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Abstract: 
  In this paper, we consider the analytical solution of Nonhomogeneous 

mixed problem of Heat equation. Namely, we use separation of variable and 

Duhamel’s principle to derive the formula of the general solution to this 

problem. Moreover, we find the solution for a special case of this problem as 

an application to our result. 
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1. Introduction 
Over the last decades, the solutions of partial differential equations 

have been considered by many authors; see for instance [1-4].   

The nonhomogeneous heat equation with n space variables takes the form 

[1]: 

 
   It is well known that heat equation is a special case of a class of 

equations called parabolic type equations. Heat equation can model heat 

conduction, diffusion, etc. In this paper, we will study the analytical solution 

of the case when . (With non-zero initial – boundary conditions) 

2. Mixed problem: Separation of variables 
Consider the following mixed problem [2]: 

 
  Since the equation and the initial and boundary conditions are linear, we 

may split the problem into three simpler problems and then use 

superposition’s to get a solution of the original problem. We have 
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Suppose u1, u2 and u3 are solutions of (I), (II) and (III) respectively, u1+u2 +u3 

is a solution of (2.1). We can see that (III) can be reduced to (I) and (II). 

Indeed, letting 

 
We see that U (0, t) = Ø (t) and U (L, t) = (t). 

Let u be a solution of (III) and define V(x,t) = u (x,t) – U (x,t). Then V (x,t) is 

a solution of the following problem 

 
 

We have u (x,t)= V (x,t) is a solution of (III). Therefore, if we can solve (I) 

and (II), we can solve (I) first. We can solve this problem by using separation 

of variables. 

Solution of (I) We first find a solution of the equation in the form u (x,t) = 

X(x) T (t) satisfying the boundary conditions u (0,t)= u (L,t)= 0. Then we use 

superpositions to find a solution of the original problem by matching the 

initial condition. Substitute the function in this special form to the equation 

and the boundary condition, 

 
 

Rewrite the equation in the form 

 
 (Because the left hand side is a function of  while the right hand side is a 

function of x). 

Therefore we have the following two problems 
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 To find an non-trivial solution of (A)  we must have  and then we may 

find that  for k = 1,2,... and the solution of (A) is in the form 

 where  is a constant to be determined. Substitute  into 

(B) we can solve it and the solution is , where  is a 

constant. Hence we have  

 
Where Ak is a constant to be determined. Using superpositions, we obtain 

 

 
To make (2.3) an equality, Ak must be the Fourier coefficient of the Fourier-

sine series expansion of f, i.e., 

                                (2.4) 

Theorem 2.1. Assume that f  C
1
, f (0) = f ( ) = 0. Then the solution of (I) is 

given by (2.2) with Ak given by (2.4), [2] 

Example 2.1. (a) Find all values of  for which the problem 

 
Has non-trivial solutions (i.e. X  0). Find these non-trivial solutions. 

(b) Using the result of (a) solve the following initial-boundary value problem 

by the method of separation of variables 

 
(c) Using the result of (b) solve the following initial-boundary value problem 

 
Solution (a) If  = 0 the general solution of the equation is X(x) = a1+a2 x. 

The boundary conditions are equivalent to a1 =0, a1 + a2 = 0, i.e. to a1 = 0 = 

a2. Therefore X(x) ≡ 0, i.e. there are no non-trivial solutions. 

If < 0 the general solution of the equation is 
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The boundary conditions are equivalent to 

 
i.e. to 

 
This system has only the trivial solution. 

Finally, consider   > 0. Then the general solution is 

 
The boundary conditions are equivalent to 

 
i.e. to 

 
This system has a non-trivial solution if and only if sin   i.e. 

 . The corresponding non-trivial solution of our boundary-

value problem is X (x) = const sin .Thus, the non-trivial solutions are 

 
 

(b) Let us find a non-trivial solution of the heat equation which satisfies the 

boundary condition u (0,t) = 0 = u  (1,t), 0 ≤ t ˂ + ∞ and has the form X (x) M 

(t). From the heat equation we have 

 

 

 
The boundary condition is equivalent to 

 
Since M   0, we obtain for X the problem from (a). Its non-trivial solutions 

are found above. 

The general solution of M `(t)-  M(t) = 0 is M (t) = const  . 

 
Are non-trivial solutions of the heat equation which satisfy the boundary 

condition. Hence, a linear combination 

sin   

Is also such a solution  

Now the initial condition implies 
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i.e. 

 

And all other coefficients  equal 0. Thus 

 
Is the solution of the initial- boundary value problem? 

(c) It is clear that the solution w has the form w = u+v , where u is the 

solution from (b) and  is the solution of the following initial-boundary value 

problem 

 
It is easy to see that solves the last problem. Therefore  

(  

 

3. Non-homogeneous problem: Duhamel’s principle 
Theorem 3.1. [2] (Duhamel) assume that 

Let W (  be a solution 

of 

 
Then   

 
Is a solution of (II) 

Proof the solution of (3.1) is 

 
Where  
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Therefore 

 

 

 

 
(W is a solution of (3.1)). The boundary conditions can be easily checked. 

 

4. Application 
In this section, we solve the following two mixed problems by separation of 

variables and Duhamel's principle. 

Examples 1: 

 
Since  satisfies the hypotheses of Theorem 3.1 we calculate Ak ( ), 

noting that 

 

 
Thus with a=  

 

 

 

 

 
Therefore 
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Example 2: 

 
Since  satisfies the hypotheses of Theorem 3.1 we calculate Ak ( ), 

noting that 

 

 
Thus with a=  

 

 

 

 
 

Therefore 
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5. Conclusion 
In this paper, we have used both the separation of variables method and 

Duhamel’s principle to solve the non-homogeneous heat equation with non-

zero initial-boundary conditions. We conclude that this technique is robust 

and it can be used efficiently to obtain the solution on time-depended 

problems, such as heat equation.  
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 حول الحلول التحليلية لمعادلات الحرارة غير المتجاىسة
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 الملخص:

 لبحيي ن تبربييس  لحييل  لرحلملييه للمخييطل   لمارلتيي  ةمييس  لمرالتريي  لمبل ليي   لحييس ز .  فييه ايير 

وتررادم طسيق  فصل  لمرغمس ت ومبدأ  والممل لاسرالاص صمغ   لحيل  لبيلم لهيرل  لمخيطل .  يلاو  

  لى ذلكن تاد  لحل لحلل  خلص  من ارل  لمخطل  كرتبمق لنرلئانل.

 

  ز ن مخطل  مارلت ن فصل  لمرغمس ت ومبدأ  والممل.مبل لات  لحس الللنات المفتاحية:

 

 

 

  


