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Abstract

Let R be a prime ring and U be a (o,7)-left Jordan ideal .Then in this paper,
we proved the following , if aU =Z (Ua cZ), a=R, thena=0o0r U cZ. IfaU =C
o« (Uac Cy.), a=R, then eithera=0 or UcZ If 0 # [U,U] 5. Z.Then
UcZ If 0#4U,U] .. <=C,. then UcZ .Also, we checked the converse some
of these theorems and showed that are not true, so we give an example for them.
Keywords: R be a prime ring, Z be a center of R, C ;. be a (o,7)-centeralizer,U
be (o,7)-left Jordan ideal of R, F be a field and d be a derivation of R.
(1)Introduction

Many authors studied Jordan ideals & Jordan ideals with derivation and
proved many results when the ring is prime or semiprime .In the end of the
twentieth century and the beginning of this century, Neset Aydin , H. Kandamar
and K. Kaya Studied (o,7)-right Jordan ideals and proved that if R is a prime ring
and U is a (o,7)-right Jordan ideal of R, then (i) if (U,U);.c Cs. , then R is
commutative (ii) if U is commutative then R is commutative.(iii) aU=0 (or
Ua=0) and aeR , then a=0.(iv) if Uc C, ., then R is commutative ,see[2].

Also, Kassim A.Jassim proved when U is a (o,7)-left Jordan ideal of R that
(i) if aU=0 (or Ua=0) and acR ,thena=0 or U cZ .(ii) if characteristic of R
not equal 2 and Uc C,, , then o(u)t+t(u)eZ(R) for all ueU .(iii) if d(U)=0,
dr=td and do=cd ,then o(u)+t(u)eZ(R) forallueU ,see[1].

In this paper we want to study the generalization some of above results in
(o,7)-left Jordan ideal of R . So, we must recall the basic terms that we need them
in this research, as the ring R is a prime ring if aRb=0 ,a,beR implies that a=0 or
b=0. Also, we must recall Z is the center of R if reZ(R), then rx=xr forall xeR.
Also ,we recall (o,7)-centeralizer C . if reC . then for all xeR ro(X)=t(X)r
Also we recall the product [, ] on R as follows [x,y]=xy-yx , see [4]. Also, we
used the identities in this paper as follows: For all x ,y ,z €R. (i) [xy,z]= x [y,z] +

[xzly. ()lxyz]= [xyl z+y [xz]. (i)[xy,z]. = X [y, 6(2)]+ [X,Z]) 62 Y = X[V, Z]6s
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+[x, t(2)]ly .see[5] . Also, the Jordan product is define as follows:
(DY)o.=xo(y)+T(y)X(1D)(XY,2)6:=X(Y,2)o, [X, 1(2) Iy=X[Y, 0 (2)]+ (X,2)c.Y -

In this paper we considered U be an additive subgroup of R. 6,1: R—R be
two mappings of R. Then we can defined U is a (o,7)-right Jordan ideal of R if
(U,R)s.cU . Also, U is (o,7)-Left Jordan Ideal of R if (R,U),.cU. So, a (o,7)-
Jordan ideal of R, if U is a (o,7)-right and Left Jordan ldeal of R [3].

Also, every (o,7)-left Jordan ideal is a Jordan ideal but the converse is not true
and the following example showed that
Example(1.1)[2]

X
Let R= {( tyj , X, Y,2,t € F, where Fis a field of ChF=2 be a ring of 2x2 matrices with
Z

respect to the usual operations of addition and multiplication. }

a o0
U :{( bj ,a,beF } be an additive subgroup of R .Let 6,7:R— R be two mappings,

0
such that
(Y y} G ™
z t t z y X
b 0 xa yb bx by xa+bx yb+by
[ ] (az atJ:[za+az tb+atJ
xa + bx
(O tb+atj

Thus, U is a (o,t)-left Jordan ideal of R, but U is not aJordan ideal of R as follows
(x yJ(a 0] (a Oj( y] (xa+ax yb+ayJ{O yb+ayj§ZU
z t O b)) \0 b t za+bz th+Dbt za+bz O
2.The Main Results
At first, we generalizing aU=0(Ua=0) in [1] as below.
Theorem (2.1) :- Let U be a ( o,t) — left Jordan ideal , a=R, if aU =Z (Ua =2),
then a=0 Or UcZ

Proof :- By the hypothesis aU =Z, so for all usU, xR , we have
a(x o(U) , U) 4. =ax[o(u),c(u)] + a(x,u) ..c (u) forall usU, xeR

= a (X,u)s: o (u) Since a(xo(u),u)s.€Z forall ueU, xR , then
a(xo(U) , U)s= a (X,u)s: & (U) .So,we get a(x,u ), o (U) € Z This is implies that
for all r R, we get [a(X, U)s.o (u) ,r ]= 0 forall ueU, x=R. Therefore, we
have
0=[a(x, U)s.o (U) ,r]=a(x, u) s [o(u), r]+[ax, u)s. r] o) , forall usU,
x,reR. Since by hypothesis aU cZ , then [a(X , U) 5, I ] o(u)=0, for all usU,
X,reR. Thus
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a(X,U)s:[o(u), r]=0,forall usU, x,reR. Since aU =Z, a(x, u),.R[c (u) , r
]1=0, forall usU, x,reR. Also, we have R is a prime ring then either
a(x,u)s=0 ,forallusU, x=R. or [c(u),r]=0,forall usU,
reR.
If a(x,u)..=0 ,forallusU, x=R , then by the [1], we get either a=0 or
UcZIf [o(u),r]=0,forallusU, reR , then UcZ
From the other hand if Ua cZ , then for all usU, x=R..
(tWx,u)sa=tU)(X,u)ga-[t(),t(Wxa=t)(x,u)s.a,forall
usU, x=R. So, we have
(t@uUx,u)s:a=t()(x,u)s.a, forall usU, xR .Since (t (U) X, U) 5+
aeZ (By hypothesis), then 1 (u) (x ,u),.a Z , forall usU, x=R.
Therefore, for all reR
O=[t(u)(x,u)s.ar] ,forall reR :

=t [X,U)sca,r]+[t(u) ,r](x,u)s.a ,forallusU,x, reR. Since
UacZ,then [(X,u)s.a r] =0, forall ugU, x, r R .Thus , we have
[t(u) ,r](x,u)..a=0 ,forallusU, x,r=R. Since Ua =Z , implies that
[t(u) ,r]R(x,u)s.a=0,forall ueU, x, r R. Since R is prime ring ,then
either [t(u) ,r]=0 or (x,u)s.@a=0 ,forallusU, x, r €R.
If [t (u),r]=0 , forall usU, then implies that U = Z
If(x,u),.a=0 forallusU, x=R, then by [1] we get either a=0 or
UcZ .
Also, we generalized the above Theorem as below.
Theorem (2.2) :- Let U be a (c,7) — left Jordan ideal , a=R, ifal =C . (UacC
o), then either a=0 or UcZ
Proof: - By hypothesis if aU =cC,. , we have
a(xo(u),u) .= ax[o(u), o(u) ] +a(x, u)s.o(u) =a(x,u) s.c (u), forall usy, x
£R. Therefore, we have
a(x o(u) ,U) gc=a(x,u) s (U , forall ueU, x €R. Since aU=C ., then
a(xo(u),u) ;.£Cy,. , forallueU, x R and also, we have a (X, u) .o (U) €
Cs. ,forallueU, xeR. Thenforall re R, we get [a(X, U)s.c(U),r]s:=0
0=a(X, U)o. [o(U) , o(r) ]+ [a(X, U) 6, T ] 6-0(U) =a(X , U) 6 [o(U) , ()] =0,
for all u €U, x,r eR . Then, we have a(x, u),.[o(u), o(r)] =0 , for all u €U,
X,r €R. Thus,
implies that t(y) a(x , u) 5. [o(u) , o(r) ] =0 , for all ueU, x,y,r €R. Since
au=C ., then aix , u) o) [o(u) , o(r) ] =0 , for all ueU, xy,r R.
Therefore,
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aXx,Us:R[oc(u),o(r)]=0 ,forallusU, x,r eR. Since R is prime ring,

then either a(x, u).=0 or [o(u),o(r)] =0 , forall
uelJ, x,r eR.

Ifa(x,u),.=0 ,forallu=sU,x=R.Then by [1], aU = 0 implies that eithr
a=0 or UcZ If[oc(u),o(r)]=0, forallusU, r=R. implies that

U cZ. For the other hand , if UacC,. ,then, forallusU, x=R, we get
(tUWx,u)gca=1U) (X,u)sca [t(u), t(u)]xa=r1u)(x,u)s.a Since
UacC ., then (t (U)X, u) ,.a=C,.and also we have t(u) (x,u) ,.asC
- 1 herefore,
[t(u) X,uU)s:a,r]s.=0 ,reR ,forallueU, x,reR. Thus
0=[t(u) (x, u) cea I ]oe=t(u) [ (X, U)oz o+ [t(u) ,(r) J(x,u)o-a

=[t(u) ,t(r)] (X,u)s.a.Therefore, [t(u) ,t(r)](X,u),.a=0 , forall
usU, x,reR. Also, we have [t(u) ,t(r)] (X,u)s.ao(y)=0 , forallusU,
x,y,r £R. So, by UacC ., we get that [t(u) , t(r) ] t(y) (X, u) -.a = 0.So, we
get forallusU,xyreR [t(u),t(r)]R(X,u).a=0. Since R is a prime
ring, then either

[t(u),t()]=0 or (X,u)s@a=0 ,forallusU, xreR.
If [t (u), o(r)]=0,forallusU,reR. Thenwe getUc Z. If (x,u),.a=0, for
allusU,x=R, thenby [1] ,wegeta=0 or UcZ
Now, the below theorem shows that if 0 # [U,U] ;. =Z ,thenU cZ .
Theorem (2.3) :- Let U be a (o,t) — left Jordan ideal ,if 0 # [U,U] ,.<=Z, then
UcZ.
Proof :- By the hypothesis , we get [(x o(u) , U) 5 U] 6. E2Z,forallueU,h xeR
.So, we have [(x o(u), U) 6:U]o:=[X[o(U), ou) ]+ (x,U)co(U), U]se

=[(x,u) gro(U), ulse
Since [U,U] s.=Z, we have [(Xx o(u) , U) 5. U] o< Z.
Therefore, [ (X, U) 4. o(U), u]s:€2 ,forallue U, xeR. Also, we have
[(X U) o:0(U), UToe=(X, U) o [0(U), o(U) T+ [ (X, U) g U Toe0(u)
=[(X,U) s U]s0(U) €Z ,forallue U, x=R. Also ,we have

0=[[(x,U)on Ulseo(U), r]=[(X,U)ocsUlsec[o), r]+I[[(x, U)o Ulor,
r] o (u),

forallueU, x,r £R. By the hypothesis [U,U] ;.=Z,then[(X,U) ¢t U] o6
[o(u), r] =0 . Since [U,U] s.=Z,weget[(X,Uu) sx U]scR[o(u), r]=0, for
all u €U, x,r eR. By the primeness of R we get either

[6(u), r]=0,forallucU,reR or [(X,U)sn U]s:=0 ,forallucU, xR
and this a contradiction with the hypothesis .So, we get [o(u),r] =0, for all
ueU,reR . Therefore U=Z

\
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Remark(2.4):
The converse for the above Theorem is not necessary true all the time, and
the following example shows
Example(2.5)[2]

Let R= {()Z( ty] ,X,y,z,t e F, where Fis a field of ChF=2 be a ring of 2x2 matrices

with respect to the usual operations of addition and r?ltiplication.

U :{Z Oj ,aeF } be an additive subgroup of R .Let 6,7:R— R betwo

a
mappings , such that

GG )
z t z t z t -y X
a O)a, O . a, O0)a 0) (aa, O . aa 0) (2(aa) O
0 a 0 a, 0 a, \0 & o a,a, 0 a,a o 2(a,a,)
:(g gj U Then U be a (o,7)  left Jordan ideal

So, by the hypothesis [U,U] ,.=Z we can show this condition

a, 0O)a, O a, 0Ya O aa, O aa 0 0 0 ) .
! 2 —| 2 ' = | = .But this result is
0 a \0 a, 0 a, \0 a 0 aa, 0 a,a 0 0

Contradict with the hypothesis [U,U] .« # 0.
Also, we generalized the above Theorem as below.

Theorem (2.6) :- Let U be a (o,7) — left Jordan ideal ,if 0#[U,U] 5. =C ., then
UcZ .

Proof: - By the hypothesis , we get [(x o(U) , U) 5cU] 6:E Cos. ,forallueU,
X €R .So, we have [(x o(u),U) U] s:=[X[o(u),oc(u)]+][(X,u) o), u]

c,T

=[(X,U)sco(U), U]oe
Since [U,U] s.= Cqs., We have [(X o(U) , U) U] 6 €EC 4. and therefore,

[(X,u) s:0(U),U]s:ECq.,forallusU, xeR. Also, we have

[ (X u)oeou) Uloe=(X, U)oz [o(u), o(u) ]+ [(X, U)oz U]o0(u)
=[(X,U) gr U] o) ECq., forallueU , xeR.

Therefore, [[(X, U) 5 U] 50 (U), I]-.=0 ,forallueU, x,r €R. So,

O=[[(X, U) 6, Ul 620 (U), 1 6=[(X, U) o U] ox [0 (U), o (N]+ [[(X, U) 61Ul 6,5, 7]

s:oU) =0,forallueU, x,r eR. Also, we have [(X, U) U ]s:[c(U),c(r)]

s=0.

Also, T(Y)[ (X, U) s:U ] [oc(U),o(r) ]5.=0 ,forallueU, x,ry €R. Also,

[(X, W) U] () [o(),o(r) ]16.=0 , forallusU, x,r,y €R. Then

\
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[(X,U) sU]s0(Y)[oc(U),o(r) ]s.=0 , forallueU, x,r =R .Also, we
have [(X,U) U] R[o(U),o(r) ]65.=0,forallusU, x,r eR. By

the primenessof R ,weget [(X,U) 6 U]s:=0 or J[o(u),oc(r) ]=0 for
alueU, x,r eR.

If[(X,U) s U]s=0 contradiction with the hypothesis. If [c(u),o (r) ]=0
forallueU,r R, implies thatU cZ .

Remark(2.7):
Also, by the previous example(2.5) we can show the above theorem is not

necessary true all the time.
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