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Abstract :
In this paper ,the obsevability of fractional differential impulsive multi

control abstract problem with fractional integral nonlocal initial condition
have been studied as abstract Cauchy problem for using Banach fixed point
which defined on space of presented problem which is piecewise continuous
space and proprieties of the initial observable condition for their problem.

1.Introduction:

The observability of linear and linear impulsive abstract problems which
defined in infinite dimensional continues or piecewise continuous appearing
in many researches [5][3].The observability depended on nonlinear part and
many methods of certain fixed point theorems depened on their problems.
The impulsive fractional order abstract control problems with general
nonlocal initial condition have been appeared in limited classes with different
approach such as, [4],[6],[11].[8], [9].

Consider the following impulsive multi control fractional differential
abstract problem with fractional integral nonlocal initial condition:

(

t

Dx(t) = A(t)x(t) + f; (t,x[t],J. h[t,s,x(s])ds) f(t,x(6),D%x(1)) + Z Ba(t),t#t, (1)
u (t) = —Kx(t), uy(t) < v(t) +a(t) f (t—1)% u,(t)dr, (2)
Ax(t,) = x(t7) - x(t;), (3)
2(0)+ Ifg(x) = x,, (4)

V(1) = Ct)x()c (). (5)
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where tej=[0T],k=12,...m, 0 <a=1, D® Is the caputo fractional
derivative. v(t),a(t) are nonnegative functions. Assume a bounded operator
A(f): x =% (x¥x Banach space ), fifi:] X X XX =X, hitXsXX—=X |

Oss<=t<T , 0 Sty Sty <oty Sty =T,

Ax(t,) = x(t7) — x(tz), =(t;), x(t7), denoted the left and the right limit of =x
at ¢, , respectively g:PC([0,T]; X) — X is a given function. y(.) is referred to as
the output which is belong to Banach space Y. C:x =¥ , c .Y =X IS a

bounded linear operator.

Our aim to study and present the obsevability of fractional differential
impulsive multi control abstract problem with fractional integral nonlocal
initial condition (1-5) with necessary and sufficient conditions that which
guaranty the problem initial observable.

2. Preliminaries:

The following definitions and results are need it later on for investigate the
initial observable for problem(1-3).

Definition(2.1), [7]:

The Riemann- Liounille fractional integral of a function £ with order a = 0,
iS 19F(£) = r%}f;(t— $)*= 1 f(s)ds,t > 0,a = 0.(4)

Definition(2.2), [2]:
The Caputa fractional derivative of a function f with order « =0, where
n—1<a=<nand neN, isdefined by:

Def(t) = —— [f(t—s)" % 1 f"(s)ds,t > 0,a > 0. (5)

Fin—a)
Where £ is absolutely continuous derivativeupton—1 . If 0<a <1 then
Def(t) = —— [(t— )™ f'(s)ds .

ril—a)
Lemma (2.3), [7]:
Let « =0 and £ be a suitable function. Then we have

I£.DE.f(t) = f(t) — F(0),where0 < a = 1. (6)
Definition (2.4), [10]:
The function x(.) € Pc([0,T]; X) is a mild solution of abstract problem (1-5)
which is equivalent to
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x(t) =
(20— 199 () + -5 (£ =) [T [A(S) — K]x(s) +

A (s,x[s],_r; h[t,r,x(r])d’:)ﬁz[s,x[s:],ﬂ'rx[s:]) + B,u,(s)]ds, t €[0,t,]
V20— 19 + Zia L (v(8)) + 55 (¢ = )7 [[I[A(S) —K]x(9) +

i {s,x[s], _I': h[t,r,x[r])dr) fo(s,x(s), D=x(s)) + Byu,(s)]ds, t € (. tysq]
\ Jk=1,2,..,m.
Af satisfies the integral (7).
Lemma (2.1.1), [10]:
A Mittage-Leffler function E_ ¢ (At*), satisfies the following

1. E..(At%) < K |||, @ > 1.Kg_, > 1, such that

2. Epo(At®) = Ky [[e*|, a>1,Kg__>1,where A€ r™",

Lemma (2.1.2), [10]:
Let « = 0 v(t) is a nonnegative function locally integrable on [0,T] and

a(t) a nonnegative, nondecreasing continuous function defined on [0,T],
a(t)<M and suppose z(t) is nonnegative and locally integrable on [0,T] with
z(t) 5v(t)+a(t)f;(t—Tj“‘lz(Tde. If v(t) is a nondecreasing function on
[0,T),we have z(t) <v(t) E.(T(«)a(t)t*).

Hypothesis :
Let B, = {x € X: |lxll = r} is a neighborhood of zero, ¢ €[0,T].

(h1): A 55 =M where A:] — B(X) is bounded linear operator and
18, < M, Ikl < M ,M,M > 0.

(h2): fife.:]J XX x X = X is continuous and there exist constant ~,>0 and
N, = 0 such that

|If1(trx:u:] _fl[tr}r:v:]lli Nl[llx_}rll +|I'L|!.—?.5|I:|, XV,UVE B;w- y
Ng = maﬂxtE}”fl(thru]”
It xu) — Lty o)l < Nlllx—yll+ lu-vl] , =xwuveB. , N,
= max, |l f,(t 0,0)l
ri-o
17:(8 %, Wl < K, (00, (<l +1lull) = K (00, (r + -7 suposeer lw(B) 1)

(h3): A continuous function h:a x X - X with fixed constants H; =0 and
H, = 0 satisfy
bt s, %) —h(t, 5, 2,) | < Hyllxy — x5l x4,%, € B, and H, = max,, | h(t,0,0)]|
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(h4): 15 (x) — L. (x) Il < &4llxy — %51l and 1L (x)ll <€, for each x,,x,x€ X
and k=1,....m,#, , £, = 0 (h5):

160~ 159 = [EINGt ld«ru loG) - el <
for x,,x, € PC([0,T];X). (h6): |1t 2y(t)|l <
From the following system:

m |Ix1 xg” )

o suPozeer Y.

(Dex(t) = A(®)x(8) + £, (£.x(0), [{ Bt 5,x(5))ds ) £, (£, x(2), D=x(8)) + T2, By (1)t # 1,

1 (t) = —Kx(t), w,(t) < v(t) +a(t) f (t—1)* T u,(t)dr,
Ax(t,) = x(t;] —x(t;),
2(0) + Pg(x) = x,,

\oy(t) = Clt)x(t)c ().

o

C:Xx—=VY , C"Y—Xisabounded linear operator, the homogenous part is:

x(t) =
[xo = 1P 9(0)] + 75 f; (¢ = M [ A(S) — K]x(s) + Byuy(s)] ds ,t € [0,1,]
[xu—.{'ﬂg[x]]-kz! 11y [x[tij)+r,:ﬂ:} .r[, (t—s)%" 1[ A(s) — Klx(s) +Bzu2(5j:|d5
tE (b, tye k=12, ....m
(8) and
v(t) =
C()[xy — 1% g(x)]c* [f]+f = [f (t—s)=t [ﬂ[s]—ff]x{s]JrB:u:(S]]dS] c(t),
Clxg —1Pg(x)] + CZX, 1, [x(t])+ [f (t—)* [ A(s) — Klx(s) + Byu,(s)]
re(rk teo Lk=12,.
(9) Let 2= prc(J:Y), now assume the operator H:X - Y as

Hlxp — g(x(£))] =
C(t)[xo — IPg(0)]c*(®)
+ S0 [ [5(e — )= M AGS) — KIx(s) + Byuy(s)]ds| €*(9), ¢ € [0,¢,]
C(rJ[xD—f‘*g(x)]c (0 + c(®) X, 1, (x())c (1)
+ 22 [ = =L A(S) — Klx(s) ds| C* (D, £ € (ty tyasl Kk = 1.2,y
(10) As the same proving of results in [4], we can prove the following,
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Remarks( 3.1):
. The system in (8) is initial observable if kernel={0}.

. The system in (8) is continuously initially observable if

18 [ = g Ce(EN] || = [lxo — P9 Ce(e)]] -

. If a system in (8) is initially observable which implies the map H is injective
but not surjective.

. when system in (8) is continuous initially observable implies that #7* :Y— X

exists and bounded that is there exists £>0 Such that || v|| < E|lv|| for all
v EeEY.

As the same proving of result in [1], we can prove the following,:
Lemma(3.2):

The system in (8) is continuously initially observable on [0,T] if and only if
the system

x(t) =

{ x, — P g(x) +%.} f;(t —5)* 'Byu,(s)ds ,t € [0,t,]

ri
xo—g(x) + T 1 (x(2)) + %ﬂf;(t — 5)* 'Byu,(s)ds, t € (t,, 1., k=12, ..,
is exactly controllable on [0,T].

Concluding remarks(3.3):
If the linear part equation

x(t) =
%o = 1P g(x) + o5 [; (¢ — $)* Byuy(s) ds e € [0,8,]
g —1Pg(x) + B L (x(2)) + %f:(f —5)* T Byuy(s)ds,t € (tutel k=12, ..,
is exactly controllable on [0.T] .then by remark(3.1)), is continuously initially

observable on [0,T], thus remark(3.1)(4) is also satisfied.
Since the system in (8) is continuously initially observable so that the initial

state x, — I¥ g(x) of the system (8) can be obtained as follow:

H ™ y(t) =
H1 [C(tj [xo — 1P g()]C*(8) + =2 [j;(r — 5)* 1 A(s) — K] x(sjds] c*(r)],r e[o,t
HC(t)[xy —1Fg(x)]|C*(t) + C(t) X, L (x(t))C (D),
cie)

+2 [j;(r— )& A(s) — K] x(sjd.s] c*(r)], t € (ty trag Lk =12, ..., m

From (10), we have that

2020, tueedl 26, Szl (109, 312 OO [ [ A P A Py
473



Observability of fractional order differential impulsive multi control
problem with fractional integral nonlocal initial condition
Sameer Qasim Hasan

[xu—fﬂg[x:]]-l- _r(t s)* 1 A(s) — K] x(s)ds .t € [0,t,]
H'y(t)= [xu—fﬂg(x:]]—l-zl I [x(ti:])—i_rn_a} 0 (t— 5)= L[ A(s) — K] x(s)ds,

t €t bt k=1,2,...m
(11) From (11) the equation (8) become

x(1)) =H 'y(t) =
{[xﬁ—f‘ﬂg(x]] + _Ir (t —s)* [ A(s) — K]x(s)ds, t € [0,t,]

[xu - fﬂg(xj] Z:{ 11; [:x[t j) + _.r (t -5 I1_1[ A(s) — K]x(s) ds,
t € (ot k= ,1

(12) In the following formulation, We generalization of concluding remark
(3.3).
4.The problem formulation :
Consider the the fractional differential impulsive multi control abstract
problem with fractional integral nonlocal initial conditions(1-5) and let the
output ¥, (£) = c(t)x(£)C* (£) . now substitutes (7) in ¥, (t)

Fl(tj =
(c(@®)[xo— 18 9()]c*(6) + 53[5 (e — )= [[ A(s) — Kx(s)

+f (.5' x(s), _Ir h[t T, x[’::])d’:)ﬁ.[s x(s), D'Ix[s]) + Bou, [.5':]] ] C*(t),t € [0,t]
()% —g(IC () + CO T L (x(8))C*(®) + 53 [ [ (6= ) [[A(s) — Kx(s

+£ (s,x(s],fD h(t,r,x(ﬂ)d’c)fg[:s,x[s],ﬂ x(s]) + Byu, [s]] ds] C*(t),

\ t e (ty,tyeq k=12, ..,m
(13) For u,,u, € L*(J,U) , to calculate the finite time observer , need to
construct the initial state implicitly function x(.) for arbitrary control

function u,,u, € L*(J.U) , the nonlocal initial state x, — I® g(x) of the problem
(13) can be obtain by:

(C(6)]xo— PPg()]€ () + 55 [{ (6= )= [ A(s) — Klx(s) dsC*(8) = (1) - 55
[f (t—s)%" 1f1(s x(s), f h[t T, x(r])dr) (s x(s),D x[s])ds-l—ﬁ U, [s]ris] C*(t),t € [0,t,]
C(t)ro — PPg(0]C"(8) + C(&) ey I, (x(2))C7(6) + £z 5t = ) [ A(S) - K]x(s)ds| " () =

v, (t) - Té[f (t—s)=t [ 1(5 x(s), f h[t T, x[r])dr) [s x(s),D x(s])+ B,u, [sj} ] (1),
L tE(ty, tyag L k=12, ..,
(14) Now from H is invertible operator, then,

-
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(17 [c@[x = 1P9@Ie'(0) + S ¢ =9 AG) - KIx(s)as| ()] = D) ~ 5
[f (t—s)%" 1[}“1(535 (s), f h(t, rx(r])dr) 3(5,%(s),D x[s])-l—Bu[g]] ] C*(£),t € [0,4]
cle)

e®lr - Pam]er® +CO T L (x())e @ + 52| [y (¢~ 9)° [ 4() - Klx()ds| (1)
=H '[y,(t) - ::3 [f (t—s5)%" 1[ 1(5 x(s), f h[t T x(t])dr) (s x(s),D%x (5])+ B‘u[s]] ris]

\ C*(t), te(tytyeq k=12,..,m

(15) From equations (10) and (15) and Substituting in (7), we get:
(x)

(@ - 22597 £ (5209, [ h(t, 7. x(D)dr ) £ (5,%(s), D=x(5))

+Byu,(8)]ds]C (D) + 5 Jy (¢ = )M [ As) — K]x(s)ds,
+£, (5.2(9), f{ n(t, 7, x(0))dr ) £, (s, %(), D=x(s)) + Es‘:uz(sj], te [0,
Py (8) — €O Tty 4 (x(8))C () — S5 [ [t = 9= £ (5,20, [ h(tmx
fz(s,x::sj,nﬁx(sj)wgu:(sj]dslc (1) + szf ((£)) + 715 Jy (E =)= [[ AC

\+f (s,x[s],f; h[t,r,x(r]}dr)f:[s,x(s],ﬂ'xx(s]) + B,u, [.5':]] ds,t € (ty,tye k=1
Remark (4.1):

The equation in (16) is a finite time observer which provide the mild
solution x(.)e Pc([0,T]:X) to have a fixed point ,for all control functions
uq,u, € L*([0,T]:U).

3. Main results:

Consider the abstract control problem (1-5) and consider their mild solution
(7) with hypothesis(h1-h5) and we needs the following adopted in the main
result:

(gl) Let : X =¥ ,c*:Y =X is bounded Linear operators , there exist
L,.L, >0 such that

lc(e)xc(t)lly < LyLollxllx EX .
(g2) If Te R where R™ is the set of positive numbers.
(93) (i) 6<1

o IRL L, t."
Kis + [ ria) ria+l) (NZN (T T s T—a) SupﬂdtﬁT"U(E:]"} + N,

N,.[*r—l-

INCAETE T Rr,n, ==
ty (Hyr + H1]}+5152KEE.._E alt)et 1+ ],I:E;' ]"':ﬂ:+ﬂ( + MM ) <rt€e[0t]
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(g3) (i)

K k+ & r{+_ ~
§<1, R+ [Rhktons (R, (r+ 22 supy 1 lly(I]) + N,) + N, Ny (r +
tess (Hyr +

H) ) HK KKy el @edten’)] + Fme, +

RLL; 5,

ria) Tla+1) (M + MM) <7t € (t, traa]

Lemma (5.1):

Consider the abstract control problem (1-5) and let M= Pc([0,T]:B,) be a
nonempty subset Z = Pc([0,T]:X) where X a complex Banach space with
norm llxll ;- = sup{llx(£)Il.t € [0,T]}. then M is a closed set.

Proof:

Let w™ € M be a sequence, w” — w, as n — o , where w™ is a continuous
sequence functions at t= ¢, , k=1,2,...m and only left continuous at t=t, and
only right limit x(¢7)exists with uy,u, € L*(J,U) these sequence is pointwis
convergent to w , now we need to prove w € M, so our aim that w2z and
lw(t)ll <r,with u,u, €L, U). Now to prove that w €z | since w" e M
pointwise converges , thus sequence w™ is uniformly convergence to w,
hence w ez . now to show that llw(e)ll <+ , from above sequence w™ is
uniformly convergent to w and llw" — wllzc = sup,cronllw™ (&) —w(t)ll in a
complex Banach space Z then sup, ;o nllwx"(t) —w(t)ll = 0, as n — oo for all
0=t =T, we have that

lw(t)llpe = |limw™(t)|| = lim llw”(£)llp- < lim, .. . Therefore M is a closed
n—es  llpe MU
subset of Z.
Lemma ( 5.2):

Assume that the hypotheses (h1-h3) and (h5) holds. From (13) we defined
y,(t) and ¥,(t) as a nonlinear observations such that

v, (t) =

fc((ij [0 — 19 (x]e"(®) + 55 [ 5t = 977 [A(S) — K], (s)

) ACEIONN h[t,r,x[r])dr}ﬁ.[s,x(s],D“x(s]]+Bﬂuﬂ[s]]ds]c*(t] te [0t
C()[xo — g(x)]C (D) + C(O) They I, (24(2))C*(0) + S2[ [ (£ — )= [ Als) — K],

( +f (5209, [ B(t, 7x(2)de) fy(s,2(5), D x(s:])-l-Bgug[s]] ]c (£), tE€ (t,t,
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v, (t) =
(C(&)[xo— 1P 9(x)]C™(8) + 53 [ fi (2 — )= [ A(5) — Kl (5)

4 +f {s,x(s],_]r h[t,r,x(r])dr}ﬁ. (s.x(s), D®x(s)) + B,u, [s]] r:is] C*(t),t €[0,t]
C(O) — (x)1C (1) + C() By I, (xa(0)C"(©) + E2[ [ (e = )= [ () - K],
\ tf (s,x(s] _r h(t. T, x(r])d’r)ﬁ (s, x(s5), D%x(s)) + B‘:u: [s]] ] C*(t), t € (ty, tys

If K;=1L,L, (T+(T+( r+ llg(0)ll } +%r(z+1}((m+'ﬁ'ﬁjr

r{f+1)

— iR —
+N2N1(T + riz—a) suPpssrllyis) ||:}+ Ny) + NyNy(r + T(Hyr + Hy)) +
KR Ke ,EFI:H}EI:T}TQ]

B, =L Lq{:r"-I-('r-i-[

r+llg@ll ) +Lme, +22 ,ra ((m+ 88 )

rig+1) i) Tlat+1d

+N,N, ('r +—— supoqthllv[5]||)+ N,)+ N, N,(r + T(H,r + Hy)) +
KlKEKEII‘_ ]._'u:'E.'T}Tﬂ:]
L,L, T%

- I'"EG N e — Ti K
A [L Ly rig+1) + ria) riat1) [(M + MM) NN (1 + riz—a) SupDEtET)

+N1[+TH1Kf (D9, (r + T supgeeerllz (1) ]

2= Ll 2 4 L, me, + T[4+ 10 + N,R, (1+ S supgeer)

“T( ,E‘+1} ]"I'rx} Tig+1)

N, [+TH; K, (90, (r + }supumllxﬂ(s)u]]
Then
L Iy()ll < {

Kyt € [0,t,]
Ky t€(ttes Lk =12,..,m
2 In@®-»@l< ﬁ tfe[(ﬂt:fim] 12
Proof:
ly@1ly = [|c@lxo - 1Pa@@]e@ + Z3 [ (6 — )= L AG) - K]x(S)
+f1 (s,x(s],_rﬁ h[t,f,x(r])dr)fz[s,x(s],ﬂ x(s])
+B, [v(t) + a(t) ft[t—T]“_i U, (T]d't]] ] Cc*(t) ” t €[0,t]

ly@lly < lc®[xo - 1P a@]c O, + 75 ||c@ [f5 ¢ =)= 14 - KIx(5)
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+f (s,x(.'s], f; h[t,r,x(r])dr) fa [s,x(:s], D%x (5])

+B, [v(9 +a(9) [t — )= uy()dr] ds| " ()|
Iy (Dlly < LiLy|lx — P g ()|, + 22 [t - 9 [A(s) - Kx(s)

¥

+f (s,x(s], _r; h[t,r,x(r])dr)fz[s,x[sj,ﬂ'xx (s]) + B, v(t) E (T (a)a(t)t*)

ly@lly € LiLllx — g, + 22 || [fot — 9= AG) - KIx(5)

|Y

+f (s,x(s:], _r[: h[r,'r,x(r:])dr)fz[s,x(sj,ﬂ'xx (s]) + B, v(t) E_ (T (e)a(t)t*)]

Iy (Dlly < LiLyllxll + |1 (g () = 9(0) + g ()|, + 22 [; (¢ =)= ds(llA(s) ~
B Klllx(s)l

+ ”fl (s,x(s], _r[: h[t,f,x(rj)dr) f [s,x(s], D%x (s]) — f1(5,0,0)f,(s,0,0) ”
HIB M VO I Ey(T(eda®t*)]I)

< Lilyllxoll + |1%(g () — 9(0) + ()|, + 22 (e — ) ds(llA(s) -

By Kllllx(s)l

+ ”fl [s,x(s],f; h(t,r,x(r])d’:) f [s,x(s], D“‘x(s]) -f [s,x(s],f;h(t,r,x(r])dt)
£(5,0,0) +£; (5.x(5), [§ h(t,5.x(2))dr) £,(5,0,0) - £,(5,0,0)a(5,0,0) |
+1B, v (DK, " @=PT),

condition (h2), given N
< LyLrIf(llg(x) — gl + g1l )+ =22 f[F (e — )= ds((M + MiT)r

+ ”fl (s,x(s], _r[: h[t,r,x(rj)dr)” | £o (s, x(s), D=x(5)) — £, (5.0,0) |

+ |7 (5.2, [§ (t7.x(0))dx) = £(5,0,0) | 1£:(5,0,0) 1 + K KKy 7P

condition (h5) given that,
< L,L(r+ (Tlf:fﬂ r+llg(Oll )+22 [5(t — s)=*ds((M + MH)r

+N, N, (r + ID%x(s) ) + N, N, {:r" + ‘lf; (h[:t, r,x(’c:]) — h(t,T,0) + h(t,T, D]) dr) ”}
+K,K;Kg " @20 from condition (h3),
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< LL[T+[T+( ([M+.ﬁ,ﬁ]r

- Emr +lgll ) +2=
+N, Nl(r e r-i:—n:} SUPpeetllV(S) |I) + N)+ NNy (r + T(Hyr + Hy))
+K, K Ky T

Now, lly(dlly < &,

where

KEy=LiL(r+ (r+(

Ti-d
ri{2—a)

r m} rla:+1}

LL, T¢
TE+1}T'+|IQ'(G]|I ] +r &) T{a+1)

suPoeerlly()N) + No) + Ny Ry (r + T(Hyr + Hy)) + KK,

[(M + M m)'r + N, N, (r +
Ky, of@aTT)

For € (t,.t,].k = ,m
ly@lly = ||c@ xD—IEg[x]]C (8) + COOTE L (x () (O + 2 [t - 9=
[ A(s) — B;K]x(s)+ f; (s,x(s], -ru- h(t, r,x(r])d’r)ﬁz [s,x[s], D%x(s))
+B, V() + a(®) [ (t— D)= u,(dr]| ds| c*() HY
< |lc@[x, —Pg@]c @ +[c@Z L (<)) @)

+iﬁ:} |C[tj f;(f — 5)a-t [[ A(s) — B;Klx(s) + f; (s,x(s:], f;h[t,r,x(r])d’r)
£ (5,2(), D%x(5)) + B, [¥(8) + a(9) [[(e— D= uy (D] | dsc ()|

condition (g1), yield
ly(@®)lly = LyL, || [xg— 1P g (]|

2|2y 1 [x[t:])”

f_l'i; f;[t —s)= 1 f;(t —5)* [ A(s) - ByK]x(s) + 1, (s,x(s], f; h(t, T,x(’::])dr)
£ (5,2(5), D%x()) + B, [v(9) + a(t) [ (t— D)= u,()d] | as|
conditions (h1-h5) and first part of proving, we get

ly®lly < LyL, (r+tr+( r+ (o)l ) +L,Lyme,

r(g+ 1)
L,L, -
r(@T(af D) (m +151) r
N, (1 + 2 SuPaseer V() + V)
+N, N, (r + T(le + H)) + KK eF 94T hence,
ly(®lly = K,
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where

o LL, T .

E, =L,L, [r+(r+(r3+1jr+||g(ﬂjll )+ Lylomy + 22 }rm}(( + M) r+
N, Nl[’r—l- supﬁ{t{TIIv(sjllj-l- N,)+ NN,(r+ T(H,r + H)) +

K K. K 1' u}a T}Tﬂj
For te [0,t,]. To satisfy Lipshtiz property,

32 () = vl < ||c@[xo — PgGe)]c"(®) + E5 [ (e — )= [[As) -
B,K]x,(s)
+£; (5,202, 6), 7 R(t,7,%,(2))dr) £ (5. %, (), D%, ()

+B, [v(9 +a(®) fj(t— Tj““luz(’r]d’rﬂ ds| c*(9) = c(B)[xo — 1P g (x)]C(®)

- L[ -9 146 - B,KIxy(9) +
f (s,xz (s), fﬂ h[:t, T, X, (T:])dr)fz [s,xz (5), D%x (5:])

—B, [v(t) +a(t) [t T]‘:_lu:(’r]d"r]] as| c*(0)

< le@Ue @I ger) = 1P g(ay)|| +" ST i — 9= [[As) -
B,K][x,(5) — x(3)]

+ ”fi (s,xixi (s), f; h(t, I,xi(’r])dr)fz (5,%,(5), D%x4(s))

—fl [s x,(5), ft h[t T, xz(’r])dr)fz[s,xz (s],D'xx(s])"] ds
< Lyl oS 1y () — %o ()l + 22 T [ (M + BT ) [y (5) — x5 (5)]

+ ”fl s,xlxl(sjrf[, h[:t,r,xl(’:])dr) fo(s.2,(5),D%x,(s)) —
f (S,xixi(:s:], _I': h[t, I,xi(’c])dr) fa [s,xz (sj,D“‘x(s:]}
+f1 (s,xlxlﬁs], f; h(t,r,xl(ﬂ)d’r)fz [s,xz (5),D%x (s]) —

fi (s X, (s] frh[t T, %, [r])d’r)f (s x,(5), D“‘x(s])‘”

<Lylyro 1}lelts] ()l + 22 TH} [(M+Mmj [x,(5) — 2, (5)]
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I yi(t) =y (Dlly =

e | L1, T°
[L L, “T(f+1) + I(a) Mlatl) [(M + MM) + N, N (1 + —a) Supgqtq—r) +

[TH, llx,(s) — 2, () IK ()0, (r + o—— - supuqmllx (1D ]l ll2¢,(5) — %, (s)l
Hence, llv,(t) — v, (t) lly = &5llx,(8) —xg[tjll . Fort € [0,2,]
For € (t.. tes1 L.k = 1,2, ...,m . To satisfy Lipshtiz properity,
Il vj_(t:] — Va2 [t:] ”y = "C(t:] [xc- - ng(x1:]:|C$[:tj + C(t:] E:{:j_ I [x1(tfj)cstt:] +
o [l =9
[[ A(s) — ByK]|x,(s) + fy {s,xl[s],f; h[t,r,xl(’r])d’r)fz [s,xl[s], D'le(s])
+B, [v(®) +a() [{(t- D u (Tde]] ] c*[tj —C(B)[xy— 18 g(x)]C* ()
—C(6) Ty I, (x () C*(0) — S2[ [ (e -

[[ A(s) — BiK]x,(s) + f; (s,xz (s], fu h[t,r,xz (Tj)d’:)f: [:.'::,x2 (5), D%x, (S])

—B, [v(9 + a(® [j(e— D" u ET]dT]] ds| ' (D) < LaLallPa(xs) ~ 129G +
L,L, mb,|lx,(s) — x,(s) || + mf' Ly (M + B28T) ll,(s) — 2, ()| +

]Ln_i; Dr —s5)e ! ” [fl (s,xlxl[s],fD h[t, r,xl("r])dr)fz [s,xl[s], D'le[s:]) —
f (S,xz (s), f: h(t, T, x, (T])dr)fz (s,2,(s), D"x (s])] u ds

Conditions (gl), (h1), (h2) and (h5), obtain,

I 31 (&) = 32(8) lly 2l (&) —x,(0) I, fort € (g tysqL bk =12,..,m
Theorem (5.3):

Assume that the hypotheses (h1-h5 ) and conditions g3(i),(ii) are
satisfied Then the the impulsive multi control fractional differential abstract
problem with fractional integral nonlocal initial condition(1-5) has a unique
fixed point x(.)e pc([0,T]:x)for all control function u,(.), u,(.) € L*([0,T]: U).
Proof:

Define the nonlinear map:¢: M = PC([0,T]:B,) = Z = PC([0.T]:X) as follows:
(@x)(t) =
L1 = 9= A (5004 (0), f e 20 (9)de) fols, 24 (5),0%x, () +

B, [v(® +a(® [{(t— D=  uy(de]|ds] C @ iy £, (7(2)) £ € (2 ]
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(@x) () =
([ () - [[%f; (¢ — )2 [f; (542, (5), f§ (e, 7%, () dr ) £ (5,24 (), Dxy (5
+B, [v[t] + a(t) f;(t —1)* T u, (1) dT]] ds] cH(t) + ]_ILE} f;(t —s5)e 1

[[A(S) — B KIx(s) + £ (5,202, (), f (8, 7,24 () )dr ) £ (5, %, (5), D%, (5))
+B, [v(9) +a(®) [t — D" uy(v)dr]ds, te[0,t]

Tl

H™ [y, () - [[%f; (t =)= fy (5,212, (), f§ Bt 7%, () ) £ (5, %1 (), Dxy (5.

+B, [v() +a(0) [t - 9wy ()] | ds] €@ + Biea £, (7)) + 25 e — )
[[ A(s) — B,Klx(s) + f; (S,xlxi (5],_]': h[:t, T,xi(ﬂ)d’c} f [s,xi(sj,ﬂ'xxi[s])
([ 4B [v(0 +a(® [[(t— 0 uy(dr]ds, tE (£, trae]

(17)

for all control function u,(.).u,(.) € L*([0.T]: U).

Our interest to prove ox has a fixed point. So we need to do the following
steps:

Stepl: M= pc([0,T]:B,) is a closed subset of Z= Pc([0,T]:x) .

Step2: oM € M with u,(.), u,(.) € L*([0,T]: U).

Step3: ¢ is a contraction on M for wu,(.),u,(.) € L*([0,T]:U). From Lemma
(5.2) .

step (1) have been satisfied. For proving step (2) , we need lemma (5.2), now
let xe M

1. gxeZfor u(.) u,(.) € L*([0,T]: U).

2. llex(t)ll=r, for u,y(.).u.(.) eL?(0,7]:U). From (17) , it is clear (1)
satisfied.
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To prove (2 ,thus
I{ex) ()l =

(

H [y, (t) — [ £ r}f (t—s)*"1f (s x,%,(s), f h[t T, xl(r:])d':) [s,xl(s:],D

+B, [v(t] + a(t) _Irﬁ (t—1)* tu, (T]dT]] ris] cH(t) + ﬁfu (t—s)=?
[[ A(s) — ByK]x(s) + £, (s,xlxl[s],f; h[t,r,xl[ﬂ)d’r)fz[s,xlﬁs],ﬂ'rxl(s
+B, [v(8) +a(® f(t —0)*  uy(r)dr] ds |, t€[0,2,]

= r}f (t—s)*"1f (s x,%4(5), _r h[t T, xl[r])d'c)f [5 x,(5), D

HH_l[}H(tj -

+B, [v() +a(® [t~ D* u, (D] |ds] () + By 1, ((20) + 75 [ 2 -
[[ A(s) — ByK]x(s) + f; (s,xlxl(s],_rﬂ h[t,r,xl[r:])d’r)fz[s,xl[s],ﬂ'rxl(s

|+B, [v(t] +a(®) [f(t— Tj“_iuz(’r:]d’r] ds”, tE (ttie,]

From (18) and boundedness of H~* which given from remark(3.1)(4) , yield

=

(Rilly (o)l - “w INGED | IACERXCHNIEINC) LI VACENS

r{a)

+ ug: [v(tj +a(t) f;(t—T]“_luz(T]dT] ||]ds] O INCE D

(11 ACs) = BRI + || £, (5, 2% (), [ e, 722 (D) de) £, (5,25 (5), Doy
+8. [v®) +2() f—05  uy ()] | as, te[0,¢,]
Ky (Ol - | = 9= || (s 20 (), ff Rt 7 20(2))de) £ (5.2, 6)
+ |52 [v® +200 [t -0 wp(@ar] || ds]| €70 + B, L) + 55 S5 ¢
(1l ACs) = By K1 + || £ (5,22, (), [ Bt 72, (D)dr) £, (5,2, (), Doy
+||82 [v(0 +a( [t - D= u(vde] || as, tE (tyteny]
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{ e fRL, L, "
KKE-I_[TE‘:} ]"rx+1}(

N(r+2— supuqmllv(sjllj + N, )+ N R (r + 2y (Hyr

+K1K:K£ﬂ.._erl‘ﬂal‘t‘}t"j ] Rhaly to (M-i—MM)

Mia) Tlatil)
t € [0,t,].

TEL Lo tn..T -
SRLiLy Tivs (Nz N, ('r 4 T Supl}dthllv(Ej") + Nﬂ) + NNy (r + iy (Hyr

KK4+[ r(a) rla+1)
+K, KKy f'"f’ﬂ'*m )] + Kmé, + 22

\ , tE (ty tysql -

RL Ly ty,,"

Ma) Tlo+l) (M + MM)

condition (g3)(i), given that,
I(@x)()l <+ ,forte[o,t,] and t€ (t,.t, L k=1,..,m
To satisfy step (3).
[ (@x)() — @x,)(1) I =

‘ H [y, (2) —

[% ..rc.t(t - .5‘:] rj:_l[fl (5;x1[5]’.r; h(t, T,xl[:r:])dtj ﬁl (S’xl[:s:]*ﬂrxxltsj) +

B, [V(t:] + a(t) _I':[t— )% 1y, (Tde]:I dsC*(t]l
o 5= ) [[A() - BuKIxy () +
A (52219, [ bt 7.2, @)dr) £(5, 2,8, D%, () + B [v(D + a(®) [t~

)%y, (T:]d"r]] ds
—H Y y,(t) —

“m}f (t — s)a-t fl(‘gx (). [} h(t T x, (r])dr)f (5,x,(5), D%x,(5)) +

B, [v(tj +a(®) [f(t— 1) u, (Tde]]dsC*(t]l

— 5l =9 [[A®E) - ByK]x,(s) +

fi (52209, f2 h(t, 7,2, (D)dr) fo(5,2,(5), D%x,(s)) +B, [v[t:] +a(®) [f(e—
)=t u:(TJdTH ds

| teloe]

" (0x,)(t) — @x,) (1) I =
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HH_l[}H(‘—L) -

[E ﬂ_]r (t —s)*7 A (5 x,(s), f h[:t T xl[’:])dr) [s,xl[s],D“xl(S]}—i-
B, [v(t:] + a(t) f;(t— )% T u,(t)dr dsC*(t:]l

+ 2. (xl(tij) +
%f;[ t—s)= [[ A(s) — ByK]x,(s) +

i (5229, [ 1t 72, (D)d) fu(5, 12(5), D=, () | s

48, [v(9 +a() [[(e— D up (de]| ds—H " [1,(0) -
52 (= 9 A (5,2209), ff h(t,7,2,(n) )

£ (5,%2(5), D%x,(5)) +B, [v(®) +a(®) 2t~ D)= uy(v) d«f]] dsc* ()] -

T L (2o (2)) -

S hE-97 4G -

B:K1xy(5) +; (5,22(), fS k(e 7.2,(8))de) £ (5,%2(5), Do, (5)) + B, [w(¥) +
a(t) f;(t—T]“"lu:(T]dT]]dsu tE (bt k=12, ..m

. Then

I(@x) (D) — @x)(®) < || H|lly, () -y, @Ol +
[[1£: (52190, 1t 721 @) ) £ (5, %4 (), D4 () -

£ (52209, J; h(t 7,0, ()de) £ (5%, (), Doy (5) ||| ds. S (e — 5)=~* +
B2 fe e — )1 [11AG5) - Byl () — 2, () +

”fl (s,xlﬁsj; f; h[t,r,xl(ﬂ)dt) fols2,(5),D%x,(5)) —

f (s,xz (s), _I': h(t, T, x, (T])d’f)fz (5,x,(s), D%x,(5)) ‘” ds, t £[0,,]

la—Ynciannc e
e

(o) = 0x.)® 1< [H] ly,(0) =y, @)l
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la-tcme N 1
+ Te) ﬁfu(t_

)= || (5290, f; 2.7 x,(D)dr) £ (5,2, (), D=x, (5)) -
fi (s,xz (Sjr_r; h[:t,r,xg(’c]]dr)f (5,x,(s), D%x,(s)) |
ds + 24|11 (8)) = 1 (e (0) || + 72 f (£ = 9)° 2 [I1A(S) = Byl 1y (5) — 2 ()]
+ |7 (52209, [ 1,7 24(2))dz) £, (5,2, (5), D=2, (5)) -

fi (er: (@J; h[:t, T, X, (I])dr)fz [s,xz (s),D%x, (s:])u ] ds

JEE(t t ]k =12, ..m
From Lemma( 5.2 ), we obtain:

1(@x,) () — 0x,) () | < K&, llx,(s) — x, ()1l + *‘?j; lri—m [(M+ﬁﬁ)+N:ﬁ1(1+

i-

;—_E}supﬂgtg—r] + N, [THllx,(s) — xq(s:]”fff [t]ﬂf (r +z }supwt{TIqu(s]II] ]]

E TS = -
+['I_|:r:,'l]"|ﬂ:+1} [(M + MM) + NN (1 + (o) SuPuqtsT] + N1[+TH1||351(5] -

x5 ()1, ()0, (r + supumllxatsjllj]

te[0,t,].
I (ex,)(8) — @x) (1) Il < Ké5llx;(s) — 2, ()l

_—II

BLi, T
+ 5T (M4 MBE) + NoN, (14 o suboeeer)  + Ny [+TH, [l (5) -

2 (S)K (80 (r + -

z_ﬁ}supumllxgtsjllj]

+L,L, mé, + l T [(M + M) + NN, (14 —suppeier)  + Ny[TH; llx (5) -

Tia+1)
()1, (D0, (r + 2 supoererlla(5) ) ]],t € (t tagJk = 1.2, o
Thus,
= EL,L & i o ~
I (ex1) (D) —@x) () Il = [m?ﬂ o l#“} + 1]] “r—a} (M + M) + N, N, (1+
]"::?;:EC:' SupﬁEtETj + N [TH K [:r:]ﬂ (T + Supgqt,:-rllxq [:..5':] |I:] ]l

2, (5) — 25 ()l < Sllxy(5) — x5 (s)ll. t € [ﬂ t,]
I (@x,) (1) — 0x) (1) Il < [K4, +[r rerhs ]l*‘“ Lﬂ M+ﬁﬂ}+ﬂf:ﬁ1(1+

i—-

T supgr)  + Ny [FTH K (90, (7 + o supgaeerllxa (91D |
+L,L, m&, ]z, (5) — 2, ()|l < 8llx,(s) —xz(sjll tE (tytysql Kk=1,2,..m

2020, el 26, wzel) (109, 3ol OO [N [N P A P
486




Observability of fractional order differential impulsive multi control
problem with fractional integral nonlocal initial condition
Sameer Qasim Hasan

From condition(g3)(ii).Hence ,lI{@x,)(t) — ox;)(t) Il = 8llx,(s) —x, ()l
Therefore, ¢(x)(.) 1S contraction. Thus e@x=x and we had
C () (ex)(®C*(t) = y(1) , hence

C(t) x()C* () = »(1).
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