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Abstract:
In this paper the differential transform method (DTM) is used to solve linear
and nonlinear system of fuzzy differential equations. The approximate
solution of the system is calculated in the form of a rapid convergent series
using descriptions and properties of fuzzy set theory, this method captures the
exact solution so to illustrate the ability and subtleties of this process, some
systems of fuzzy differential equations are solved as numerical examples. A
comparison of evaluated numerical results with the exact solutions for each
fuzzy level set is displayed in the form of tables.
Keywords: Fuzzy numbers, Fuzzy o-level sets, Differential transform
method, System of fuzzy differential equations, Series solution.
Introduction

There are several applications that involve finding many unknown
functions at the same time, these unknown functions are related to a set of
equations that include the unknown functions and their first derivatives, and
in order to infer in uncertain circumstances, and get a realistic system we
must take into account the fuzzy set ,it also provides practical solutions to
realistic problems, which are solutions at an effective and reasonable cost
compared to other solutions that offer other technologies, for example, the
medicine [1],golden mean [2], engineering problems [3], quantum optics and
gravity [4]and practical systems [5]. The concept of fuzzy sets was originated
by Zadeh when he published his pioneering paper [5], it led to the
introduction of the concepts of fuzzy number and fuzzy arithmetic [6] and
approximate reasoning problems [7]. It was later developed by Mizumoto and
Tanaka [8], [9] and Nahmias [10], they all noticed the fuzzy number as a
collection of a-levels, 0 = @ = 1 [11]. The concept of fuzzy derivative was
first introduced by Chang and Zadeh, Dubois and Prade followed in [12],
who defined and used the extension principle. In addition Fuzzy systems of
differential equations one of the important applications of fuzzy numbers [13]
and [14].
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In this work, The approximate solution of a system of fuzzy differential
equations was obtained with the differential transformation method (DTM),
iIs a numerical as well as analytical method initializes the solution as
convergent series with easily computable components introduced first by
Zhou[15] to solve linear and nonlinear initial value problems in electric
circuit analysis, this method structures an analytical solution for differential
equations in the form of a polynomial. It is different from the classic highly-
ordered Taylor series method, it is possible to obtain accurate results of
differential equations.

This paper contains five sections as follows. In section two, we
provide some important definitions to be used in this paper, in section
three we general analysis system of fuzzy differential equations. In
Section four we discuss Differential Transformation Method for
solving  systems of linear and nonlinear differential equations for
finding the numerical solution, finally, the suggested method is
applied by solving two examples in section 5.

2. Preliminaries

In this section, some basic concepts for fuzzy calculus are presented as
follows:

Definition 2.1 [16] A fuzzy number y is a fuzzy set: R — [0, 1] which
satisfies the following requirements:

(i) v is upper semicontinuous function,

(if) y(x) = 0 outside some interval [c, d],

(i11)) There are real numbers a, b such that ¢ <a <b < d for which

(a) y(x) is monotonic increasing on [c, a],

(b) ¥(x) is monotonic decreasing on [b, d],

(c) ¥(x) =1on[a, b].
We will let Rgdenote the set of fuzzy numbers on R. Obviously R c Rg
where R is understood as R = Ry = {¥;n:x € R} © Rp . The a -level

represent of a fuzzy number y , denoted by [v]9, is defined as: { V(x; a)} It is
clear that the a -Level representation of a fuzzy number y is a compact
convex subset of R. Thus, if ¥ is a fuzzy number, then [v]® = [y(a), ¥ ()],
where y(a)=min {s:s € [¥]* }and y(c)=max{s: s € [v]*} V a € [0, 1].
Sometimes, we will write y, and ¥_ replace of y(a) and ¥(c0), respectively,
Va € [0,1]. - -
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Theorem 2.1 [16] suppose thaty: [0, 1] — R and ¥ : [0, 1] — R satisfies the

following conditions:
(i) y(c) is a bounded increasing left continuous function on (0, 1],

(ii) ¥ (a) is a bounded decreasing left continuous function on (0, 1],
(iii) E(“) and y (a) are right continuous functions at « = 0,

(iv) EI:(I] <y(ct) on [0, 1], Then y: R — [0, 1] defined by
y(s) = sup{e: y(a) = s = y(a)}
is a fuzzy number given by [}r(_-::], y(a)]. Moreover, if ¥: R — [0, 1] is a
fuzzy number given by [y(a),f(u)], then the functions y(a) and ¥ (at) satisfy
conditions (i-iv). - -

Definition 2.2 [17] Let ¥y = R — E be a fuzzy function and let x; € R the
derivative ¥ () of ¥ at the point %, is defined by

V(%) = limy,_q L0t ¥C) 1)

The element y(x, + h), v(x,) at the right-hand side of (1)are observed as
elements in the Banach space B =C[0,1]xC[0,1]. This ,if
y(x, +h)=(a,a) and v(x,)=(b,b), the difference is simply
v(xo +h) —y(x) = (@a—b,a—b).clearly y(x, +h) — y(x,)/h may not
be a fuzzy number for all h .however, if it approaches v'(x,) (in B) and
v'(%g) is also a fuzzy number, this number is the fuzzy derivative of y(x) at

Xg. In this case, if y = (E ¥ ) it can be easily shown that

y'G) = (). 7 (x0))

Where y" and ¥ are the classic derivatives of y and ¥ , respectively.

3. System of Fuzzy Differential Equations

In this section, we discuss a system of fuzzy differential equations in the
following form:

> 4,V = F
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with the initial values (2)
Y90)=6, , i=0,...,n—-1
Where x is a scalar and 4, (x) ,A; (x), .....,A,_; (x) are s x s matrixes and

all of the components are a real function of x. Y,G;, and F are fuzzy s-
dimensional vectors. The o component of ¥ € E will be denoted by v, , so
we can write

Y=y (0, (x,0), ..., Vs (x, a)]”
v; (x,a) = ((Ej!-(x,cx), (v);(x,a) ) , 1=1,..,s,
F=[f, @, (60, .., fe (LT, ©
£ = (i, (FLxw ), i=1..,s
G:’ = [gil I:ﬂ) Gz I:GJ------Q!'S (GJ]T
Where
95 (@ = ()@, (3, ) (4)
i=1,...n—1, j=1,..,s.

T is represent transpose, Then, (2) can be replaced by the following
equivalent system:

ZZ A, (xj}’f] (x,a) = f; (x,0) d=1,..,s,

i=0 k=1

ZZ;—L (x]YFE"](x,n] = f; (x, ), d=1,..,s,
i=0 k=1

()

};’_{!](D'ﬂj:gu(ﬂj _1:{]__?’1—1, j:l,.s

(i) —_— . _ s
}j. 0,00 =g;; () ,i=0,..,n—=1, j=1,.,s.
Where a € [0,1].

4-Basic ldeas of Fuzzy Differential Transformation Method

It is well known that if a function u is infinitely continuously differentiable,
then u can be

expressed in Taylor series as
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It is well known that if a function u is infinitely continuously differentiable,
then u can be
expressed in Taylor series as

If fuzzy function y(x,a) is infinitely continuously differentiable, and then
y(x,a) can be written in Taylor's series as:

d¥y (x,a)
y(0) = T, [—;xk ] (x — x0)"
y(x,a) = . Fe (6)
- o yix.a)

we define the differential transformation of v(x, a) , denoted by Y (k, a) by
k'l-? X0
Yk, =2 [Z227]

dxk

Y(k,a) = (7)

E dx¥
Now, to solve a given SFDE by differential transform, we make use of the
differential transformation of order (k,a) in eq.(7), the inverse differential
transformation of Y (k, ) is defined by:

{y(x. @) = Y, Yk, o) (x — xp)*

Ploe - 4 [£252]

o) =12 - 8
y(x o) Vvix,a) = X7 Yk, a) (x — xp)F ®)

From Eq. (6) and Eq. (7) following theorem can be concluded

Theorem 4.1 [18]:
Let y(x,a) ,y,(xa) and y,(x,a) are fuzzy functions, and let Y(k,a)
, Y, (k,a) and Y, (k a) are their differential transforms respectively, and then
we get the following:

i fy(xa) =y, xa) +y,(x,a) thenY(k a) =Y, (k o) £ Y, (k).

i, If y(x,a) = cy, (%) then Y(k, o) = cY,(k, ), where cis a constant,

i, If y(x,00 = =25 then Y(k,@) = == ¥, (k+1n,0)

iv. Ify(xa)=x , then Y(k o) = 8(k— n, ) where
1, k=n
6“‘_“)_{ 0, k#n

v. IfY(x,a) =y, (x, a)y, (x,0), then Y(ka) = Z§l=gY1(k1)Y2 (k—k;,a)

k
vi. If y(x,a) = ™  then Y(ka) = ’:‘{— , Where A is a constant.
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vii. If v(x, ) = sin(ax + b, a)then Y(k,a) = —sm(——l— b,a), (wherea
and b constant.
Viii. If v(x,a) = cos(ax + b, a) then Y(k,a) = —cos(——i— b, ),

(where @ and b constant.
ix. If y(x, ﬂ) =N (x ﬂ)}f (x,a) ...y, (x, ) then

¥ (k, o) — Z Z ZY(F{]Y(I{ k) o Y, (k— Ky, )

'I':J‘IJ.DF':J‘IZD

5-Numerical Examples
Examplel. Consider the system of fuzzy differential equations

y1 () — y2(®)
= ((—ZXG +2x+ 2a+ 3e*, (2xa— 2x — 2a
+ 7)82"’)
y1(x) + y2 (%)
= ((—nx +x43a+ 2)e*, (ax—x —3a+ 8)82"‘)
Subject to the fuzzy initial conditions 9)
yviO)=2+a4—a) ,y,(0)=(a,2—a) , x € [0,1]
The exact solution is as follows:
y, (x,00) = ((2 +a)e** +(1— a]xeh) . ((4 —)e** + (a— ljxez‘“)
y2(x, ) = (e’ (2 — a)e*)
We may replace (9) by the equivalent system with a -levels: yo(x) =[y,¥ ],
a € (0, 1], Hence, to create solutions in the( lower case of solution) y ,
suppose the problem:
y1 (%) — y2(x) = (—2xa+ 2x + 2a + 3)e**
y1(®) + yp (%) = (—ax+x + 3a+ 2)e*
With initial conditions (10)
y1(0)=2+a  y;(0) =«

By using (iii),(iv) and (vi) of Theorem 4.1 choosing xo = 0, we transform

equation (10) as follows:
k

(k+ 1)£(k+ 1) —E(k] =(—2xa+2x+ 20+ 3) L
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k
K+ k+ Dh(k+1) =(-ax+x+3a+2) o

Y, (0,0) =2 +a, E({],u] =a
Consequently, we find

Y. (L,a) =3+ 3a , Y.(1,a) = 2a
3+

Y20 =5+a, Y,(2,0)= 2“

154 9« —1+ ba
IJ_I:S,[I] ZT ’ IE (31"‘]] :T

11+ 13« 1+ 15«
L(4.HJ=T , Y.(ha)=—F7—
Y. (4 )_49+4?ﬂ e jJ_5+11|::t
Y= T00 =225 =0
Therefore, from (7) equation (10) is solved by

15+ 9«

Y ixa)=Q+a)+B3+3)x+(5+a)x*+ (T)xg

+(11+13-:x) 4+(49+4?n) 5
12 ) 120 /)

Yo(x,a) = () + 2a)x + (“Tu) x? + (_lju)xa + (M) x* +

24

S5+11x

( )x‘l"_|_...
60

Similarly, for the upper solution ¥, suppose the problem:
v, (%) — 15 (%) = (2xa — 2x — 2a + 7)e**
@)+ 3 (%) = (ax—x—3a+ 8)e**
With initial conditions (11)
v;(0,0) =4—a, (0,a0) =2 —«
By using (iii),(iv) and (vi) of Theorem 4.1choosing xo = 0, we transform
equation (11) as follows:
_ _ 2k
k+ DY, (k+ 1) -V, (k) = ((2xa—2x — 2a + ?j)F.
) !
Y,(k)+ (k+1)V,(k+1) = (ax—x — 3+ S)F

?1({],6{]=4—E{, 1_’2({],-:1)= 2—a,
Consequently, we find
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YV (La)=9-3a, Y,(1,a)=4-2a
_ — 5—«
YI(ZIHJ =7—a , YQ(Z-HJ = 7
— 33— 9« — 9 — S«
Y,(3,a) =~ % Y,(8,0) = 3
_ 37 — 13« — 31— 15«
V,(400)=———— ) = —
1( o) 12 2(4 o) 4
— 143 — 47« — 27 —11a
V.5) =———— Y =
ll: !ﬂ] 12{] ’ Z(SFGJ 60

Therefore, from (7) equation (11) is solved by
— 33 — 9«
Via)=(4—c)+(9—3a)x+ (7 —a)x*+ (T) x?

+(3?‘—13a) 4+(143—4?a) 5 4
12 ) 120 /)

Y,(0 ) = (2—(1)—#(4—2(1)1’—!—(5_2“)1:2 +(9 _350{ )xa

)x5_|_...

31—-15ay , (27 —1la

N ( 24 _) * ( 60
CombiningY, , ¥, yand ¥y, Y, represent the fuzzy solution of the system of
fuzzy differential equations (11) as ¥1.(X) = [¥; (X), Y, (¥)] and ¥24(X) =
[V, (x), Y (X)], ¥ ae (0 1], x [0, 1]. It is clear that for o= 1, we find
Y, (X) =Y, (x) and Y, (X) = Y, (X) which is the same exact solution of the

system of non-fuzzy differential equations. The results of the calculations for
all above case are given in table (1):

Table (1)
The lower and upper levels of fuzzy solution for example (1)
x |V, Y, exact Y, Y, exact solution
solution of of
vy Y,
0 3 3 3 1 1 1
0.1 |3.6642 |3.6642 |3.6642 1.2214 11.2214 | 1.2214
0.2 [4.3284 |4.3284 |4.4755 1.4428 | 1.4428 | 1.4918
0.3 [4.9926 |[4.9926 |5.4664 1.6642 | 1.6642 | 1.8221
0.4 |5.6568 |5.6568 |6.6766 1.8856 | 1.8856 | 2.2255
0.5 16.3210 |6.3210 |8.1548 2.1070 | 2.1070 | 2.7183
2022 ) (28 et (114340 P ¥ rd A s e

27



Solving Linear and Nonlinear Systems of Fuzzy Differential
Equations by Using Differential Transform Method
Rasha H. Ibraheem

0.6 |6.9852 |6.9852 |9.9604 2.3284 | 2.3284 | 3.3201
0.7 [7.6494 |7.6494 |12.1656 2.5498 | 2.5498 | 4.0552
0.8 [8.3136 |8.3136 |14.8591 2.7712 | 2.7712 | 4.9530
0.9 |89779 |8.9779 |18.1489 2.9926 | 2.9926 | 6.0496
1 21.6000 | 21.6000 | 22.1672 7.1333 | 7.1333 | 7.3891

Example2. Consider the following nonlinear system of fuzzy differential
equations

v (0 = 2%y} (%)

¥2 () =y1(x) — y3(x) + cos(x) —e**
Vs (%) =12(x) =y, (x) + ™ —sin(x)
Vs (X) = —e y7 (x)

Subject to the fuzzy initial conditions
(12)

v;(0)=(05+05a,2—a) , v, (0)=(03+07a,1.1—-0.1a)
¥2(0) = (0.1a—0.1,0.1 — 0.1x) , v,(0) = (x, 3—2a)

., x€e[0,1]
The exact solution is:

y(0) = (32 (0,3 (), 33 (), 3. (x)) = (€%, sin(x) + cos(x), sin(x),e™)
We may replace (12) by the equivalent system with a -levels: yo (x) = [y ,¥ ],

a € (0, 1], Hence, to create solutions in the (lower case of solution) vy,
suppose the problem: -
¥y (%) = 2e%y5 (%)
¥ () =, (x) — 3 (x) + cos(x) — e**
v (%) = 2 (%) — ,(x) + e — sin(x)
Vs (1) = —e7 y2 (%)
With initial conditions

(13)
y:1(0)=05+05a, 3,(0)=03+0.7a

EE('D]: 0.1la— 0.1, Eq_,({])zn

By using (iii),(vi),(vii),(viii) and (ix) of Theorem 4.1 choosing x, = 0, we
transform equation (13) as follows:
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k+ DB+ D=2 ) > ZV(k— k)L k)

1 kmr 2%
(L<+1]£::k+1)=g1::;{j—y3::;{)+Ems?_F

(_.l)k 1 ‘-kn
Kl —Esm?

k+DhE&+1) =Y(E) - Y0+

k
(=3)
(k+ DL G+ D == ) ) (ko= k) V(= k)
k=0 k,=0 ]
Y,(0,a) =05+ 0.5a, ¥,(0,a0) =03+ 0.7a
Y;(0,0) = 0.1a—0.1, Y,(0,0) =«
Consequently, we find
Y.(1,a) = 2a°
Y,(1,a) = 0.6+ 0.4
Y.(L) = 1.3— 0.3,
Y,(1,0) = —(0.25¢% + 0.5a + 0.25)
Y.(2,a) = —0.25a® + 2.5a* — 0.25a
1
¥5(2,0) = —5 (~20% ~ 0.3a+3.3)
Y;(2,a) = 0.1250% + 0.45a — 0.575

1
Y,2,0)= EI:—[IE —0.25a* + 1.5a+ 0.75)

Y,8,a0)= %(—D.Sﬂ“ —0.875c¢ + 3.75a? — 0.375a),

Y,3,0) = —%(0.25.:3 —2.375a% + 0.7a + 1.925)

Yi3,q) = —%(—0.5& — 1.1255¢ + 0.6+ 1.525)

Y,3,q) = —%(—0.125@ —1.875a% — 0.75a2 + 2.125a + 1.125)
Y, 4= L—ZLI:U.D-‘-H?GE‘ —0.875a* — 1.25a* + 3.7917a* — 0.375a),

1
Y.(4,a) = 1 (—0.3333a* — 0.75c® + 2.125a* — 0.05a— 0.825)
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1
¥5(4,0) = 5 (~0.0417a* — 0.7083a> + 0.54170’ + 0.475a — 0.2667)

1 i
¥,(4,0) = 7 (0.1667a° + 0.0834a* — 2.0833¢° — 1.1250° + 2a
+1.125)

2 -
Y,05,a)= S (0.0417a® + 0.1459> — 0.8958a* — 1.2188a® + 2.875«?

—0.2812c)

1 -
Y.,(5,a) = 3 (0.0209a® — 0.4375a* — 0.625a + 1.8959a* — 0.1875«

—0.625)

1 -
Y.(5,a) = 3 (—0.0417c® — 0.1042a* + 0.3333a® + 0.8126a* — 0.5125«

—0.4458)

-1 i
Y,(5,a)= 5 (0.0104a® + 0.2916c° + 0.2812a* — 1.6771a®

—1.11460* + 1.4062a+ 0.8438)
Therefore, from (7) equation (13) is solved by
Y, (x,a) =(0.5+0.5a)+ (2a®)x+ (—0.25c¢* + 2.50% — 0.250) x>

2
+ 3 (—0.5a* — 0.875¢3 + 3.75¢* — 0.375a)x®

2 i
+ 2 (0.0417c — 0.875a* — 1.25a® + 3.7917a* — 0.375a) x*

2 ]
+7 (004170 +0.1459¢° — 0.8958¢* — 1.2188a
+2.8750% — 0.2812c)x5 + ---

1
Y, (x,a) = (0.3+0.7ac) + (0.6 + 0.4c)x — ) (—2a? — 0.3a + 3.3)x?
1
3 (0.25a®* — 2.375c* + 0.7 + 1.925)x3
1
+£_1 (—0.3333a* — 0.75a* + 2.125c* — 0.05a— 0.825)x*

1 i
+ 3 (0.0209a® — 0.4375a* — 0.625a® + 1.8959a* — 0.1875a

—0.625)x> + -

2022, nad ( 28, wzed! (114 3l o et SN i e
30



Solving Linear and Nonlinear Systems of Fuzzy Differential
Equations by Using Differential Transform Method
Rasha H. Ibraheem

Yilx,a) = (0.1a—0.1) + (1.3 — 0.3a)x + (0.125a* + 0.45a— 0.575)x*
1
—3 (—0.50% — 1.125560% + 0.6+ 1.525)x3

1
+7 (-0.0417a* — 0.70830° + 054170 + 0.475a
—0.2667)x*

1 _
+ 3 (—0.0417c® — 0.1042a* + 0.3333c® + 0.812607
—0.5125a— 0.4458)x° + ---
Y,(x,a) = (a) — (0.250% + 0.5a+ 0.25)x

1
+§ (—o® — 0.250% + 1.5a+ 0.75)x?

1
—3 (—0.125a* — 1.875a®* — 0.75a* + 2.125a + 1.125)x*

1 i
—I—:} (0.1667a + 0.0834a* — 2.0833c® — 1.125a* + 2«
+1.125)x*

1 i
~ (0.0104a® + 0.2916c° + 0.2812a* — 1.6771a?

—1.1146c% + 1.4062a+ 0.8438)x> + ---

Similarly, for the upper solution ¥, suppose the problem:

¥, () =2e*F,(x)

V, )=y (x) -y, + cos(x) — e**

v, ® =y, —¥,x +e™* —sin(x)

¥, 0 = -7, (x)
With initial conditions (14)
y,(0)=2-«a, ¥,000=11-0.1«
y,(0=01-01a, §,0)=3-2a

By using (iii), (vi), (vii), (viii) and (ix) of Theorem 4.1 choosing x, = 0, we
transform equation (14) as follows:

k L3
_ 3k _ _
(k+1jyl(k+l)=2 Z Z FYN: kz_ kljy4“"_ kz]
ko=0 k,=0
_ — — 1 kmr 2%
k+ DY, (k+1) =Y, (k) —Y,(k) + — cos— — —
k! 2 k!
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(k+ DY, (k+1) =Y, (k) -V, (k) +

k! k! 2
k L3
_ (=3) " _
I:k+ 1]Y¢ﬂ<+ 1]=_ Z I Yl( kz_ kl] Yl“"_ F"zj
B ka=0 ky=0 '
V,0,0) =2 —« , Y,(0,a) =1.1—-0.1a

Y;(0,0)=01-0.1a, Y,(0,a) =32«
Consequently, we find

Y,(1,0) = 8a? — 24+ 18

Y,(1,a) = 1.9— 0.9«

Y,(1,) = 1.9a— 0.9

Y,(1,0) = —(c® —4a+4)

Y,(2,a) = 2c® + o> — 16a+ 15

— 1
V,(2,0) = = (~8c* +259a— 16.9)
2(2,0) = 0.5a®> — 2.45a+ 1.95
1
L(2,0) = E(Sag — 37a® + 54a— 24)

=3l =l

=l

2
(3,a) = 3 (—8a* + 55 — 124.50> + 111a— 31.5)

il

1
,(3,a) = —EI:—ZEIE — 0.5a* + 13.55a— 10.55)

1
33,00 = —3 (40° — 22.50* + 39950 — 20.95)

=3l

]

1
+3,0) = =5 (~2a* + 27’ — 97.50* + 1330~ 60)

_ 2 _

V.(4,@) =7 (~1.3333¢° + 20 + 400 — 11.83330” + 160~ 61.5)

1
V,(4,a) = 2 (—5.3333a* + 38a® — 90.5a” + 87.3167a — 29.3166)

— 1
Vi(4,a) = 2 (—0.6667a* + 9.6667a* — 32.3333a” + 39.8166«

—16.4833)
_ 1 i
V(4,00 = 7(~5.3333a° + 41.3334a* — 147.3333c° + 154.5¢° — 31a
—12)
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— 2 -
V,05,a0)= 3 (2.6667a® — 28.6667a> + 128.6667a* — 234.25a>
+161.1250%* — 14.25a— 14.625)

Y,(5,a) = = (-0.6666a° + 10a* + 200 — 5.9166a° + 8 — 31.375)

_ 1 )

V3(5,a) = £ (1.33330° — 11.6666a* + 46,3333 — 61.250°
+29.57920 — 4.2875)

— -1 -
V,05a= 5 (0.6666a° — 27.3333a® + 133a* — 373.5833c°
+ 604.5417a* — 388.250+ 51)

Therefore, from (4) equation (16) is solved by
Vix,a) = (2 — o) + (8 — 24+ 18)x
+(2a® + a? — 16+ 15)x?

2
+§ (—8a* + 550 — 124.50* + 111a— 31.5)x°

2 _
+ 2 (—1.3333c® + 20a* + 40a® — 11.83330% + 16a
—61.5)x*

—I—% (2.6667a® — 28.6667a” + 128.6667a* — 234.25c°
+161.125c> — 14.25a— 14.625)x° + ---
Y,(x,a) = (1.1—0.1a) + (1.9 — 0.90)x —15(—80{2 + 2590 — 16.9)x?
—~(—2«* — 0.5a% + 13.55a— 10.55)x

+~(—5.3333a* + 38a® — 90.5a + 87.3167 —

29.3166)x* + 1(—0.6666a° + 10a*+ 20 — 5.916602 +
8a—31.375)x> + --

Yo(x,a) = (0.1 - 0.1a) + (1.9 — 0.9)x + (0.5a® — 2.45a + 1.95)x?
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—% (4a® — 22.5a” + 39.95a — 20.95)x*
+ %(—u.eeem“ + 9.6667a® — 32.3333a” + 39.8166a — 16.4833)x*
+ %(1.3333::5 — 11.6666a* + 46.3333a® — 61.25a° + 29.5792a
— 4.2875)x% + -
Y,00) = (3—2a) — (o —4a+ 4))x —|—% (8 — 370 + 54a— 24)x?

1
—3 (—2a* + 27 —97.5a* + 133 — 60)x°

+-ﬂ% (—5.3333c® + 41.3334a* — 147.3333c® + 154.5a?
—3la—12)x*

+ _?1 (0.66660° —27.3333a” + 133a* — 373.5833a?
+604.5417a* — 388.25a+ 51)x° + ---

Combining ¥, , ¥,, Y5, Y, and Y, ¥,,Y,,Y,represent the fuzzy solution of
the system of fuzzy differential equations (14) as ¥1(X) = [ ¥ (X), Y, ()]
and yza(X) = [¥2(x), 1_}2()()]’ Yia(X) = [¥3 (%), ?3 (X)], Yaa(X) = [Y4 (%), ?4
(x)], OO (0, 1], x [ [0, 1]. It is clear that for 1L, we find ¥V, (X) =V,
(x) and ¥, () =¥5 (x), ¥5 (X) =¥5 (x), ¥, (X) =Y, (X) which is the same
exact solution of the system of non-fuzzy differential equations. The results
of the calculations are shown in table (2):

Table (1)

The lower and upper levels of fuzzy solution for example (1)

x | ¥V, Y, exact solution | ¥, Y, exact solution
of of
Y, Y,

0 |1 1 1 1 1 1

0.1]1.2214 |1.2214 |1.2214 1.0948 |1.0948 | 1.0948

0.2 14918 |1.4918 | 1.4918 1.1787 |1.1787 | 1.1787

0.3]1.8220 |1.8220 | 1.8221 1.2509 |1.2509 | 1.2509

0.4 22251 |2.2251 | 2.2255 1.3105 |1.3105 | 1.3105

0527167 |2.7167 | 2.7183 1.3570 |1.3570 | 1.3570

0.6 |3.3151 |3.3151 | 3.3201 1.3901 |1.3901 | 1.3900

0.7 |4.0422 |4.0422 | 4.0552 1.4093 |1.4093 | 1.4091
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0.814.9231 |4.9231 | 4.9530 1.4145 | 1.4145 | 1.4141
0.9 15.9869 |5.9869 | 6.0496 1.4058 | 1.4058 | 1.4049
1 |7.2667 |7.2667 | 7.3891 1.3834 |1.3834 | 1.3818
x | ¥, Y exact solution | ¥4 Y, exact solution
of of
Y, Y,
0 |0 0 0 1 1 1
0.10.0998 |0.0998 | 0.0998 0.9048 |0.9048 | 0.9048
0.2 10.1987 |0.1987 | 0.1987 0.8187 |0.8187 | 0.8187
0.310.2955 |0.2955 | 0.2955 0.7408 | 0.7408 | 0.7408
0.410.3894 |0.3894 | 0.3894 0.6703 | 0.6703 | 0.6703
0.510.4794 |0.4794 | 0.4794 0.6065 | 0.6065 | 0.6065
0.6 | 0.5646 | 0.5646 | 0.5646 0.5488 |0.5488 | 0.5488
0.7 10.6442 |0.6442 | 0.6442 0.4964 | 0.4964 | 0.4966
0.80.7174 |0.7174 | 0.7174 0.4490 | 0.4490 | 0.4493
0.910.7834 |0.7834 | 0.7833 0.4059 | 0.4059 | 0.4066
1 108417 |0.8417 | 0.8415 0.3667 |0.3667 | 0.3679

6-Conclusions

We conclude from this paper, the following:
1. The upper and lower solutions are equal when o = 1this confirms the
accuracy of the results.
2. the system of fuzzy Differential Equations can be considered as a
generalization to the system of non-fuzzy Differential Equations, in which the
solution of a system of non-fuzzy Differential Equations is obtained from the
fuzzy solution by setting a. = 1.
3. The Method has proved its effectiveness, accuracy of results and gives
rapidly converging series solutions in solving linear and nonlinear system of
Fuzzy Differential Equations.
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