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Abstract

we prove in this article a uniqgue common fixed point theorem for o —
B contractive condition for rational contraction and also we give example
that explain the main result.
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metric space.

v.Preliminaries

In the year Y34Y a partial metric space is a generalization of the
notion of the metric space defined in Y47 by (Maurice.frechet) such that
the distance of a point from itself isn't necessarily +.well known banach
fixed point theorem also known as banach contaction principle,was.a
foundation for a development of metric fixed point theory and found
applications in different areas. There was much popularization of that result
in tha last seventy years.At Y4A43 [V] submitted the notion of Quasi-Metric
Space as a special general concept of Metric Spaces. AtY34Y [Y][Y] put
many theorems due to the b—metric spaces.In (Y39¢)[¢] assumptive the
notion of partial metric space in which the Self-distance of every point of
space not equal +.At(Y237)o'neill generalized the concept of (P.M.SP) by
introduced negative distances.At(Y +Y) [°] popularized both the notion of
(b-M.SP) and (P.M.SP) by presenting the partial b-metric spaces (P.b-
M.SP)as example alot of researchers at present day have studying this
presupposition and its generalization in different types of (M.SP).

some authors close to our interest were studying some fixed point
theorems in the so called b-metric space. After then, some authors started to
prove ((a — y)) versions of certain fixed point theorems in different type
metric spaces [1,VsA]. Mustafa in [4], gave a generalization of Banach's
contraction principles in a complete ordered partial b-metric space by
introducing a generalized (a-y)weakly contractive mapping.
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Definition)[+] Let Q be a set and g > " be a real no. A mapping d: Q X
Q - [+,) then(Q,d) is said to be a(b-M.SP) and g is called the
coefficient of (Q,d) if Ve, f, g € Qthen following properties satisfied:
(@\Ve=fiffd(f) ="

(@¥v) d(e, f) =d(f,e)

(dv¥) d(e, f) < qld(e, g) + d(g,f)]

DefinitionY[¢] Let Q # ® A map p:Q X Q — [+,) is a(P.M.SP) then
(Q,p) is called (P.M.SP) if Ve, f,g € Q if the following terms are
satisfying:

(V) plee) =ple.f) =p(f.f)iffe=f

(pYV) plee) <plef)

(™) ple f) =p(f,e)

(pt9)plef) <pleg) +p(9.f) —r(.9)
RemarkY it's obvious that (P.M.SP) mayn't be a (M.SP), since in a (b-

M.SP) if e = f then d(e,e) = d(e,f) = d(f,f) = zero. but in (P.M.SP)
if e=f then p(e,e) =p(e f) =p(f,f) doesnt need equalize zero
therefore (P.M.SP) doesn't need to be (b-M.SP).
At other hand,[°] admit the concept of (P.b-M.SP) as:
Definition¢[°] Let Q # @ and g = Y.P,: Q X Q — [+, o)is called a (P.b-
M.SP) if Ve, f, g € Q then
(Pp)Y) Pp(e,e) = Pyle, f) = P,(f.f) iffe=f
(P,YY) Py(e,e) < Py(e, f)
(Pp¥Y) Py(e, ) = Py(f,€)
(Ppt%) Py(e, f) < q[Py(e, g) + Pp(9, )] — Py(9,9)
then (Q, Py)is a (P.b-M.SP).q = " the coefficient of (Q, Pp).
Remark ¢ the order of (P.b-M.SP)(Q, P) is certainly greater than the class
of (P.M.SP) , Since a (P.M.SP) is a particular kind of a (P.b-
M.SP) (Q, P,)when g = also the class of (P.b-M.SP)(Q, P,) is greater
than the order of (b-M.SP) since (b-M.SP) is a particular kind of a (P.b-
M.SP)(Q, P,)while the self-distance p(e, e) = zero.
The following example explain that a (P.b-M.SP) on Q need not be a
(P.M.SP), nor a (b-M.SP) on Q.
Example [°] Let Q = [+,)) define amap P,: Q X Q — [+, )where
Pb(eif) = [max{e,f}]‘ + |€ _le've'f € Q
then (Q, P) is a(P.b-MS) on Q with coefficient g = Y > ) but Pyisn't a(b-
MS) nor a(P.M.S) on Q.
DefinitionV[] every partial b-metric P, defines a b - metric dp, , where

de(elf) = YPb(e'f) _Pb(ere) - Pb(f'f)rve'f € Q
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Definition A[4] A sequence {e,, }in a(P.b-M.SP) (Q, Py) is called:
a) Py -convergentto apointe € Q if lim P, (e,e;,)) = Py (e, e)
n—-oo
b) A P,-Cauchy seq.(C.Seq.) if lim P, (e,,e,,) defined and limited;
n,m—oo
c) A (P.b-M.SP) (M, Py) is called Py,-complete if any Py, - (C.Seq.) {e,,} in Q
IS P, Approaches to A Point e€Q where lim P, (e, en) =
n,m—oo
lim P, (e,,e) = P, (e, e)
n—0o
Lemma 4[] a seq. {e,,} isa Py - (C. Seq.) ina (P.b-M.SP) (Q, Py) iffb_(C.
Seq.) in the (b-M.SP) (Q.dp,).
Lemma ) +[%] a (P.b-M.SP) (Q,Py) is P» - Complete iff (b - M.SP) (Q.dp,)
is b - complete. moreover, lim dp, (e, ey) = iff lim P, (ey,e) =
n,m-—-oo n,m-—oo
lim Py(e,, e) = Py(e,e).
n—oo
Definition)[Y'] The twin of a self-maps A and S of a(M.SP.) (Q,d) are

said to be weakened compatible if they subrogate at fortuity points that is if
Ae = Se = ASe = SAefore € Q.

Y. Main Results
Theorem ) suppose (Q,P,) be a a (P,-M.SP) with coefficient q >1. Let

T,A:Q ->Q be a mapping satisfies the following
a(a?-P, (Ae,Af ))<a(Qq (e.F))-B(Qp (.f)) (V)
V ef eQ, «a:[0,x)—>[0,0) be continuous and monotonically
increasing function with «(t)=0iff t = +,I B:[0,00) >[0,0) be
lower semi-continuous with g(t)=0 iff t = + also where
Qp, (ef )=max{Pb (Ti;rAPi)("rzb,'l(':e)’Af ),Pb (Te,Tf )}
A(Q)<T (Q) and T (Q) is complete subspace of @ (YY)
(T, A)weakly compatible pair.  (Y,V)
Then A and T have unique common fixed point in Q.
Proof:Choose e, €Q . From (V.Y), there is seq. (e,;) in Q. Where Ae, =Te
Vn=-'),..
Case ((a)) LetTe,,,=Te,, V¥ n,From(Y,))we obtain

a(qZPb (Ael,Aez)) < oc(QF,b (el,ez))—,B(QF>b (el,ez))

n+1

Where

P, (Te,,Ae,)-B, (Te,,Ae
Qn (el,ez):max{ b ( i+Pb1()Tef,§'ezz) 2),Pb(Te1.Tez)}
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_ max{Pb (Te,Te )Py (Te,, Aeg)

b( 1 2)‘ b( 29 3)

If
1+R, (Te,,Tf,)

IS maximum, then

1+P, (Tey,Tey) 1+P, (Tey,Tey)

§ P, (TeyTe,) Py (Te, Tes)
(04
1+P, (Tel,Tez)

Since « is monotonically increasing, we have that
P, (Te,Te, )R, (Te, Tes)
1+P, (Te, Te,)

a(a®-P, (TeZ,Teg))Sa[

q%-P, (Te, Tey) <

It follows that
q° [1+P, (TeyTe, ) | <R, (TenTe,),

which is contradiction.
Hence P, (Te,,Te,) is maximum.

a[Q” P, (Te,,Tey) |<[R, (Te,Te, ) |- B[P, (TeyTe,)]
<a(P, (Te, Tey))
Since « is monotonically increasing, we have that
q% P, (Te,,Teg) <P, (Tey Tey) < qizpb (Teo, Tey)

Similarly we can also prove that
q% P, (Tes,Te, ) <P, (Te,,Tey)

< qi“Pb (Teg.Tey)
Continuing this way we can conclude that

a(a?-P, (Te, Tey.1)) <a (P, (Te, 1 Te, )= B(R, (TeyuTey) -.nn())
Also it is clear that {R, (Te,.Te,,;)} is decreasing sequence of positive real
nos. which approaches to t>0.
let t>0
assuming n approaches to infinity in (1),we have that
at) < a(q®t)<a(t)-B(t) <a(t),
which is contradiction.

thereforet = -.
Thus lim P, (Te,.Te,,1)=0 .....(Y)

n—oo
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From (Pb2), lim B, (Te,.,Te,)=0 ... (V)
From (¥) and (V) and by the definition of d, , we have that

limdp (Te,,Te,,)=0........ (%)
We will prove now that {Te,} is (C. seq.) in (Q,R,). Alternatively, we can
prove that

{Te, }is (C. seq.) in (Q.dp, ). On contrary suppose that {Te,} is not (C. seq.)
in (Q,R,). This implies that d;, (Te,,Te, )0 as n,m—c.

Then there exist >0 and monotonically increasing sequence of natural
numbers {m, } and

{n.} such that n, >m, >k
dp (Te Te, ) ...(°)

>e
and dp, (Tep, 4.Ten, )<e

From (¢) and (), we have that
e<dp (Tenk Ten )

<q [dpb (Temk ,Tenk_1)+dpb (Tenk Te, )}
<Q-e+q-dp (Tenk_l,Tenk )
Taking the upper limit as k — o« and using (£), we have that
e< kli_r:zosupdpb (Tenk Tem, )Sq e ....(Y)
Also
eédpb (Temk ,Tenk )
=q 'de (Temk vTenk+1)+q 'de (Tenk+lvTenk )
Taking upper unit as k — o« and using (£) , we have that

a<klirgosupd ( k,Tenk+1).....(/\)

On other hand

dp (Temk ,Tenk+1) <q-dp (Temk Te, )+q.d R, (Tenk ,Tenk+1)
Taking upper limit as k — «, using (¢) we have that

lim supdp, (Temk ,Tenk+1)<e-q2 e (9)
Also from (°), we have that

e<dp (Temk Te, )

<q |:d P (Temk ’Temk+1)+dpb (Temk +1’Tenk ):|
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<q-dp (Temk ,Temk+1)+q2 dp, (Temk+1,Tenk+2)+q2 dp, (TenkJrz,Tenk )
<q-dp (Temk Tep +1)+q2 dp (Temk aTen +2)+q3 dp (Ter,k+2,Tenk )+q2 dp (Ter]k+2,Tenk )
Taking upper limit as k — o« and using (¢), we have that

q—2<klirgosupd (Temk+1,Tenk+2) (YY)

On other hand
de (Temk +11Tenk+2) =q |:d By (Tekarlv-I-emk )+de (Temk ’Tenk +2 ):|

<q de (Temk +1'Temk )+q2 [d Py (Temk ’Te”k”)}

+q dp (Tenk+l,Tenk+2)
Taking upper limit as k — o« and using (¢), we have
kli_r)rgosupdpb (Temk+1,Tenk+2)sq4-e ()

Now
a(qz ’ Pb (Temk+l'Tenk+2)) = a(qz ) I:)b (Aemk ’Aenk+1))

< a’(QPb (emk !enk+l))_ﬁ(QPb ( nk+l)) . "(\ Y)
where

P (Te, ,Ae -B, (Te ,Ae

B I:)b (Temk ’Temk+1)' Pb (Tenk+1’Tenk+2)
= max{ R (Temk ,Tenk+1) Py (Temk ,Tenk+1)

Taking k -« () and (Y), we have that
lim supQp, ( e, +l)<max{0 q e} q%e
Taking upper limitas k > oin (1Y) and from () V), we have that
a(qﬁ-e)ﬁa(qz-e)—ﬁ(kliggosuprb( , nk+1)) .(OY)
Subcase (i) if g = Y,from () Y),we obtain
a(e)< oc(e)—ﬂ(kli_r)rl0 sup Qp, (emk ,enk+1))
<a(e)

which is a contradiction
Subcase (ii) if g > Y, from (1Y), we see

(q°€)<a(q? E)‘ﬂ(k"ﬂ!o sup Qp, (em, venk+1))
<0¢(q6 e)
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Since « is monotonically increasing, we have that

q6 eSq2 €
It follows that q* <1
which is a contradiction.
Hence we conclude that {Te,} is (C. seq.) in (Q,dj, ).

let T(Q) is complete subspace of Q then {Te,} converges to e in

(T (e),dpb)
Thus dp (Te,,u)=0 for some u=TV. From Lemma )+ we obtain
lim P, (Te, Te, )=R, (Te,,u)=PR, (Teyu)=p, (u,u)=0 ..(1¢)

Now we claim that AV =u
From (Y,)), we have that

a(qZ.Pb (Av,Aen))Sa(QPb (v.en))... (V°)

Where
R, (Tv,Av)-P, (Te,,Ae,)
€n = P, (Tv Te,
0 vr) =ma| PO LEAR) 1o 7e

) P WAV Py (Tey Te ) P (uTe, )
1+P, (u,Te,)

—> *aS Nn—o>w
Letting n— o and
From () @), we have that

a(qz-Pb (Av,u))go
It follows that Av =u =Tv
Since (A, T) is weakly compatible pair, we have that Au = Tu

Suppose Au =u
Now

a(a?-P, (Au,Ae,))<( Qp (u.en))-A(Qp (ue,)) .. (O7)
Where

B R, (Tu,Au)-P, (Te,, Ae,)
Qp, (u.ey) = max{ 1P, (Tu,Te,) Py (Tu.Te,)

_ max P, (Au,Au)-P, (Te,,Te,.;) B, (AuTe,)
1+P, (Au,Te,)

— P, (Au,u) as n—» oo,
Hence letting n—o0 in () 1), we have that
a(a?-P, (Auu))<a(P, (Auu))-A(R, (Auu))....0Y)
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Subcase (iii) if g =V, from (1 V) we see

a(R, (Au,u))<a(P, (Au,u))-B(R, (Au,u))

<a(P, (Au,u))

Which is a contradiction
Subcase(iv) if g > 1, from () V), we have

a(qZ-Pb (AU,U))S(Z(Pb (Au,u))-B(P, (Au,u))

<a(P, (Au,u))

Since « is monotonically increasing function, we have that

q°-P, (Au,u) <P, (Au,u)
It follows that q° <1

Which is a contradiction.

Hence Au=u =Tu

hence u is com. fixed pt. of Aand T.

For uniqueness let g is another com. fixed pt. of A and T provided u # g
then

a(qub (U,g)) :a(qub (Au,Ag ))
ga(QPb (u,g))—IB(QPb (u,g)) ........ AN

Where

e AR )

:max{Pb(“'“)'Pb(g’g),Pb (u1g)}

1+PR, (u,9)
=max{0,R, (u,g)}

=R, (u.9)
Therefore, from (YA), we have that

a(q2-Pb (u,g))Sa(Pb (u,9))=B(P (u,9))
<a(Pb (u,g))

Which is contradiction

sinceu=g

hence, u a unique fixed pt. of Aand T.

Example Y. it  Q=/[+))and R, :QQQ —[0,)defined  as
R, (e.f )=(max{e,f })° Ve, f € Q. Then it's obviously that (Q,R,)
is a complete (P.b-MS) with g =Y.
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e2

define AT :Q >Q by T(Q):%, AQ)=_—; and @ p:[0.0)>[0.x) by
a(t)=tand
,B(t):%. Then all terms of theorem (Y,)) are holding and zero is unique

fixed pt. of Aand T.
Result ¥ in theorem (Y,)), if we take a(t) = g(t) = t and (P.M.SP)
(Q.R,)is exchanged by (M.SP) (Q,d). Then we will see main result of [°].

Result ¢ if we putp(e,f) = +in(¥,))and let p:Q X Q — [+,) bea

mapping, provided p(e, f) = + iff e = f = + then theorem (¥,)) reduces to
theorem (Y,)) in [YY].
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