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Abstract

In this paper, we will study a concepts of sectional intuitionistic fuzzy cone continuous

and prove the schauder fixed point theorem in intuitionistic fuzzy cone metric space as a
generalization of fuzzy cone metric space and prove another version of schauder fixed point
theorem in intuitionistic fuzzy cone metric space as a generalization to the other types of fixed

Point theorems in intuitionistic fuzzy cone metric space considered by other researchers,
as well as, to the usual intuitionistic fuzzy cone metric space.
Keywords:Fuzzy — Cone Metric space,
Intuitionistic in Fuzzy — Cone Metric space,
Schauder Fixed Point theorem.
Introduction

The concept to know intuitionistic fuzzy sets (IFSs) to fuzzy set
popularization, Insert through Atanassov [1], after that, many authors
developed the theory of intuitionistic fuzzy- metric spaces by park in [2], as
well in intuitionistic fuzzy topology (both in metric and normed) spaces
Saadati and park in[3],Kramosil & Michalek[4] introduced the fuzzy metric
space through popularizing that notion from probabilistic- metric space
through popularizing the notion from probabilistic metric spaces for fuzzy
condition. George & Veeramani[5] modified the notion from fuzzy metric
spaces. Huangad Zhang [6] inserts the concept from cone spaces through
displacing real numbers for an arranging banach space & show several
theorems in fixed point to contractive -mappings through that spaces. In
(2008) some notes on paper cone metric spaces by S. Rezapour and R.
Hamlbarani [7],After that, may authors prove fixed point theorems using
different mapping in such spaces[8],[9],[10],[11],[12], the aim of this paper
the concept of this is introducing to intuitionistic fuzzy cone- metric space,
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Schauder theorem in fixed point on intuitionistic fuzzy cone-metric space are
stated in & show ,when another prove version from theorem fixed point of
many authors from years.

2-Preliminaries:
Some basic concepts af fuzzy cone metric spaces and intuitionistic fuzzy cone metric

spaces are given in this section.
Definition (2.1), [11]: A subset q of E is called a cone if
1.q is closed, non — empty &{ q = 0},
2.If x,y € R&x,y =0 forab € qthen (ax + by) € g,
3.If botha € qand —a € q thena= 0.
For a given cone, a partial ordering = on E via P is defined by
a = bwhen (b—a) € g} (a < b) will stand for(a =< b).(a # b), while {{a «
b) will stand for (b—a) € int(q)}
Where E, is the set of real numbers throughout that sheet, we let that all
cones have a nonempty interior.
Definition (2.2), [11]:
A cone metric space is an ordered (X, d), where X isany setand d: X X X —
E is a mapping satisfying:
1.[0 < d(a,b) foralla, b € X],
2.[d(a,b) = 0]if aequalb,
3.[d (a,b)equal d(b,a)for alla &b € X],
4.[d(a,z) < d(a,b)+ d(b,z)]forallx,y &=z € X.
Definition (2.3),
[11]
: Let (X, d) be a cone metric space.Then, for each ¢l » 0andc2 = 0,¢5,c, €
E,there

exists ¢ 3 0,c € E such that c < ¢, and ¢ « c,.
Definition (2.4), [13]

A binary operation #=: [0,1] X [0,1] — [0, 1]is a continuous
t_ norm then = satisfy the following condition:

a) # is commutative & associative

b)# is continuous,

C)a*1= aforala € [0,1],

d))a* b= c*d,a =cand b < dtoeachab,c,d € [01].
Definition (2.5), [13]:

A binary operation §: [0,1] X [0,1] — [0, 1]is a continuous
t — conarmif = satisfies the following conditions:

1) ¢ is commutative and associative,

2) 0 is continuous,
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3)a® 0 =aforalla € [01],

4Yad b < c § dwhenevera < cand b < d forallab,c,d € [01].

Note: If wetake E=R,P = [0,®)and a *b = min{a,b},a ¢ b = max{a, b}, for
all intuitionistic fuzzy - metric space become intuitionistic in fuzzy cone -
metric spaces.

Definition(2.6),[9]:4 3 -tuple (x,M,=) iS known for through fuzzy cone-
metric spaceif q.is at cone of E,
X is an arbitrary set,® is a continuous T — norm & M is a fuzzy set atx® X

int (q),
satisfying the following next case to whole
a,b&ce X, n&m € int(q) (thatisn > 8,m = ) .
1)[M(a,b,t) = 0].
2)[M(a,b,t) = 1] if & onlyif a = b,
3) [M(a,b,t) = M(b,a,t)].
4) [ M(a,b,n) =M(b,c,m) < M(a,c,n + m)].
5) [M(a,b,.): int (g) = [0,1]is continuous].
Definition (2.7): A 4 — tuple (X, M,#) is known fuzzy in a metric space if &
only if X is as arbitrary(non-

empty)set,M is a fuzzy set of X = X = (0,00)& * is continuous T — norm,
satisfying that following next case to every a,b,c & e € X,n&m > 0:
1) [M (a,b,c,n) = 0].
2) [M(a,b,c,n) = 1] if & only if a equal b equal c.
3) [M(a.b,c,n) equal M (p{a,b,c},n)], When p is at permutation function of a, b
and c.
4) [M (a,b,e,t) * M(e,c,c;m) < M (a,b,c,n+m)].
5){M (a,b,c,*): (0,00) — [0,1]} IS a continuous.
Definition (2.8)

A4 - tuple (X,M,*) IS known fuzzy cone- metric spaceif P is a cone of E,
X is an arbitrary (nonempty) set, = is continuous T — norm & M is a fuzzy set of
X= X= int(q) satisfying the following conditions to
eacha,b,c & e € X, n&m € int (q)(thatisn> 0,m > 0),
D[(a,b,c,n) = 0].
2) [M(a,b,c,n) = 1] if &onlyifa equalb equal c.
3) [M(a, b,c.,n) equal M (p{a,b, c},n)], When p is a permutation function of a, b
and c.
4)[M (a,b,e,n) = M (e,c,c,m) less then M (a,b,c,n +m)].
5) [M (a,b,c,*): int(q) — [0,1] is a continuous].

Definition (2.9),[11]:
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A 5 —tuple (X, M, N, *,0 ) is said to be an intuitionistic fuzzy cone
metric space (i. f. m. s) if g is cone ofE,
¥ [5 a continuous t —norm, X is an arbitrary set,

{ is a continuous t — conorm,

M & N are fuzzy sets on X2 X int(q) sach that cases: {to every a,b&c €
X} {n&m € int(q) thatisn > 0,m > 0}

1) [M (a,b,n) + N(a,bn) < 1],
2) [M(a,b,0) = 0],
3) [M(abmn)= 1]if &onlyif a = b;

4) [M (abn) = M(b,an)],
5) [M(a bn)* M(be,m) < M(a,c,n + m)];
6) [M(a,b,.):int (q) — [0,1]is continuous],
7) [N(abmn) >0],
8) [N(a b,n) = 0]if & only if a equal b.
9) [N(a,b,n) = N(b,a,n)],

[

10) [N(a,b,n) & N(b,c,m) = N(a,c,n + m)],
11) [N(a,b,.) : int (q) — [0,1] is continuous].

Then (M,N) is called an intuitionistic fuzzy cone metricon X, The function
M(x,y, t) &

(x,v,t) denote the degree of nearness and the degree of non—
nearness between x & y with
respect to t, respectively,

An alternative definition of convergent and Cauchy sequence in
intuitionistic in fuzzy - metric space is given next.
Definition (2.10), [11]:
Let (X, M, N,={) be at intuitionsitic fuzzy cone metric space,x € X.Then
1)A sequence {xn} in X is known for becoming (Cauchy sequence) if at all
t > 6 &0 < e < 1 There 3 a natural number nyshow that [

M (x,,%,, t) >1—¢N (x,,x,t) < e toeachn, m = n,.

2)A sequence{x,} in X is called for become convergent to a point x on X if,
There exists a natural ny to each
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[M (x,,x,t) =1 —r]&[N (x,,x,t) < r]if foranyn = ny,r € (0,1) &t =

0

We denote this by lim, . x, = xorx, = xasn— o0,

3) A sequence x,,;,, X (Cauchy sequence is convergent), is called for become
Complete.

4)If each sequence in X includes a convergent subsequence, is called to become
compact.

Notel: IfE = R, P = [0,®@)anda+=b = ab, then each fuzzy in metric space
became a fuzzy -cone in metric spaces.

Examplel. [9]: a*=b = ab

Example2. [9]: a = b = min {a,b}

Example3. [9]; when E = R* thenq = {(K1,K2):K1,K2 = 0} c E known is a

normal- cone together normal stable K=1. Where
X=R, [a*bh = ab]and M: X* X int (g)— [0,1] known through
[M(x,v,t) = 'I%l'] toeach x,y EX &t =8,

el

Note2: IfE = RP = [0,6)&a*b = ab,a (b =max {a b}, then for all
intuitionistic in fuzzy metric- spaces be an intuitionistic in fuzzy - cone
metric spaces.

Propositionl. [9]:when p became a cone of E. Then,

1) [int (p) +int (p) < int (p)]

2)[ Aint (p) © int(p)to all A€ R+

3) [tﬂ all@ < cl &6 < c2,there isan element 8 < cshowatc < cl,c = c2]

If that 3 a stable k = othat cone P is known normal
show theretoeacht,s € Ef <t < s it|t]|l < K|[s|l& that least positive
number K such that property is known normal stable of P [6]. Rezapour,
Hamlbarani [7] we are no cones together normal stable ¥ < 1 & it cones of
normal stable 1, & cones for normal stable[M > K to that K = 1].

Example4:

letE = R* [P = {(x,y) € E:x,y = 0}],X = R&[d =X XX =

E |known through

{d(x, y) = (Ix — vl,alx — y)}

Where « = 0 is a stable? That (x, d) is a cone metric space.

Definition (2.11),

[11]: Let (X,M,N ) be at intuitionistic fuzzy cone metric space. A subset A of
X is called for become (FC-bounded) if that3t =8 &r €(0,1) show
theirfM(x,v,t) = 1—r,

N(x,y,t) < r}itoeachx,y € A
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Definition (2.12): Let (X,M,N,0) be at intuitionistic fuzzy cone metric space
A subset A of X and B=X is known for become (FC- closed) if that 3 r (0,
1), t =0 if & only if for any sequence {x,} in B converges to x € X such that
lim,, _,.. M(X,, X, t) =1-r and lim,, ..., N(X,, X, )= r,x € B.

Definition (2.13):

Let (X, M, Nx,0) be at intuitionistic fuzzy cone metric space, Let subset A for
X is called for through FC-compact for each sequence in X contains a
convergent subsequence.

Definition (2.14): Let (X,M,N,=0) be at intuitionistic fuzzy cone metric space.,
A continuous mapping W: X2 x [0,1] = X is said to be FC- convex structure
on X if forall x,y € xandr €[0,1],t = 0,

[B(w, wix, v, r)t)] = [AM(uwx,t) + (1 — A)N(v, v t)]

Holds for all u € X. (X, M,N0) be at intuitionsitic fuzzy cone metric space
together with a convex structure is called an

intuitionsitic fuzzy cone convex metric space.

Example5: Let (X,M,N ,#,0) be at intuitionsitic fuzzy cone metric space, Define
t —normab = min {a,b}anda ¢ b = max {a,b} foralla,b € X &t = 0, Let us

define

n

] and |N(a,b,n) = N(a,b)

(n+ M(a,b) (n+ N(a,b)

Example6: Let (X,M,N,=0) through at intuitionistic fuzzy cone metric space.
Let g be any cone, X= N,a=b = ab,M,N: X2 X int (q) — [0,1] known
through

[M (a,b,n) =

Zifx= y

[M(x,y,t) = [j forall x,y € X & t =0].
- ifyv = x
Zifx< y

[N(x,y, t) = [x;"}. forall x,y € X & t =0].
— ifv = x

&

Example7:
Let (X,M,N,={) be at intuitionsitic fuzzy cone metric space.E = R2,P = {(a,b)
€ E: a,b = 0}, X =R, where R is real number, and M, N: X? xint (q) - E

defined by

{M[a,b,n] = (la—bl,ala —b|)

N(a,b,n) =(1—|a—bl,1— ala—b|)
In what follows A = (X, N3, My, *,0) and B = (Y, N,, M,, *',0") will

denote two intuitionistic fuzzy cone metric space, Where X & Y are cone

metric spaces.

wherea = 0 is aconstant forallt = 0
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Definition1l: Let (X, M,N,%0) be at intuitionsitic fuzzy cone metric space. A
subset A, B of X. A mapping T: A—B is said to be sectional intuitionistic
fuzzy cone continuous as x, = (x4, Xg2, - s Xg,) € x™if 37 € (0,1) such that
for eache = 0, there exist §>0 such that,
[Vy(x,2,.6) <7] & [My(xx0,8) = 1—1] &
[NV, (T(x).T(xp).6) < 7] & [My(T(x),T(xp)6) =21 —7] for every X=
(x4, 25 00x,) EX™

Note3: let A be intuitionistic fuzzy cone metric space. As same the condition
that (proposition) for all t > 0, N (x, y, t) < r define [d(X, y), = iInf
{t=0=[N (x,v,t) <rland [M (x,y,t) = 1 —7]]}], r=(0,1).

Then {d(x,¥),:r € (0,1)} is at ascending family for cone metric space on X.
we call that cone metric space as r- cone metric space on X corresponding to
intuitionistic fuzzy cone metric space A.

Remarkl: if (X, M) is a fuzzy cone metric space and k c X, then K is closed
in(x,d, (x,5) andk™ € K forall v € (0,1), where k"denotes the closure of K in
(X, d, (x,3)).

Shchauder fixed point theorem

Theoreml: let A bean intuitionistic fuzzy cone metric space.then X IS
an intuitionsitic fuzzy cone bounded If and only if X is cone bounded with
respect to
d.(x,y)for allr €(0,1) whered, (x,y) denotes the r — cone metric of X.

Proof: first suppose that X is an intuitionistic fuzzy cone bounded thenfor each
r € (0,1) 3 t(+) > 0 such that

NGy, t(r) <r&M(x,yt(r))=1—r forallxy EX ..«

Now from the definition we have

[d(x,¥v),] = [inf{t = 0: [N(x,¥,t) < 7] &[ M(xy.t) =2 (1 —7)],r € (0,1)]}] ... ..*=
From (*) we have, [d(x,y)r <t(r)]toeachx,y € X and then X is cone
bounded with respect tod(x, ¥)r.

Conversely, suppose that, X is cone bounded together to [d(x,¥)r] 0<r <1
.then to each r €(0,1) 3 t(r) such that [d(x,v), < t(r)]forall x,y € Xthat is
[d(xey)r < t(r) <t(r)+1] forall (x,y) €X. By
(#)[IN(x,yv.t(r)+ L) =r |,[M (x,v,t(r)+ 1) =1—7] forallx,y € X then X IS
intuitionistic fuzzy cone bounded.

Theorem2: let A be intuitionistic fuzzy cone metric space and B < X. Then B
Is intuitionistic fuzzy cone closed if and only if B is cone closed with respect
to [d(X, y)] to every re (0,1).

Proof: first suppese that B intuitionistic in fuzzy cone closed. Take r, € (0,1).
Let {x,} become a sequence at B show their [lim, .. d(x.¥),=0]. Then for a
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given €= 0,3 appositive integer N (&) such that [d(X, Y),o < €], for all n >

N(s).

[N(X,Y,e) <1y foralln = N (e)]. [lim,_.. N(X, Y,e) < 1, foralle = 0].

Sine € is arbitrary and by condition (1) of definition (2.9)

It follows that lim, _,.. M(x,y.€) =1 —a, then x € B. B is cone closed together

ford(x.y),..

Since 0< ry <1 is arbitrary, it follows that B is cone closed together

for[d(x,y)r,0 < r < 1].

To show for that converse follows by conditions (1), (7) and (11) of

definition (2.9)

Theorem 3: let A be intuitionistic fuzzy cone metric space satisfy

(propositionl) that ¢ B for X is cone (intuitionistic Fuzzy compact) when B

Is cone compact together for d(X, y), to every r € (0,1).

Proof: let that first B is cone-intuitionistic fuzzy compact if ro € (0, 1).

Suppose {x,} through a sequence in B. that 3 a sub sequence {x,_ } and x in B

(both depending on ) such that [lim, .. N(x, X, 1) = 1] &

[lim, _, . M[xnk,x, t:l =1-r,Vt=>0]

Fora givene> OQwithr, —e = 0and forat = 03 appositive integer k (& t)

Such that

[N (xp.xt) = 1, — €]&

[M (x,,.xt) =2 1—1 + eVk = k(e 0], [limy_.. d,__(x,,.x)= 0]

B is compact with respect tod,___(x,., X)

Since

[r0 €(0,1) & € =

0] arbitrary it follows their B is compact with respect to dr [xnk,x

) for each r £(0,1). Converse follows from theorem (1&2).

Theorem4: let A and B be an intuitionistic fuzzy cone metric space then a

mapping T:A— B is a fuzzy cone — sectional in intuitionistic fuzzy

continuous if & only if [T:(X.d}(x,y))— (¥,d?(x,¥))]is continuous to r

e (0,1).

Proof: let that first [T: A— B] is fuzzy cone — sectional intuitionistic

continuous. Thus for any ye X, 3n, € (0,1)such thatto everye =0,36 >0

(Ny(x,3.8) = 1p) ( Mi(X’ y,0) =2 1—1) & (N (T(x),T(¥).€) = 1),

(My(T(x),T(y)e)=21—1)Bx€EX,

Choose 7, such that

§,= §—mny, =0,let d;}n[:x,}r] = §—ny, =&, then din[x,}{] = §—ny, <4

(Ny(xy,8) = 7 j!(Mi](xr}’r 6) =2 1— 1), [No(T(x),T(y),€) = 1 L[ My(T(x), T (). €)
=1—1r]
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Then [d2 (T(x),T()) < €.

Thus T is continuous with respect to d} (x,y) andd? (x,¥).

Next let T is continuous together for [d} (x,¥) andd? (x,y)]thus
[JyE X and € == 0 36 > 0 such that

[} (x,3) < 6 1[dE(T().T(M) <51

[
Ni(xy,8) < 1], [My(%5.6) = 1= Jthen[dp (x,y) =6 = d} (T(x),T(M)) <3 <
£].
[No(T(x).T(¥).€) < 1, ], [Ma(T(x), T(y),e) =1 -7 |.
Theormb5: [theorem of Schauder for (fixed point)]

suppose K through a non-empty convex, (intuitionistic fuzzy compact)
subset from an (intuitionistic fuzzy cone metric — space)  Satisfying
(propositionl) & T:k — K be fuzzy cone sectional intuitionistic fuzzy -
continuous. That it has a (fixed point).
Proof: if A such (proposition (1)), that (X,d, (x,¥)) is a cone metric — space.
let K is an intuitionistic in fuzzy cone - compact subset of X, K is a cone -
compact subset of (X, d,.(x,¥)) by theorem (3) for each r €(0, 1).
Again since T:K — Kis a cone sectional intuitionistic fuzzy continuous
3r, € (0,1) it is prove T: K — K is continuous with respect to (X, d,_(x,¥)) by
theorem (4)

Hence it follows that K is a non-empty, convex and cone compact subset
of the cone metric space (X.d,_(x,¥)) and T: K — K is a continuous - mapping.
So throgh [theorem of schauder for (fixed point)] [15]

[let A be a closed —

convex subset of banach space & let there exist a continuous — mapT
T sending A to a countable — compact subset T(A) of AthenT has( fixed points

)], then such that T has a (fixed point).

Theorem6: suppose K through a non- empty, intuitionistic in fuzzy closed -
convex subset for at intuitionistic in fuzzy cone metric- space. A satisfying
(proposition (1)) & suppose [T: K — K] be cone - sectional intuitionistic in
fuzzy continuous togther T (k) through intuitionistic in fuzzy cone - compact.
That T has a (fixed point) in K.

Proof: then satisfies (proposition (1)), then from theorem (3) that(X, d,.(x,¥))
IS a cone metric space

A gain since K is an intuitionistic in fuzzy cone - closed; K is closed with
respect to d,.(x,¥) for each r €(0,1). Now By section T: K —= K iS cone —
sectional in intuitionistic fuzzy - continuous.
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Thus 37 € (0,1) it is prove T:K — K is continuous with respect to d,_(x,y).
since also T (k)is an intuitionistic in fuzzy cone - compact by theorem
(3) T (k) is cone - compact with respect to d,.(x,y) for each re (0, 1).

In part T (x) is cone- compact on (X, d,_(x,y))

From remark (2) also T (K)is cone-closed in
(X, d,_ (x,¥))andT (K)™ c T (K)where T (k)™= is that closure for T(K) in
(X,d,, (x,¥)).seT (K)™ is cone compact in (X,d, (x.¥)) thus K is a non- empty
closed convex subset for a fuzzy cone metric  space
(X,d, (x,y)) and T: K — K is continues together T (k)™=cone - compact.

Then through [theorem schauder for fixed point] [15] follows that it T is a
(fixed point).
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