ms (xixg — xix3) , s (xEx: — xix7),
Us (x2x3 — x1%3) ,  Mp(x3x] — xix3) ,
Ue (3% — x1%3) , Mg (xixs — xix3),
Mo (ixs — xix3) , Mo (xixi — xix3),
Ue (%353 — xix3) , Mg (x3xs — xixﬂ)
He (KEK; x1%3) ,  Me(x3xf — x7x3)},
Me (x3x3 x4 XiX3) | Me (x3x3 — xix3) ,
e (3 xE_ — Xix3) , Ue (xzx3 — xix5) }
, and dlm|: Hi=114.
xg (x5 — xix3) Xy (xdxd — xIxj)
Xy (x3%¢ — x3x3) ,  Xp(xix5 — x3x3) ,
Xy (x3x5 — x3x3) Xy (kx5 — x3x3) ,
Xy (x2xf — x2x3) | xq(x3xi — x3x3),
Xy (efxd — =x2x3) ,  Xp(x2xf — x3x3),
Xy (%2xs — x3x3) ,  Xg(x2xf— x2xd),
Xo (%ixi — xix3) , X (xxg — x7x3) ,
X2 (xixEu xix3) ,  Xo(xExi — xix3),
Xp (x3x3 — xix3) ,  Xp(xixg — x{x3),
Xp (x2xf — x2x3) | Xp(xixi — x{x3),
X2 (xixg x13':3) 1 X2 (xgxi xlxﬂ)
Xp (xixi — xix3) ,  Xo(xfxf— x{xj),
Xp (331 — xi%3) , Xa(xixg — x{x3) ,
X3 (xixE - x1 ) X3 (xéxf xlx")
X3 (xsx1 - X1X") X3 (Kz2 X5 — x1x")
X3 (x4x: - xix ‘) X3 (x3xF — x7x3) ,
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N B )
Ko (it — xix) L Xalxt— xi) | o (xdxd— i)
X3 (xéxi - xlxﬂ) y X3 (xéxg - xlxﬂ) ; X3 (xéxg xlxﬂ)
Xq (%1% — x7%3) ,  Xq(x3xi — x7x3) ,  Xq(x¥xd— x¥x3),
Ko (it — i) | oot — o) | xa(xixi— xixd) |
Xq (%3x3 — x7%3) , Xq(x3x5 — x7x7) ,  Xg(x3xd— xIx3),
Ko (cix? — i) | et — ) L xa(cix— xixd) |
Xg(x2xf — x2x3) |, Xg(x2xd— x2x¥) |, xq(xixi — xix3),
Ke(edt = xixd) | Xyt - xi) | X (se— i),
Xa(oxt - ) | Xs(oxd— ) | xg(cixi— xixd) |
Xs(oxd = ) | Xe(dxi— ) | xg(oxd— xixd) |
Xs (cixt — i) | Xe (= i) | xg(xixd— xixd) |
Xs (ixt = i) | Xe(cxd— i) | xg(xixd— xixd)
Ko (ot — xiud) | Xg(cxi— i) | o (edn— i),
Ko (it — xix) | g (odxi— xid) | o (eixd— i),
Ko (it — xx) g (oi— i) | o (eed— i),
Ko(it — xxd) | Xp(xi— i) | o (eied— i),
Xe (ax1 — xix3) | Xe(xfxd — x{xj) ,  Xe(xfxi — x{x3),
Ko (st — xx) | p(odxi— ) | o (e — i)
Ko (oxt — xind) | xg (o — i) | e (et — i)},
Xe (x3xf — xix3) ,  Xe(xixi— x{x3) ,  Xe(xix3s — xix3),
X (x2xd — x2x3), Xp(xixi— x{x3) ,  Xp(xix5 — x;%3) }
is a F — basis of the module HZ , and dlm|: H:Z=114.
iii-  The set:-

DUz {ui (o s . ps(ni— i) et — xed) |
s Gt — <)+ i (ent— i) L o (bt — i) |
Ma(efxg — xix3) ,  Ma(edxd — xfxd) e (xixd — xix3) |
pa (e — xid) el xid) L st — i)
e — i) s (e — ) o (ehed — )
o (it — i) | o (i — ) o (eixd — )
Ma(eixg — xTxg) , Ma(dxd — xIxf) , We(xdxd — xIx]),
s (st — ) | (et — ixd) | s (it — ).
o (st — ) | o (edn— bxd) L o ekt — i)
o (bt — ) | (el — bxd) | o (it — ).
Mo (x3xs — X3 2¥1) 5 Ma(xgxd — X3 2¥1) o Me(xixd — X3 2X1) |
M2 (3xg — xaxi) |, Ha(x3xg — x3x)) ,  Ms(xaxE — x3x1)
Ms (eixy — xixi) |, ps(xixy — xix)) |, Me(xix: — xixy)
Mo (kixg — xix7), M5 (xixs — xix1),  Me(xixs — xixy)
Mo (x3xs — xixy) ,  Ma(xixs — xix7) ,  Me(xixs — xixy),
M2 (sixg — xix7) |, pa(xixg — xix)) |, ps(xixd — xix),
Ms(x5xz — xixq) ,  Ma(xdxs — xix7) ,  Me(xdxs — xIx7),
Mo (x3x3 — xix7) ,  Ma(xdxs — xixg) ,  Me(xixg — xIx7),
Mo (x3x3 — xix7) ,  Ma(xdxi— xixg) ,  Me(xixy — xIx7),
Mo (x5xg — xixq) ,  Ma(xdxg— xixg) ,  Ma(edxg — xIx)),

2011 ooty 8 suh a7 Lol 10 1 2ly



On the exact sequences of FWg- pair of hooks representation modules over

a field of characteristicO ............................... Auday Hekmat Mahmood
M3 (xixs — xexi) o Ma(xExs — xgx7) ,  Ws(xix; — xixi),
Mo (x2x3 — xixy) ,  Ma(xexs — xixy) , s (xixg — xix7),
Mo (xgxs — xixy) ,  Ma(xexy — xixy) , s (xfxi— xix7),
H2 (xéxg x5x1) I (xéxg x6x1) , M4 (xéxg x6x1)
Mo (eixs — xix3) , Mo (xfxf — xPx3) , Mo (xixg— xix3),
Wi (edxg — xaxg) W (=g — x3x3) W (xdxd — xaxg)
Wy (x3xs — x3x3) , Mg (x3xd — x2x¥) , W (x3xf — x3x3),
Wy (xixs — x3x3) , Mg (x3xd — x2x3) , W (x3xf — x3x3),
o Celxg — x3xd) , maGedxd — xixg) W (edxd — xdxd),
Wi (xExs — x3x3) , o (ed=d— xgx3) o (xdxd — x2x3)}

is a F — basis of the module Uz , and dimg Ut = 90

Iv- The set:-

D? = {xq(xixs— xix3) , xs(xixi— xixd) , X (xixs— xix3) ,
X3 (xixi — xix3) , Xs(xixi— xix3) , X (xixi— xix3) ,
X3 (xixg — x{xf?) ) X1 (xixg xlxﬂ) ) X6 (xixg xlxﬂ)
X3 (xixg — xix3) ,  Xg(xixg— x{x3) , Xs(xixf— xixj),
Xq (x3xz — xzx7) ,  Xs(xfxs — xixy) ,  Xe(xgxs — x3xj),
X3 (xzxi— xzxy) ,  xs(xfxi— xixy) ,  Xe(xixi— xixj),
Xa (i — xixi) . Xe(dxd— xIxf) |, Xe(xixd — xixj),
X3 (x3xf — x3x7) ,  Xg(x3xi— x3x7) , X5 (xixi — x3x7),
Xs(%3%3 — x3x)) |, xs(x3x3 — x3x¥) |,  Xe(xfx3 — xIxf),
Xo (x3xd — xIxy) , x5 (xIxf— xIx¥) |,  xe(xIx§— xIxi),
X2 (xaz Xg — X3 Xl) o X4 (xaz Xg — X3 Xl) 1 X6 (Xsl2 Xg — X3 x1)
Xp (%3xg — x3xy) |, Xg(xixd— xIxf) |, xs(xfxi — xixi),
Xs(xixs — xixy) ,  xs(xix; — xix{) ,  Xe(xixs — xixi),
Xp (%ixs — xixy) , x5 (xixs— xix{) ,  Xe(xixg — xixi),
X2 (xixg - X4X1) o X3 (xixg X4X1) 1 X6 (xixg x4x1)
Xo (%ixg — xixy) ,  xa(xixd— xix{) , x5 (xixi— xixi),
X3 (xéxz.} - x5x1) o X4 (xéxz.} - x5x1) 1 X6 (xéxg - x5x1)
X2 (xéxg - x5x1) o X4 (xéxg x5x1) 1 X6 (xéxg x5x1)
X2 (xéxi - x5x1) » X3 (xéxi x5x1) 1 X6 (xéxg x5x1)
X2 (xéxg - x5x1) » X3 (xéxg x5x1) 1 X4 (xéxg x5x1)
X3 (xgxs — x2xY) ,  Xa(xaxs — xixi) , Xs(xgxs — xixy),
Xp (xgx3 — x2xY) ,  Xa(xdxs — xixi) , Xs(xgxg — xixy),
Xp (xgxs — x5xY) ,  Xa(xexi— xixi) , Xs(xgxs — xixy),
X2 (xéxg - xﬁxl) » X3 (xéxg xﬁxl) 1 X4 (xéxg x6x1)
X2 (xfx:;l - X1X3) o X2 (xixg X1X3) ) X2 (xfxg xlxa)
Xy (x3x3 — x2x3) ,  Xg(x3xf— x2x¥) |, xg(xizi— x3x3),
Xy (x3x3 — x3x3) ,  Xg(x3xd— x2x¥) |, xg(x3xi — x3x3),
Xy (x3xs — x3%3) ,  Xg(x3xd— x2Zx¥) |, xg(xixi— x3x3),
Xy (dxs — x2x3) ,  xq(xdxd— x2x7) ,  xo(x3xi-— x5x,.)
Xy (dxd — x2x3) |, xo(xixi— x2x3) |, xp(xd=d— x2x3)}

is a F — basis of the module Uz , and dime UZ = 90.
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2-4:- FWg — homomorphisms:
We are interesting in the following FWg — homomorphisms throughout this

paper.
i- ¢ 1 H} — G, defined by:

o, (25t - Jl—5254m@ﬁ x7x))

= Hr xs - erl

= (x2— x7) , foralls,t e {i,jkp,q}, and (s,)%(i,j) .
Where {x} U {Xi, Xj, Xk, Xp , Xq} = {X1, X2, X3, Xa, X5, X6} see [4]
ii-0: Hf — G7 , defined by:-

&

1 a*

e (25 = xix) = 37 ) 5 (50 Gt = xix)
k=1

= X7X: — X7x{
=x, (x2— x7) ,forallst € {ijk p,q}, and (s,t)=(,j) .
Where {x} U {Xi, Xj, Xk, Xp, Xq} = {X1, X2, X3, Xa, X5, X6}. see [4]
3-Exact sequences:
Theorem (3-1): The following sequence of FWg — modules is exact and split.
00— Ut —— HI-, G —0
proof : & is one —to — one map since it's inclusion map .
Since Im ¢ = ¢ ( Hy)
= @ (FWe by (3% — x7x))
=FWs o (pr (x3% — xx))
= FWs e (2 — x7) = G}
Thus ¢ is onto .
Now ¢ (ke (XiX3 — X7x5)) = pg (Xi— X7)
=0
Furthermore g (xf:w:3 — xlxz) generates Ut sothat Uz c kero .
We prove the reverse inclusion by counting dimensions .

dimg kergp =dimg Hf — dimg Gz

=114 —24 =90
=dimg Uz
Hence kerg = Us
Butimé = U ( 8 is inclusion map )

Therefore Im § = ker¢, and the sequence is exact.
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Second , define a FWg - homomorphism g : Gz —— Hp by:-

q q

g — )= (1 ZXE X+, ZXEX?) Vi (x2 — x7) € G}
t=i t:j
t#s

Wheres € {i,j,kp,q}, s>i ,and 1<i< j< k< p<q<6 .

q q
Then ¢ g (HT(X;’" - Kf))=@(_—ur ZXE X, ZXEXI‘J
t=1 =

t #s
q q
= — ZHTXE + ZHTXE
t=1 =
t#s
q q
—= D w ke + ) gt
t=) t=)
t£s t#s

= e x2 — e x? = p(x — xf)
That is ¢ g is the identity on Gz and consequently the sequence split .

Theorem (3-2): The following sequence of FWg — modules is exact and split.
i

a
0 > Uz s> HZ » GF » 0
proof : n is one - to - one map, and Imn = Uz . (inclusion map)
also 6 is onto since :
Im 6 = 6 (HF)

=0 (FWs % (x3%¢ — x7x))
= FWs 6 (%, (x2x¢ — x7x))
= FWg x; (x2 — x7)
= Gg
Thus 6 is onto ,and we need only to prove the exactness at Nz.
First 6 (Xs (XixX3 — X1%5)) = X, (%1 — x1)
=0
Furthermore x, (xix3 — xix5 ) generates Uz , that is:-
U c ker 6
By counting the dimension of ker 8 we get :
dime ker 8 =dimg HZ — dimg G7
=114 —-24=90
= dim,: U_E:?-
Then ker 6 = UZ .
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Hence Imn = ker 6 , and the sequence is exact.
Finally to prove that the sequence split, define a FWg — homomorphism
f: Gf — HE by:-

q q
&2 — x2)=(=x fo X2 + x, thx ), Vx, (x2 — x?) € GZ

t=i __]

t+s

Wheres € {i,j,kp,q}, s>i ,and 1<|< j< k< p< q<6

Thenﬂf( (x2 — xz) =0 (—x, thx + X, thx)

t;&s
q q
_ _ E 2 E 2
- X X + Xr %
=1 =
t£s
q q
=— E X, Xf —X X7 + E X X+ X X2
= =
t £s t#s

=x,x2 —x,x2 =x(x% — x?)
Which mean that 8 £ is the identity on Gz ,therefore the sequence split.
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