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Abstract: 

       We present a reliable algorithm for solving, homogeneous or inhomogeneous, nonlinear 

ordinary delay differential equations with initial conditions. The form of the solution is calculated 

as a series with easily computable components. Four examples are considered for the numerical 

illustrations of this method. The results reveal that the semi analytic iterative method (SAIM) is 

very effective, simple and very close to the exact solution demonstrate reliability and efficiency of 

this method for such problems.                        

Keywords: Semi analytic iterative method, Ordinary delay differential equations, Initial 

conditions. 
       

1. Introduction: 

          In many practical problems, we come across with a differential equation which cannot be 

solved by one of the standard known methods .Various methods have introduced for obtaining 

numerical solution to these problems with a high degree of accuracy. One of these problems is the 

delay differential equations DDEs. Real life problems of delay differential equations are of great 

importance .One reason for this importance is that they describe processes with “after effects”, that 

is, time lag (if the independent variable denotes time), In fact, many applications in the field of 

mechanics, physics, biology, economics, ecology models and others were expressed in terms of 

delay differential equations such as control systems, mixing of liquids, population growth, etc. see 

[1]. 

The delay differential equation DDE could be written in the form [2], 

   ( )   (   ( )  ( ( )))           
    

 ( )( )    
( )                       

 ( )   ( )                                          }
 

 

          ( ) 

As equivalently: 

   ( )   (   ( )  (    )  (    )    (      )  ) 

The tardiness    are always non negative, it may be positive constants or functions of t or functions 

of t and y itself. And  L is a differential operator given by     ( )  
  ( )

   
       

Basically, delay differential equations can be classified according to the complexity of the 

phenomenon, namely, 
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(i) DDE with constant delay  

(ii) DDE with variable or time dependent  delay 

(iii) DDE with case dependent delay 

DDEs were solved analytically and numerically using several methods see [3, 4, 5, 6, 7]. In this 

paper, we solve some DDEs  of type (ii) with initial conditions like Pantograph Equation using  

semi-analytical iterative method SAIM  which is a new technique developed by Temimi and 

Ansari  to solve an ordinary differential equations with boundary conditions [8] and it has been 

proved that its reliable, promising and powerful .The attractive property of this method is directly 

executed in a manner straightforward without utilizing linearization, discretization and restrictive 

assumptions. The approximate solution we obtain is more accurate than the other solutions that can 

be obtained using other approximate methods.                                                                                

2. Description of The Method: 

         This section describes the main steps of the semi analytical iterative method. It is known that 

any differential equation can be written as : 

 ( ( ))   ( ( ))   ( )                               ( ) 

                                     with boundary conditions    (  
  

  
)    , 

where t is the dependent variable,  ( ) is an  unknown function, f(t) is a known function, L is the  

differential operator that we have already mentioned, N is a non-linear operator and B is a 

boundary operator.                                                             

To find out how this method works, the following steps as follows:  

Step 1 : solving  

 (  ( ))   ( )                 (   
   
  

) = 0                                    (3) 

to get   ( ) 

Step 2 : The next iterate is  

 (  ( ))   ( )   (  ( ))               (   
   
  

) = 0                    (4) 

By solving this equation, we get   ( ) 

Step (3) : we  construct a simple iterative to get  the solution of (2)  , which is  

 (    ( ))   ( )   (  ( ))             (     
     

  
) = 0           (5) 

The solution of this equation gives the approximate solution of  (2). 

This method is characterized by being easy in application, economical in time and gives accurate 

results compared with other numerical methods mentioned in [3, 4, 5, 6] as we shall see next 

section.                                                                                                          

3. Numerical Examples: 
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         In this section, we will solve some examples of delay differential equations of type (ii) were 

the delay is a variable and their formula as follows  

  (   ( ))    (    ( )   (     ))                (  )        

where           ( )         the delay     ( )        

is a given  function and       (      ) we use SAIM and MATLAB for a very accurate 

approximate solution and to demonstrate the efficiency of the method . 

Example 1 :  

 Consider  the non - linear delay differential equation of first- order [3,5]: 

  ( )       
(
 

 
)                              with initial condtion (IC )     ( )                

The exact solution is    ( )      ( )  . 

Firstly, to find     we take  

 (  )          with     ( )         where   ( )             ( )  
  

  
   ( )      

By applying SAIM we get:           ( )        The next step is finding     as follows:  

  
 ( )       

 
(
 

 
)      where     ( )      and it has the solution     ( )    

 

 
      .Next, to 

find       we start with      
 ( )       

 
(
 

 
)  , thus      ( )     

 
      

   
      

    
     

Continuing by the same way and with using MATLAB we get              and so on. In this 

example, we found the solution till        
 
  ( )  (                       (   )                           (   )     

                      (   )                           (   )                        

   (   )                           (   )                        

   (   )                           (   )                           (   )     

                      (   )                           (   )                        

   (   )                           (   )                         

   (   )                           (   )                        

   (   )                            (   )                        

   (   )                           (   )                      

   (   )                            (   )                        

   (   )                           (   )                       

   (   )                          (   )                          (   )

                         (  )                          (  )

                        (  )                                                   )  

TABLE I: Comparison of numerical results for Example 1 

x Exact solution SAIM Error SAIM 

 

Error ADM 

 

0 0 0 0 - 
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0.1 0.099833416646828 0.099833416646828 0
 

- 

0.2 0.198669330795061 0.198669330795061 0
 

-1.E
-10 

0.3 0.295520206661340 0.295520206661340 0 - 

0.4 0.389418342308651 0.389418342308651 0 1.E
-10

 

0.5 0.479425538604203 0.479425538604203 0 - 

0.6 0.564642473395035 0.564642473395035 0 9.99999E
-05

 

0.7 0.644217687237691 0.644217687237691 0 - 

0.8 0.717356090899523 0.717356090899523 0 -3.E
-09

 

0.9 0.783326909627483
 

0.783326909627483 1.E
-016 

- 

1 0.841470984807897 0.841470984807893 3. E
-016

 - 

 

Figure 1: Comparison between the exact and semi analytic iterative solution y5 

Example 2 : 

 Consider the non – linear delay differential equation of second – order [6]:  

   ( )     
(
 

 
)    ( )                           with ICs      ( )        ( )          

The exact solution is   ( )       . 

By the same way used in the previous example, to find     we take  

 (  )      with    ( )         where  ( )      ( )  
   

      ( )       ( 

 
)   

By applying SAIM we get:     ( )            The next step is finding     as follows:  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
The solution at n=6

x-axis

y
-a

x
is

 

 
Approximate Y5 of ex1

Exact Solution



 Numerical Solution of Non-linear Delay Differential Equations Using 

Semi Analytic Iterative Method 

Asmaa A. Aswhad
1
                  Samaher M. Yassein

2* 

 

 - 135 - 5102 -013العدد  - 52مجلة كلية التربية الاساسية                          المجلد 

  
  ( )     

 
(
 

 
)      ( )            ( )        and its solution is  

     ( )           
 

 
     

 

  
        and 

    ( )           
 

 
     

 

 
     

 

  
     

  

   
     

 

   
     

   

     
     

  

     
     

  

      
      

     . 

     .   

     . 

 
    ( )  (                               1.207063047898491                                         

                                  +8.8506741031058                                             

                                                                                             

                                                                                             

                                                                                             

                                                                                          

                                                                                           

                                                                                           

                                                                                         

                                                                                          

                                                                                          

                                                                                         

                                                                                          

                                                                                        

                                                                                          

                                                                                         

                                                                                         

                                                                                          

                                                                                          

                             +                                                             

                                                                                           

                                                                                         

                                                           +                              

                                                                                          

                                                                                         

                                                                                          

                                                                                       

                                                        

                         +                                                                      

                                                                                       

                              ) . 

TABLE II: Comparison of numerical results for Example 2 

x Exact solution SAIM Error 

0 1.000000000000000 1.000000000000000 0 

0.1 0.818730753077982 0.818730753077982 0
 

0.2 0.670320046035639 0.670320046035639 0 

0.3 0.548811636094027 0.548811636094025 2.E
-015
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0.4 0.449328964117222 0.449328964117160 6.2 E
-014

 

0.5 0.367879441171442 0.367879441170561 8.81 E
-013

 

0.6 0.301194211912202 0.301194211904498 7.704 E
-012

 

0.7 0.246596963941606 0.246596963893739 4.7867 E
-011

 

0.8 0.201896517994655 0.201896517763193 2.31462 E
-010

 

0.9 0.165298888221587 0.165298887298137 9.23450 E
-009

 

1 0.135335283236613 0.135335280073181 3.163432E
-008

 

 

 

Figure 2: Comparison between the exact and semi analytic iterative solution y5 

Example 3: 

Consider the non - linear singular delay differential equation of second- order[6]:  

   ( )   ( )  
 

     
(
 

 
)                             with ICs      ( )            ( )         

The exact solution is   ( )       . 

To find     we take   (  )      with    ( )    where  ( )      ( )  
   

      ( )  
 

     ( 

 
)    

By applying SAIM we get:      ( )         the next step is finding     as follows:  

  
  ( )     ( )  

 

      
 
(
 

 
)   where     ( )        and has       ( )       

 

 
        and 

    ( )       
 

 
     

 

  
     

 

  
     

 

    
     

    . 
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     .   

     . 

 
    ( )  (                                                                                   
                                                                                              
                                                                                             
                                                                                              
                                                                                              
                                                                                             
                                                                                              
                                                                                             
                                                                                              
                                                                                              
                                                                                             
                                                                                              
                                                                                             
                                                                                              
                                                                                              
                                                                                              
                                                                                              
                                                                                              
                                                          5.7676400114062945751898427283259 
                                                                                            
                                                         +                                          
                                                                                                
                                                                                            
                                                                                            
                                                                                            
                                                                                            
                                                                                           
                                                                                            
                                             +                                             
                                                                                            
                                                                                            
                                                                                            
                                                                                            
                                                                                            
                                                                                          
                                                           +                              
                                                                                          
                                                                                          
                                                                                          
                                                                                       
                                                                                                
                                                                              
                                                                                      ) . 
  

 

 

 

 

 

 

 

 

 

TABLE III: Comparison of numerical results for Example 3 

x Exact solution SAIM Error 

0 0 0 0 
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0.1 0.090483741803596 0.090483741803596 0 

0.2 0.163746150615596 0.163746150615596 0 

0.3 0.222245466204515 0.222245466204516 0.E
-016

 

0.4 0.268128018414256 0.268128018414259 3.E
-015

 

0.5 0.303265329856317 0.303265329856321 4.E
-015

 

0.6 0.329286981656416 0.329286981656260 1.56 E
-013

 

0.7 0.347609712653987 0.347609712652568 1.418E
-012

 

0.8 0.359463171293777 0.359463171286723 7.054 E
-012

 

0.9 0.365912693766539 0.365912693741649 2.4890 E
-011

 

1 0.367879441171442 0.367879441103774 6.7668 E
-011

 

 

Figure 3: Comparison between the exact and semi analytic iterative solution y5 

Example 4: 

Consider the non- linear delay differential equation of third- order [5]:  

    ( )          
(
 

 
)                             with ICs    ( )         ( )             ( )         

To find     we take   (  )      with     ( )     where    ( )     ( )  
   

        ( )         

By applying SAIM we get:      ( )     

 
      The next step is finding     as follows:  

  
   ( )        

 
(
 

 
)      where     ( )        and its solution is: 

     ( )    
 

 
     

 

   
     

 

    
     

 

      
     , and  
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   ( )   
 

                     
     

                  
       

                 
       

              
     

    

             
      

 

        
       

      
     

    
     

   
     

 
      

  ( )  (  
   

                                                           
     

                                                       
 

       

                                                      
 

        

                                                     
 

           

                                                     
 

          

                                                
 

             

                                                
 

           

                                           
  

              

                                           
  

             

                                       
 

                

                                       
  

             

                                 
  

            

                              
 

         

                        
 

          

                      
  

   

              
   

   

           
  

   

         
   

       
    

    
     

   
 

  

 
    )    

 

TABLE Iv: Comparison of numerical results for Example 4 

x Exact solution SAIM Error  

0 0 0 0 

0.1 0.099833416646828 0.099833416646828 0
 

0.2 0.198669330795061 0.198669330795061 0
 

0.3 0.295520206661340 0.295520206661340 0 

0.4 0.389418342308651 0.389418342308651 0 

0.5 0.479425538604203 0.479425538604203 0 

0.6 0.564642473395035 0.564642473395035 0 

0.7 0.644217687237691 0.644217687237691 0 

0.8 0.717356090899523 0.717356090899523 0 

0.9 0.783326909627483
 

0.783326909627483 0 

1 0.841470984807897 0.841470984807897 0 
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Figure 4: Comparison between the exact and semi analytic iterative solution y3 

 Analysis of Error: 

          The error plays a pivotal role in approximate solutions. It shows that the accuracy and 

rapidity of the used method .Whenever a lower error is shown, more accurate solution and closer 

to the exact solution is obtained.  

Approximate solution are usually used to find solutions to some problems that cannot be solved in 

analytical mathematics. This means there is an error amount we have to calculate. If one can find 

the exact error, then the exact solution will be found. This means finding the exact error is not 

possible. Thus, we seek to find an approximation of the error (i.e. a value which is not exceeded by 

error).  

For the method used in this paper, we analyze successive errors that can be expressed as follows:  

   ‖       ‖     ,  n= 0, 1, 2 , …     

where    , represent the difference between two successive iterative solutions . ‖  ‖ represents the 

standard Euclidean norm . 

The Error term     between two consecutive for examples 1, 2, 3 and 4 

   of   4                                  

6.0633E
-006

 0.3852436870510644 0.5325183919288651 0.0629940788348712 0 

5.3782E
-014

 0.007030163699362195 0.0005474395980499056 6.155171977034576E
-006

 1 

1.9378E
-025

 0.002506769209273337 0.0004780723689526526 1.861696496487456E
-005

 2 

 6.928149788705148E
-006 

8.164787440381631E
-006 

2854252132861244 E
-008

 3 

 1.18332482349006E
-009 

8.808596182455132E
-008 

9.183696950584957E
-012 

4 
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Conclusion: 

        In this paper, we solved ordinary delay differential equations with initial conditions 

based on the Semi Analytic Iterative Method SAIM which was provided by Temimi and 

Ansari to solve ordinary differential equations with boundary conditions, we noticed that 

this method is characterized by its ease, accuracy, and lack of time consumed when used 

in comparison with other numerical methods. We have resolved some of the examples in 

[3, 5], and got better results. For example 1 see table 3.1 in [3], for examples 2, 3 see [6], 

for example 4 see table Iv in [5]. 
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 الخلاصة:

الاعتيادية غير الخطية متجانسة كانت او غير  قدمنا خوارزمية موثوقة لحل ا لمعادلات التفاضمية التباطؤية               
متجانسة ذات الشروط الابتدائية. يتم حساب الحل بصيغة سمسمة مع عناصر قابمة لمحساب بسيولة. اربعة أمثمة تم تدارسيا 

ة وقريبة جداًمن الحل لتوضيح المسار العددي ليذه الطريقة ولقد اثبتت النتائج ان الطريقة شبو التحميمية التكرارية فعالة جداً،بسيط
 المضبوط وتُظير بوضوح دقة وكفاءة الطريقة لمثل ىذه المسائل.

 

 الشروط الابتدائية., ا لمعادلات التفاضمية التباطؤية الاعتيادية الطريقة شبو التحميمية التكرارية،الكممات المفتاحية: 

 

   

  

 

 


