On The Analytical Solutions of Nonhomogeneous Heat equations

Mustafa A. Sabri

Received: 27/1/2020 Accepted: 8/3/2020 Published: June 2020

On The Analytical Solutions of Nonhomogeneous Heat equations
Mustafa A. Sabri
mustafasabri.edbs@uomustansiriyah.edu.iq
College of Education, Department of Mathematics, University of Mustansiriyah,
Baghdad — Iraq

Abstract:

In this paper, we consider the analytical solution of Nonhomogeneous
mixed problem of Heat equation. Namely, we use separation of variable and
Duhamel’s principle to derive the formula of the general solution to this
problem. Moreover, we find the solution for a special case of this problem as
an application to our result.
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1. Introduction
Over the last decades, the solutions of partial differential equations

have been considered by many authors; see for instance [1-4].
The nonhomogeneous heat equation with n space variables takes the form
[1]:
du(x, t)

at

= c?Aulx,t) + hix,t), (t =0,x €R™).

It is well known that heat equation is a special case of a class of
equations called parabolic type equations. Heat equation can model heat
conduction, diffusion, etc. In this paper, we will study the analytical solution
of the case when »n = 1. (With non-zero initial — boundary conditions)

2. Mixed problem: Separation of variables
Consider the following mixed problem [2]:
{ur =c?u_, +h(xt),(t=00<x<I),
ul(0,x) = f(x),(0<x < 1), (2.1)

u(0,t) = 0(t), u(l,t) = ¥(t), (t > 0).

Since the equation and the initial and boundary conditions are linear, we
may split the problem into three simpler problems and then use
superposition’s to get a solution of the original problem. We have

u, = cu,, (t=00<x<l),

{ u(x,0) = flx),(0<x <1), ()

u(0,t) = 0,u(l,t) =0,(t = 0).
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u(x,0)=0,(0<x<1), (I1I)
u(0,t) =0, u(l,t) =0,(t = 0).

—_ a2
{ Upe = O Upr (r20,021),

{ut =c?u_ +h(xt),(t>00<x<1),

u(x,0)=0,(0 < x<1), (I11)
u(0,t) = ¢(t), u(lt)=(t),(t>0).
Suppose u; U, and us are solutions of (1), (11) and (111) respectively, u;+u, +us;
Is a solution of (2.1). We can see that (l1I) can be reduced to (I) and (l1).
Indeed, letting

Uxt) = 0(8) +5 (¥(0),

We see that U (0, t) =@ (t) and U (L, t) = w(t).

Let u be a solution of (111) and define V(x,t) = u (x,t) — U (X,t). Then V (X,t) is
a solution of the following problem

V== (0O +T W ®-¢' ). >00<x <D,

V(,0) = = (#(0) + 7 (0) — #(0)), (0 < x < 1) )
v(o,t) =0, V(l,t) =0, (t = 0).

We have u (x,t)=V (x,t) is a solution of (I11). Therefore, if we can solve (I)
and (1), we can solve (1) first. We can solve this problem by using separation
of variables.

Solution of (I) We first find a solution of the equation in the form u (x,t) =
X(x) T (t) satisfying the boundary conditions u (0,t)= u (L,t)= 0. Then we use
superpositions to find a solution of the original problem by matching the
initial condition. Substitute the function in this special form to the equation
and the boundary condition,

X(OT'() = 2X" ()T, x(0)=x{)=0

Rewrite the equation in the form
T'(t) _X"(x) _ 3

cIT(t)  X(x)
(Because the left hand side is a function of I while the right hand side is a
function of x).

Therefore we have the following two problems

X"(x)+AX(x) =0, f )
(4) { XES = X[:E:]x:]: 0 (B)T'(t) + Ac°T(t) =0,
(2020) M\(ZG) M‘(lO?)é.\.ﬂJ‘ G\-:w\.wY\ G‘ﬁ-”j\:‘” “! = -

18



On The Analytical Solutions of Nonhomogeneous Heat equations

Mustafa A. Sabri

To find an non-trivial solution of (A) we must have 4 =0 and then we may
find that 2, =X for k = 1,2,... and the solution of (A) is in the form

bk
4

x,(x) = ¢, sin ===, where ¢, is a constant to be determined. Substitute 1, into

(B) we can solve it and the solution is T,(t) = B,e —
constant. Hence we have

et kintt

where B, is a

72 1
L

c?k*m?t k_.

u (xt) = A,e — E sin T
Where Ay is a constant to be determined. Using superpositions, we obtain

- c kit k.
ulx,t) = Z Ae — ] sin l . (2.2)

kD:Cl

ke

u(x,0) = Z}lksin 5 = fx) (2.3)

k=1

To make (2.3) an equality, A, must be the Fourier coefficient of the Fourier-
sine series expansion of f, i.e.,
A, = E_rﬂ | [x]sink':ﬂ dx (2.4)

Theorem 2.1. Assume that f € C*, f (0) = f (1) = 0. Then the solution of (1) is
given by (2.2) with A, given by (2.4), [2]
Example 2.1. (a) Find all values of x for which the problem
{X"[x]—;.c.’f(xj=[l, 0<X <1,

X(0)=0=x(1)
Has non-trivial solutions (i.e. X# 0). Find these non-trivial solutions.
(b) Using the result of (a) solve the following initial-boundary value problem
by the method of separation of variables
(du(x,t) 8*ul(x,t) _

0<x=1,0<1t< +0oo,

J ot dx? !
u(0,t) — 0 —u(1,t), 0<t < +oo,
\ u(x, 0) = 9sin2mx + 7 sin 5mx, 0<x < 1.

(c) Using the result of (b) solve the following initial-boundary value problem

(Aw(x,t) 8% w(xt)

ot dx?
w(0,8)=1, w(1,t) =0, 0=t < +o,

\ w(x,0) = 1— x9sin2nx + 7sinbmx, 0<x<1.

Solution (a) If » = 0 the general solution of the equation is X(x) = a;+a, X.

The boundary conditions are equivalent to a; =0, a; +a, =0, i.e.toa; =0 =

a,. Therefore X(x) =0, i.e. there are no non-trivial solutions.

If > 0 the general solution of the equation is

X(x) = a,e fux + aje — fux.

=0, 0<x<1,0<t< +oo,
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The boundary conditions are equivalent to
a, +a,=0
{alev’ﬁ +a,e — *.."E =0
l.e.to
dy = —d,
{al [ewfﬂ —e— 1~Ia"ﬂ) =0
This system has only the trivial solution.
Finally, consider x < 0. Then the general solution is
X(x)=a, cns[wf—_.ux) +a, sin[ﬁ’—_,ux).
The boundary conditions are equivalent to

a; =0
alcos,va"—_p: +a, sirw"—_,u =0,
i.e. to

a, =0,
{CI:SL'TEM."—_F = 0.
This system has a non-trivial solution if and only if sin =uz=o0, i.e.
p=—m’k* ke N . The corresponding non-trivial solution of our boundary-
value problem is X (X) = const sinwkx.Thus, the non-trivial solutions are
u, = —m*k* X, (x) = ¢, sinmkx, k € N.

(b) Let us find a non-trivial solution of the heat equation which satisfies the
boundary condition u (0,t) =0=u (1,t), 0 <t <+ o0 and has the form X (x) M
(t). From the heat equation we have

r ] _ X”[I] _ MJ[tj
M Er)jx(xj _( ;vftﬂﬁf D=0=375 “uw
X" x M'(t
X My  CETET

X'(x) —pX(x)=0, M'(£)— uM(t) =0.
The boundary condition is equivalent to

M(t)x(0)=0,M(t)X(1) = 0.

Since M = 0, we obtain for X the problem from (a). Its non-trivial solutions
are found above.

The general solution of M "(t)- x M(t) =0 is M (t) = const ** .

cke_nlk:tsin wkx, k€ M,

Are non-trivial solutions of the heat equation which satisfy the boundary
condition. Hence, a linear combination

ulx,t) =X, cke_”:kﬂSin whx,

Is also such a solution

Now the initial condition implies
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Z ck sinmhkx =9sin2nx + 7sin5nx,

K
..

And all other coefficients ¢, equal 0. Thus

ulx,t) = 9e~#™" gin 2mx + 7e~ 7 sin Smx

Is the solution of the initial- boundary value problem?

(c) It is clear that the solution w has the form w = u+v , where u is the
solution from (b) and v is the solution of the following initial-boundary value

problem
dv(x,l) @*v(x1)
— -~ =00<x<1, 0<t<4om,
dt dx*

v(0,t) =1, v(1,t) =0, 0<t< 4w
v(x,0)=1—x, 0=<x<1
It is easy to see that v(x,t) :== 1 — x solves the last problem. Therefore
w(x,t)=1—x+ 9e~*™" sin 2mx + 7e 257 sin Smx.

3.Non-homogeneous problem: Duhamel’s principle

Theorem 3.1. [2] (Duhamel) assume that

h(x, t)in (II)satisfies h € C* and h(0,t) = h(1,0) = 0. Let W (¢, x,7) be a solution
of

W, =c*W,, (t>1,0<x<1)

{ W=, = hix,7), (0 <x <1), (3.1)
W, = 0wl|,-, =0,(t =1).

Then

ulx,t) =J Wi(t, x,7)dt
o

Is a solution of (II)
Proof the solution of (3.1) is

ekt (t—1)

R G kmx
Wit x,1) = Z Ayme 12 EiﬂT, (3.2)
k=1
Where
2 (! k
A (1) = If h(x,T)sin ? dx,(3.3)
0
N Pk g - k
Wt x,t) =Z A (t)e 2 sin?= Zﬁlk (t]sin? = h(x,t)
k=1 k=1
2020y eedt ( 26y ddzed!) (10720 WSO O { Jy SRS [y W 7="Yy S 9
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Therefore
du (x t]

J W(t, x,T)dr

13
d
= W(t, x,t) +J. —W(t, x,t)dtr = h(x,t) —|-J. —W(t,x, T)dr;
o dt o Ot
,,ﬂzu[x,t] J': -
c = c
0

Wit x,1)d
dx? dx? (t.x,7)dr

u, —c*u, = h(x, i]—l—J.r[ — c*W, ldr = h(x,1),

(W is a solution of (3.1)). The boundary conditions can be easily checked.

4. Application
In this section, we solve the following two mixed problems by separation of
variables and Duhamel's principle.
Examples 1:
u, =c’u, +tx(l—x), (t=00<x=<1),
u(x,0) =0, (0<x=<1),
{ u(0,t) =0,u(l,t) =0, (t =0)
Since h (x,t) satisfies the hypotheses of Theorem 3.1 we calculate Ax (z),
noting that

jx: sin(ax) dx =

sin(ax) — axcos(ax)

stin(rm:]dx = ~ +C.

&

—a’x? cos(ax) + 2 cos(ax) + 2axsin(ax)
3

a

Thus with aZgwe havesin(al) = 0 and cos(al) = cos(km). Hence,

2 (! k
A1) = —j Tx(i—x]sinﬂdx
2 Ho i
T
)
- i_Ta [a®1? cos(km) — 2 cos(km) — a*I* cos(km) + 2]
a
471?
= 33 [1 —cos(kn)]

8l%t
_ )= k=2n+1,n=0,1,...

[a*x® cos(ax) — 2 cos(ax) — 2axsin(ax) + al sin(ax) — a*lxcos(ax)] |

(2n+1)%x¥
0, k= 2n, n=12,....
Therefore

t e e® (2n+1)%x® (t—1) 2n+ 1)mx
u(x,t) = f Zﬂktﬂe = s D
o n=0

l
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[ [t _Slntii-n)  gp2p o (2n+ Dmx
=Z J e i —————dr sin————.
e |y (2n+1)n
B i 8l't 8l¢ Lenitee 7 (2n+ 1)
B cf(2n+ 1)5n°  c*(2Zn+ 1:]7'?1?(6 l )|sin l '
Example 2:
u, =c’u, + tsinx, (t=0,0< x < m),
u(x,0) =0, (0= x <m),

u(0,t) =0, u(m,t) =0, (t = 0).
Since h (x,t) satisfies the hypotheses of Theorem 3.1 we calculate Ax (z),
noting that

jx: sin(ax) dx =

sin(ax) — axcos(ax)

stin(rm:]dx = ~ +C.

&

—a’x? cos(ax) + 2 cos(ax) + 2axsin(ax)
3

a

Thus with a-"—“we havesin(al) = 0 and cos(al) = cos(km). Hence,

2 o kmx
A1) = Ij T smxsdex
0

_ E_I sin(l — Iz—ﬁ)x sin(l + kTﬂjx

[ km km

2(1-7)  20+7) ||
T sin(1—a)l sin(1+a)l
1 1-a) (1+a)
_ 2tkm [sin ] k1]
=T sin [ cos
Therefore

e k3 (r— [ G| k
ulx,t) = j ZH ()e sm?
_ 1"1‘?1'* Tk (eon)  2rkm ke

= J e ———[sinl coskl]dr| sin—.

o 12 — k*m® l

=0
= _ellnlt _e2n?t] 2km j—
Z .::' T .:-4&:411:4(9 i +1J]+e iz ]{:—k:n: [sin! cos kIl | sin -

n=0
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5.Conclusion

In this paper, we have used both the separation of variables method and
Duhamel’s principle to solve the non-homogeneous heat equation with non-
zero initial-boundary conditions. We conclude that this technique is robust
and it can be used efficiently to obtain the solution on time-depended
problems, such as heat equation.
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