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Abstract: 

 In this paper the differential transform method (DTM) is used to solve linear 

and nonlinear system of fuzzy differential equations. The approximate 

solution of the system is calculated in the form of a rapid convergent series 

using descriptions and properties of fuzzy set theory, this method captures the 

exact solution so to illustrate the ability and subtleties of this process, some 

systems of fuzzy differential equations are solved as numerical examples. A 

comparison of evaluated numerical results with the exact solutions for each 

fuzzy level set is displayed in the form of tables. 

 Keywords: Fuzzy numbers, Fuzzy α-level sets, Differential transform 

method, System of fuzzy differential equations, Series solution. 

Introduction   

     There are several applications that involve finding many unknown 

functions at the same time, these unknown functions are related to a set of 

equations that include the unknown functions and their first derivatives, and 

in order to infer in uncertain circumstances, and get a realistic system we 

must take into account the fuzzy set ,it also  provides practical solutions to 

realistic problems, which are solutions at an effective and reasonable cost 

compared to other solutions that offer other technologies, for example, the 

medicine [1],golden mean [2], engineering problems [3], quantum optics and 

gravity [4]and practical systems [5]. The concept of fuzzy sets was originated 

by Zadeh when he published his pioneering paper [5], it led to the 

introduction of the concepts of fuzzy number and fuzzy arithmetic [6] and 

approximate reasoning problems [7]. It was later developed by Mizumoto and 

Tanaka [8], [9] and Nahmias [10], they all noticed the fuzzy number as a 

collection of -levels,   [11]. The concept of fuzzy derivative was 

first introduced by Chang and Zadeh, Dubois and Prade followed in [12], 

who defined and used the extension principle. In addition Fuzzy systems of 

differential equations one of the important applications of fuzzy numbers [13] 

and [14].  
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      In this work, The approximate solution of a system of fuzzy differential 

equations was obtained with the differential transformation method (DTM), 

is a numerical as well as analytical method initializes the solution as 

convergent series with easily computable components introduced first by 

Zhou[15]  to solve linear and nonlinear initial value problems in electric 

circuit analysis, this method structures an analytical solution for differential 

equations in the form of a polynomial. It is different from the classic highly-

ordered Taylor series method, it is possible to obtain accurate results of 

differential equations. 

    This paper contains five sections as follows. In section two, we 

provide some important definitions to be used in this paper, in section 

three we general analysis system of fuzzy differential equations. In 

Section four we discuss Differential Transformation Method for 

solving  systems of linear and nonlinear differential equations for 

finding the numerical solution, finally, the suggested method is 

applied by solving two examples in section 5.  

2. Preliminaries   

In this section, some basic concepts for fuzzy calculus are presented as 

follows: 

Definition 2.1 [16] A fuzzy number  is a fuzzy set: R → [0, 1] which 

satisfies the following requirements:  

(i)  is upper semicontinuous function, 

(ii)  = 0 outside some interval [c, d], 

(iii)  There are real numbers a, b such that c ≤ a ≤ b ≤ d for which 

       (a)   is monotonic increasing on [c, a],  

       (b)   is monotonic decreasing on [b, d],  

       (c)   = 1 on [a, b]. 

We will let denote the set of fuzzy numbers on R. Obviously R ⊂  , 

where R is understood as R   . The  -level 

represent of a fuzzy number  , denoted by , is defined as:  It is 

clear that the  -Level representation of a fuzzy number   is a compact 

convex subset of R. Thus, if    is a fuzzy number, then , 

where = min {s : s ∈  } and = max{s : s ∈  }   ∈ [0, 1]. 

Sometimes, we will write   and  replace of   and , respectively, 

 .  
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Theorem 2.1 [16] suppose that : [0, 1] → R and   : [0, 1] → R satisfies the 

following conditions:  

(i)  is a bounded increasing left continuous function on (0, 1],  

(ii)   is a bounded decreasing left continuous function on (0, 1],  

(iii)  and   are right continuous functions at  ,  

(iv)  ≤  on [0, 1], Then y: R → [0, 1] defined by 

                      }                                     

is a fuzzy number  given by [ , ]. Moreover, if   : R → [0, 1] is a 

fuzzy number given by [ , ], then the functions  and  satisfy 

conditions (i-iv). 

 

Definition 2.2 [17] Let   →  be a fuzzy function and let  the 

derivative of  at the point  is defined by 

 

                                            (1) 

 

The element  at the right-hand side of (1)are observed as 

elements in the Banach space  This ,if 

 and , the difference is simply 

 clearly  may not 

be a fuzzy number for all h .however, if it approaches  (in B) and 

 is also a fuzzy number, this number is the fuzzy derivative of  at 

. In this case, if , it can be easily shown that  

 
  Where  and  are the classic derivatives of   and   , respectively. 

 

3. System of Fuzzy Differential Equations 

 

 In this section, we discuss a system of fuzzy differential equations in the 

following form: 
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with the initial values                                                 (2)                                              

 

Where  is a scalar and are s × s matrixes and 

all of the components are a real function of . , , and F are fuzzy s-

dimensional vectors. The  component of   will be denoted by   , so 

we can write 

                    

  

                                      (3)  

      

  

Where 

                                             (4)  

                  

 is represent transpose, Then, (2) can be replaced by the following 

equivalent system: 

 
 

 
                                                                                                               (5) 

   

  

 

  

Where  

 

4-Basic Ideas of Fuzzy Differential Transformation Method 

It is well known that if a function u is infinitely continuously differentiable, 

then u can be 

expressed in Taylor series as 
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It is well known that if a function u is infinitely continuously differentiable, 

then u can be 

expressed in Taylor series as 

    If fuzzy function  is infinitely continuously differentiable, and then 

 can be written in Taylor's series as: 

              (6) 

 

we define the differential transformation of  , denoted by ,by 

                                                   (7) 

Now, to solve a given SFDE by differential transform, we make use of the 

differential transformation of order  in eq.(7), the inverse differential 

transformation of  is defined by: 

                               (8) 

 

From Eq. (6) and Eq. (7) following theorem can be concluded 

 

Theorem 4.1 [18]: 

Let   ,  and  are fuzzy functions, and let   

,  and  are their differential transforms respectively, and then 

we get the following: 

  i.   If , then . 

  ii.   If ) then  where   is a constant. 

  iii. If   , then   

  iv. If  , then    where 

 

  v. If , then    

  vi. If   , then    , where  is a constant. 
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  vii. If then   (where  

and   constant. 

  viii. If then   

(where  and  constant. 

  ix. If   then  

 
 

5-Numerical Examples 

Example1. Consider the system of fuzzy differential equations  

 

 
        Subject to the fuzzy initial conditions                                                    (9) 

,    , ,    ,        

 The exact solution is as follows: 

                                   

                                                                                                                                         

We may replace (9) by the equivalent system with  -levels:  =[ ], 

 (0, 1],   Hence, to create solutions in the( lower case of solution)   , 

suppose the problem: 

 

 
With initial conditions                                                                               (10)                                                               

 
By using (iii),(iv) and (vi) of Theorem 4.1 choosing , we transform 

equation (10) as follows: 
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Consequently, we find 

 

 

 

 

 
Therefore, from (7) equation (10) is solved by 

 

 
      

 

Similarly, for the upper solution   , suppose the problem: 

 

 
With initial conditions                                                                           (11) 

  

By using (iii),(iv) and (vi) of Theorem 4.1choosing ,  we transform 

equation (11) as follows: 

 

 
          

Consequently, we find 
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Therefore, from (7) equation (11) is solved by 

 

 
Combining  and represent the fuzzy solution of the system of 

fuzzy differential equations (11) as (x)  [ (x), (x)] and (x)  

[ (x), (x)], (0, 1], x [0, 1]. It is clear that for 1, we find 

(x)  (x) and (x)  (x) which is the same exact solution of the 

system of non-fuzzy differential equations. The results of the calculations for 

all above case are given in table (1): 

Table (1) 

The lower and upper levels of fuzzy solution for example (1) 

 

 

 

exact 

solution of 

 

  exact solution 

of 

 
0 3 3 3 1 1 1 

0.1 3.6642 3.6642 3.6642 1.2214 1.2214 1.2214 

0.2 4.3284 4.3284 4.4755 1.4428 1.4428 1.4918 

0.3 4.9926 4.9926 5.4664 1.6642 1.6642 1.8221 

0.4 5.6568 5.6568 6.6766 1.8856 1.8856 2.2255 

0.5 6.3210 6.3210 8.1548 2.1070 2.1070 2.7183 
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0.6 6.9852 6.9852 9.9604 2.3284 2.3284 3.3201 

0.7 7.6494 7.6494 12.1656 2.5498 2.5498 4.0552 

0.8 8.3136 8.3136 14.8591 2.7712 2.7712 4.9530 

0.9 8.9779 8.9779 18.1489 2.9926 2.9926 6.0496 

1 21.6000 21.6000 22.1672 7.1333 7.1333 7.3891 

 

Example2. Consider the following nonlinear system of fuzzy differential 

equations  

 

 

 

 
 Subject to the fuzzy initial conditions                                                              

(12) 

,    ,                ,    

   ,          ,   

,        

 The exact solution is:                           

  

                                                                        

We may replace (12) by the equivalent system with  -levels:  = [ ],  

 (0, 1], Hence, to create solutions in the (lower case of solution)   , 

suppose the problem: 

 

 

 

 
With initial conditions                                                                                   

(13) 

 

 
By using (iii),(vi),(vii),(viii)  and (ix) of Theorem 4.1 choosing , we 

transform equation (13) as follows: 
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Consequently, we find 
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Therefore, from (7) equation (13) is solved by 
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Similarly, for the upper solution   , suppose the problem: 

 

 

 

 
With initial conditions                                                                        (14) 

 

 
By using (iii), (vi), (vii), (viii) and (ix) of Theorem 4.1 choosing , we 

transform equation (14) as follows: 
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Consequently, we find 
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Therefore, from (4) equation (16) is solved by 
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Combining  and represent the fuzzy solution of 

the system of fuzzy differential equations (14) as (x) = [  (x),  (x)] 

and (x) = [ (x), (x)], (x) = [  (x),  (x)], (x) = [  (x),  

 (x) =  

(x) and  (x) =  (x),  (x) =  (x),  (x) =  (x) which is the same 

exact solution of the system of non-fuzzy differential equations. The results 

of the calculations are shown in table (2): 

Table (1) 

The lower and upper levels of fuzzy solution for example (1) 

 

 

 

exact solution 

of  

 

  exact solution 

of 

 
0 1 1 1 1 1 1 

0.1 1.2214 1.2214 1.2214 1.0948 1.0948 1.0948 

0.2 1.4918 1.4918 1.4918 1.1787 1.1787 1.1787 

0.3 1.8220 1.8220 1.8221 1.2509 1.2509 1.2509 

0.4 2.2251 2.2251 2.2255 1.3105 1.3105 1.3105 

0.5 2.7167 2.7167 2.7183 1.3570 1.3570 1.3570 

0.6 3.3151 3.3151 3.3201 1.3901 1.3901 1.3900 

0.7 4.0422 4.0422 4.0552 1.4093 1.4093 1.4091 
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0.8 4.9231 4.9231 4.9530 1.4145 1.4145 1.4141 

0.9 5.9869 5.9869 6.0496 1.4058 1.4058 1.4049 

1 7.2667 7.2667 7.3891 1.3834 1.3834 1.3818 

 

 

 

exact solution 

of  
  

  exact solution 

of 

 
0 0 0 0 1 1 1 

0.1 0.0998 0.0998 0.0998 0.9048 0.9048 0.9048 

0.2 0.1987 0.1987 0.1987 0.8187 0.8187 0.8187 

0.3 0.2955 0.2955 0.2955 0.7408 0.7408 0.7408 

0.4 0.3894 0.3894 0.3894 0.6703 0.6703 0.6703 

0.5 0.4794 0.4794 0.4794 0.6065 0.6065 0.6065 

0.6 0.5646 0.5646 0.5646 0.5488 0.5488 0.5488 

0.7 0.6442 0.6442 0.6442 0.4964 0.4964 0.4966 

0.8 0.7174 0.7174 0.7174 0.4490 0.4490 0.4493 

0.9 0.7834 0.7834 0.7833 0.4059 0.4059 0.4066 

1 0.8417 0.8417 0.8415 0.3667 0.3667 0.3679 

6-Conclusions 

  We conclude from this paper, the following: 

1. The upper and lower solutions are equal when α = 1this confirms the 

accuracy of the results. 

2. the system of fuzzy Differential Equations can be considered as a 

generalization to the system of non-fuzzy Differential Equations, in which the 

solution of a system of non-fuzzy Differential Equations is obtained from the 

fuzzy solution by setting α = 1. 

3. The Method has proved its effectiveness, accuracy of results and gives 

rapidly converging series solutions in solving linear and nonlinear system of 

Fuzzy Differential Equations.  
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 حل الوعادلات التفاضلية الخطية والغير الخطية باستخذام طريقة التحويل التفاضلي

 م.رشا حسين ابراهين

 لوستنصرية/كلية التربية الأساسيةالجاهعة ا

 

 هستخلص البحث:

اننظاو انخطي وانغيش انخطي  نحم (DTM)تى استخذاو  غشيقت انتحىيم انتفاظهيت في هزا انبحث 

 نهًعادلاث انتفاظهيت انعبابيت. يتى حساب انحم انتقشيبي نهنظاو عهً شكم سهسهت يتقاسبت سشيعت

نتىظيح , وهزه انطشيقت تهتقػ انحم انذقيق  انعبابيت باستخذاو أوصاف وخصائص نظشيت انًجًىعت

تى حم بعط أنظًت انًعادلاث انتفاظهيت انعبابيت كأيثهت ي, انقذسة وانخىاص انذقيقت نهزه انعًهيت 

عذديت.يتى عشض يقاسنت اننتائج انعاديت انًقيًت يع انحهىل انذقيقت نكم يجًىعت يستىياث ظبابيت في 

  شكم جذاول .

الأعذاد انعبابيت, انًجًىعاث راث انًستىي انعبابي, غشيقت انتحىيم انتفاظهي , الكلوات الوفتاحية. 

 نظاو انًعادلاث انتفاظهيت انعبابيت , انحم انًتسهسم.
 


