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Abstract

Differential equations are used in the study of higher-rank partials
with variable coefficients in different areas of the Cartesian coordinate
plane, while some scientists and researchers have: N. Rajabov, A. S. Star &
F, A Nasim Adeeb Haneen, and others. Accordingly, the partial
differential equation, which will be taken from its rank (fourth rank), was
studied in this research while its coefficients differ from those of partial
differential equations. In the context of that equation, conditions are set for
their coefficients to produce a single solution for that partial differential
equation in several different cases related to these coefficients. These
conditions were summarized in five theories.
Key Word: Partial, Differential

Introduction:

Partial differential equations of higher rank represent one of the
important branches of the partial differential equations theory. There are
many applied cases ending with the study of partial differential equations,
especially the subject of fluid mechanics and elasticity theory. These
equations include possible results that may be the basis of the theory of
partial differential equations of the increasing and decreasing anomalies
obtained in the work of a number of scientists and researchers.

While the study of partial differential equations results in access to
integral Volterra equations of type IlI, the solution of these integral
equations is based on four optional successives of a single transformer.

In our division of the research, we have included the basic methods
for reaching the solutions of partial differential equations and their
transformation into a differential equation in terms of the performance of
four partial differential effects of the first rank, which makes it easier for us
to solve the partial differential equation studied. In addition, via which
solving the integral equations resulting from solving the partial differential
equation using successive approximation method [6] and obtaining integral
formulas, and then clarifying the conditions and placing them in integral
formulas and their inclusion in the theories of existence and singularity
solving of partial differential equation.
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Chapter One

Basic methods of partial differential equations
In the beginning we must give a definition of differential equations.
The name of differential equations may be called on equations containing
derivatives and differentials of some mathematical functions. The equations
are designed to find these mathematical functions whose derivatives
achieve these equations. Differential equations Significant in chemical,
physical and even mathematical applications related to biological, social
and economic processes.
The basic methods of partial differential equations include the
divisible rows according to the symbols that we will substitute the
continuous successive of rows. In area D identified by the relationship..

D={0<x<6,0<y<5,]
Where as:
A ={0<x<5,,y=0} , A,={0<y<5, ,x=0}

We would study the following partial integral equation:

o ¢, f(x,y
Lalrbl (Lazibzv ) = % (1)
where as:
o _ o axy)a  blxy)a cxy) .
aj,banXay‘i'y Jra &'FX Jrﬁ 54‘ Jra+,8 ,J=1,2

true facts &, 8
. N 1{~ 2 (RN 3 ([~
Then we use the following symbols C(D), C, (D) Cy (D) Coy (D)
Where as (D) is the continuous successive within area D

Is row of partial derivatives continuous successive of the second Ci(ﬁ)

rank for the y and x transformers In area D
Is row of partial derivatives continuous successive of the third rank Ci(ﬁ)

for the y transformers In area D

Assume:
L%,V =U (2)
Cy f (X’ y)
Lal,blu = ra+[,’ (3)

Also assume that:

a,(x,y)eCL(D).b,(x,y).c,(x.y), f(x y)eC(D)
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Then equation (3) takes the following form:

( a_ax +Xb1(rxf; y)]( % . yal(ri, y)]u _ 1 y)+ Doy (x rya)?;(x, y)-c(xyl
o (3, y))

U 1 4
8x(y re ( )

We assume that:

5 O a, (X,
6 03) = x5, (1 91 )y y) vt 2 [y S
Then the equation be as follows:

Ll y>j( 0, yalx y>ju eyl gy )

X r’ rot?

oy
On the other side if we assume that:

a,(x,y) € C%, (D) b.(xy)ctx vl B}

We find writing(2) equation in this way:

Q bz(X, Y)] Q az(x, Y) _ A2 %
(aerX—rﬂ (aery—r“ V =c?(x,yV +U (%)
where

c®(x,y)= —Czr(oi’ﬁy)

¢, (x,y) = xy.a,(% y)b, (x,y)—C, (x, y)+ r* %(y—az (rxa—’ y)]

The equation(*) takes the following formula

[Q+XMJ[Q+yM]V:MV+U (6)

OX r” oy re ret’
To find a solution for(5) equation we assume that:
oU eral(x, y)U _u, 7)
oy o

We substitute in (5) and write the resulting equation after substitution in the
following way:

Uy, Bl 00800y gy
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The result of this first rank linear integral equation , its general solution
from the formula,.
U, = e—Qbﬂl (x,y )+ Wi (x,y)

e JeE e T et 6

In the same way we find solution of the equation (7)

U (x,y)=e Tbymatey) jega“ al (x,s)ds} (10)

Where as

Qf (x,y)= Jx‘b(t y)— b(/?o)tdt L Qr (xy)= Jy'al(t y)— al(oo)
ey e

W, (x,y)=a,000fcr-2)"r** , W/(xy)=b(00)5-2)"r*”
We substitute(10) for (9) we find
U(x y)— f dsljea L 508 W (51 )-0f) (.5 oW (x50 (8, .50 )Wl (t.51)

a+ [
(2 +s2) () co 80 (s, )t —
x a H Z (x,51 W2 (x,s, )— X,S1 )+ X,S
eWal(X'Y)Qal(x’y)[¢1(x)+fegal( s Gem o Cospwif (e )y, (s
(0]

y (a+p)
. J.eQbﬁl (tl‘sl),wa(tl,sl).(tlz + 812 )_ 2 f (tl’ S, )dtl )dsl] (11)

In the same Way we find solution of the equation (6)

X y J-dS J. o) Wl ,52)_Q§2(X 'Sz)mbg(x '32)+sz(t2v52)‘wb§

_(a+p)
(t2+52) 2 ) (t8,V (t,5,)dt, =
e Z(x,y)-Q |: J’e (x82)- (X5, W/ (x 8)
e W) (2, 2\
w2(32)+je TR (2 4s2) 2 U (t,,5,)dt, )ds, ] (12)
0
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Chapter Two
Resulting cases of differential equations
In this chapter we will study the first and fourth cases, the first case is
considered the easiest case, the fourth is the most difficult cases, and the
second and third cases can be deduced from the fourth case
From (11) and (12) equations we could study four cases:

First case CO(X y) =0, Cg (X’ y) =0

Second case 1 (X y) # 0 1 Cg (X1 y) =
Third case 10( ) J CO (X y) # 0
Forth case (X’ ) J (X y) =0

The first case, then from(11) and(12) we ¢°(x,y)=0,c3(x,y)=
obtain the following equations

U(x, y) = e % termii ) { o(x)+ Jeo:1<x,s1>fw;;(x,snfng;(x,s1>+w;;<x,s1>

0

X a+p
(l/ll s, +'[eQ ()W ) (t? +sf)2.f(tl,sl)dtlj ds, | (13)
0

V(X, y) _ e—szgz (Y)W, (x,y)[¢2 (X) +j" eszgz (x,82 )-W7, (x,52)—f, (x,52)+W/ (x,52)
(o)

(a+p)

[1//2(52)"‘ J-eggfz (t2152)-w,f] (t2.52)_ (t22 + 522)7 2 U (tz'sz) dtz]dsz] (14)
0

We substitutes(14) for(13)

V(X, y): (xy)+W { J‘e % (x,8, )~ W2 (x5, - Q/” (x,5,) Wﬁ(xsz)
T Qbﬁ ty,5; ) b (tp,5, )-QZ (t2,52)+Wa”1‘ (t2.52) (i 2 2 M
_Fje 2 i 62'%32) 2 (¢H@2)
0
S, Qf (t2,51)- Wi (t2.,5)-Qf (t2,5 ) +W/ (t2.51)
+ e 1

0
(a+p)

t
<wl<sl>+ [ R R 1 s1>dtl>dsl)dt2]ds2} (15)

0
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Whereas:

Q“xy:faJ - sds Qﬁ :i’
0 0

+s) +y)

_ Ve wh(y yl=h oV h i
W, (x y)=2,(00fa-2)"r , W/ (x y)=b,00)p-2)"r*, j=12 .

conclude from what has mentioned that the following equation

was proved

Theories: theory(1): assume that the differential equation coefficients(1)
also its right side achieving the following conditions:

1) a,(x,) C2, (D) {b,(x,y).c,(x y)}ec(D)

2) a, (% y)ecl( ){( y).c,(xy)ec(D)
3) |a;(x,y)-a;(00)<H,r™; 0<y,<2-a , j=1,2
4) |b;(x,y)- Jo,)|<H r“; 0<y,<2-B, j=1,2

5) r @ f(x,y)=0(r") ; 0<s<1, forir—>0

0) (1) xy 8,0y (1Y), () 17 2

j=12 , a<2,p<2
there is one single solution for the differential equation(1) given by
relation(15) where as:

optional successive achieve (01 (X)’ ¢2 (X)’ Wl (y)’ WZ (y)

the following
We will process the most complicated case which is:

Forth case Clo (X, Y) =0, Cg (X’ y) #0
To take relation(ll) as follows:

e

ra

y

xsl bﬂ X,81 )W (%,89 1+ bﬂ X8 )+ g 1S~ bﬂ 1,51
U(x,y) JdSJ 2, (x50 )Wag O JeWey (s Jo g (t,1)-We )-(t12+812

0

C, (t1’ Sy ) (tl’ S1 )dtl =F [(01 (X)’ Vll(y)’ f(X’ y)] (16)

We assumed that the right side of the relation(11) equals to:
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F [§01 (X)’ ¥, (Y), f (X’ y)]
We take relation (12) as follows:
V (X, y) _ JX d32 I ngg (x5, )‘Qbﬂz (x5 W3 (x.5, )+Wb’; (x5, )+Qbﬂz (t; 5, )—Wb'i (t;.52)

st Qs Vs -Flotub] @)

We assume that the right side of (12) relation matching

F, [(02 (X)’ ¥ (Y)]

The integrated equation(16) is integrated volterra equation of second type
,to solve we use the successive approximation. First we assue it
approximate to zero

ngz (%82 )05, (x,8 Wy (%, W (%, 1+ Q0 (2,82 - W) (tz’sz)cf (X, y) _ O(r n )

(3) Then the core of integral equation(16) achieves the following:-

y X (t2 Zyl
= [ds, [ A2, =
o o(izesz”
x| [t2 2 |* X n X n-1
Ilzj‘ ( .+, - dtlgj' (2t1) — dtlszylj‘ (tl) t;ﬂ dtl
I A Iy s [z s
271 y—a—-pF+1
" Vi—a— +1(x2+sf) Sz
on y n—a-p+1 on y
| < x> +s?) 2z ds, < 2s. Y1 P s
71—a—,8+1-([( /) ' ;/1—05—,8+1-([( ) '
I< 27/1—a—ﬁ+1 (X2 +y )Zyl—ocz—ﬁ+2
_(71_05_ﬂ+1)(7/1_0‘_:8+2)
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From the other side that:
2 U |

AU | <
A = e = 0 —a =+ 2)

X

|A2U | = I dSlj- (%AU (t11 Sl)dtl =

2717a7ﬂ+1 y x (tz N 82)2;/170,2,5+2
_fdsl_f ) dt, —
h—a—pB+)n-—a-L+2); 4 (t?+s2) 2
2ot (x4 y?) s U
|A2U| < y

T Oh—a— B+ —a—B+2N2y, — 20— 25+ 32y, —2a — 23+ 4)
Thus we could find that:

2(4n 2),—(3n—2)(x+B3)+5n—4 ||U|| (X Ty )(MQ—M

Or—ax—L+VDn —ax—L+2)...... NG, —a— LB +1)

|ANU | <

We now study the continuity of the effect A, [6],

|Au1Au2|=§dsli<\(/7“tt:S)aL U, (. s)-U,(t,s,)dt

2y —a—L[+2
22n-a=p (x +y ) 2

= (7/1 o — ﬂ"‘l)(?/l —a— B+ 2) [Uz(x’ y),Ul(x, y)]

We choose;;>0also§ =Gy e — S ANy — o — B+ 2)
> ra e (XZ N y2 )W

Then from the conditions o[U . (x, y), U, (x, y)] < &
We find oAU, (x, y), AU, (x, y)] < =
Means that A effect is continuous and from the other side we could
conclude the following:-
|A”U2(x, y)— A"U, (x, y)| <

n(n—a—p+2)

2(4n-2)y,~(3n-2)(a+/)+5n+4 p(U , U, )(X2 + y2 ) >
h—a—B+y —a—B+2)..nly, —(a+ B)+1]

We take big n sufficiently to be:
n(n—a—p+2)

2(4n=2)y; ~(3n—2)(ar+ 3 )+5n+4 (X2 4+ yz) >

h—a—p+1Ny, —a— L +2)...n[y, —(ax+ B)+1] =1

Then we can say that A is an pressing effect for big n values accordingly
due to the principle of the pressing effects, there is single fixed point
which is in its self the single fixed point of A effect represented solution for
the integrated equation(16), the successive approximation give the
following relation:
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U n+1(X1 y) =F [¢1(X)1 l//l(y)' f (X’ Y)]—i— jf dslj(- K(tl' Slp n (t1= S, )dtl (* *)

for

n = O:>U1(X, y) =k [@1 (X)’ Wl(y)’ f (X, y)]
For n=1 we substitute in (x*) we find:

y x
U,.(x,y)=F +_fdsl'f K(t,,s, J,(t,,s, )dt,
o o

Yy X
Lbix’y):Fi_kjd%Jw<@ﬁJ%)Edyi%)dH
0} O
Thus we reach the following relation:

Yy X y X
U n+1 (X’ y) = I:l + J‘dslj. Kl(tl ’ Sl)I:l (tl’ S1 )dtl +I dSlI Kl(tl’ S1)I:1 (tl 4 S1 )dtl
0] (0] (0] (0]

ot s [ K (0 5,)F (85, et
where as:
Kl(tl’sl): ( t12+512 )}:Lp'
~ts + si )a
K, (t,,s,) = ds1 K, (t,,s, ds ( + s ZFI; :|
K, (t,,s,) = ydslX K, .(t,,s ds ( + S )iﬂ :|dt1
fomfrestenf § %ﬂs i
:[3] we study now the approximation of the following series
L (t,s, )= K (t, 8, )+ Ky(t, S, )+, +K, (t,,s,) (s %)
we find that:
2y —a—f3+2
g B D
B ) 10(/7t Ty )@”/fl L —a—L+1)y, —a— B+2)

2y —2a-2p+4
61456 ,\22an2pra
2 X2 +y 2

(r,—a—pB+1y, —a—B+2)2y, —2a—-28+3\2y, —2a—23+4)

Ko (ts,) <

n(y,—a—p+2)
2 (an-2)7,~(3n-2)(a+B)+5n—4 (Xz +y2) 2 B

(,—a—p+y,—a—B+2).... n(y,—a—p+1)"

n(y—a-p+2)

2 (4n-2)1~(3n-2)(a+)+5n-4 (512 4 522) > o
(y,—a—B+Wy,—a—B+2)..n(y,—a—pg+1) "

|Kn(t1’slx =
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The last relation represented the b, Fornumercal series approximation for:
general limit

lim Dy =0<1

N—o0

n

Subsequently the(***) series according to Firestrasse test would be
regularly approximated, we multiply its sides successively:

F=F [(91()()’ Wl(y)’ f(X’ y)]

Then integrated the transformers y , x

.Tdsl.)'irl (tl ’ Sl)Fl [@1 (tl )1 Y (31 ), f (tl , S, )]dt1 =
.Y[dsljx. K, (ty, )R [0, (), wi(s)), T, s)ldt, + ...+

]. ds, ]S K, (tl » Sy )Fl [¢1 (tl )r Y (Sl )1 f (tl » Sy )]dtl

ACCORDINGLY

y X

Un+1(X’ y): Fl[(”( )Wl +jd31_[rl tl’s X yit, s, )dt
0 0

THAT IS:

U(x.y)=FRlalhy(y) £ y)l+ J dslj (Y3t s Rlalt)wls) flos)l (08)

0
By substitution(18) in the right S|de by(17) we again obtain integral
Volterra equations with function of solution coefficient, T;(x, y;t,,s,) [2] , for

the integrated equation(16):

X . “ (a+p)
V(X, y)_ Idszjegaz (Xlsz)‘Qbﬁz(Xvsz)—Waz (Xv52)+Wb€(Xv52)+Q€2 (tZ'sz)_Wbi (tzvsz).<t22 n SZ2 )* 2

0 0

y a a
dmsnmp%mfﬂ%“”%“%éupjfawwawmmwwWw>

0

X 0f (t,s, 2152 R
! ijZWt 2 +52) 2 Fulyltahyn(s.) fltz.5.)+

S2 t

Idsl_[rl (X1 yit, s ) F, [(Pl (tl )’ ¥, (Sl )' f (tl’ Sy )]dtl )dtz ]dsz }

0 0
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we assume the first side of equation equals:

Falo, (%), 0, (%), v, (¥) v, (y) T (%, y)]

Then written as follows:

‘ (a+p)
V(X, y) st j (x50 (x,sz)—Waz (X'52)+Wb/; (X|52)+Q€2 (ty.5,)- W) (tz 52)(t 15 ) )
0 0
Cg (tz 15 )‘/(tz 1S )dtz =F, [(01 (X)’ ?, (X)’ W1(y)' v, (y)’ L (X’ Y)] (19)

To solve this integral equation we assume initially that approximate to zero
achieve the following:
ngz (x,52)—2f, (x,52 )W, (X,52 AW (x,52 )+Q2f, (t2,52 )-WJ (12,52 )Cg (X, y) _ O(r Yo )

In the same way we have found there is solution for the integral
equation(16) we obtain solution for the integrated equation(19) with the
following relation:

X

(X y) [ ( )§02(X) l/ll( )‘//Z(Y) f X, y J.dszj-rz X, y;tzisz)'

0

Fs [@1 (tz )’ v, (32 )’ P, (tz )’ ¥, (32 )’ f (tz 'Sy )’ 1(X1 Y;t,, S, )]dtz (20)
subsequently due to what has mentioned we proved that the following
theory:

Theory(2) assume that coefficients of differential equation(1) also its right
side achieve the following conditions:

1) a,(x,y) = Cfxy (D)' {bz (X, y)’Cz (X’ y)}e C(B)
2) a,(x,y) « C:(D) {o,(x,y).c.(x,y)} < c(D)
3) |a;(x.y)—a;(00)<H,r " ; O<y,<2-a , j=1,2
4) ‘bj(x,y)—bj(0,0)(SHbjrf”"z ; O<7/J2<2_'8 , j=1,2

5) r @ f(x,y)=0(r°) ; 0<&<1, forir >0
6) r (“co(x, y):O(r_y") ; O<y, <1, for:r »>0
H, ,H, =const
Where as:
a+ a a; X’y
cl(x,y)=xya;(x yb;(x y)-c (XW+rﬂ84y ﬁa)]

j=12, a<2,8<2
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Then we find that there is single solution for With relation(20) where as

(1) equation I ; (X, Y), I (X, Y) coefficient to solve the two integrated
equations(19) and(16) respectively, besides achiving the following:

0,(x)€C(8,) 0, (x) € C*(A, )y (y) e C(a, by (y)eCH(a,)

The former results including the two theories(1) and (2) are for the two
conditions:

As for the other values for these two approximations , we obtain the same
solutions but in another conditions differ from the conditions mentioned in
the first and the second theories, subsequently for .a<2,48<2 We

obtained the following theory
Theory(3) assume that coefficients of differential equation(1) and its right
side achieve the following conditions:

Da,(x y)<Ci, (D) b, (x y).c.(x y)} = (D)

2)a,(x, y) e C1(D) b, (x. )., (x, y). f (x, y)} e c(D)

3) |a;(x,y)—a;(0,0)<H, r 7" ;0<y, <2—a,j=12

4) |b;(x, y)=b;(00)<H, r7= ;0<y, <f—-2,j=12
H,, H,; = const

5) r @A) f(x,y)= O(r‘5) ;0<S5<1,for:r -0
6) e‘Wbﬂj(x'y)_r—(aw)_C?(x, y)= o(r“yi);o <&, <1,for:r >0, j=12

Then there is single solution for the differential equation(1) with
relation(20) whereas :

0,(X)€C* (8, ()€ C'(A, ) o (X)€ Cl, by (y) e Cla, )

Fora > 2, p <2 we obtained the following theory:

Theory(4)assume that coefficients of differential equitation(1) and its right
side achieving the following conditions:

Da,(x, y)eCZ, (B) {b,(x,y).c,(x,y)}eC (B)

2)a,(x, y)e CB) b, (x, y)ei(x, v). F(x, y)} e (D)

3)|a;(x,y)—a;(00)<H_ r " ;0<y, <a-2,j=12

4) |b;(x,y)—b;(0,0)<H, r 7 ;0<y;, <2—4,j=12
H,,H, = const

5) r@) f(x,y)=0(r?);0<5<1,for:r >0
6) efwb/;(X’y).rf(“ﬁ).c?(x, y)= O(rfa" ) ;0<5, <1, for:r >0, j=12
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Then there is single solution for the differential equation(1) gives with the
relation(20) whereas:

?, (X) < CZ(Al)’ v, (y) € Cl(Az )’ (01()() < C(Al)’ V’l(Y) = C(Az)
forwa >2,3>2 We obtained the following theory:

Theory(5) assume that coefficients of differential equation(1) also its right
side achieve the first ,second and fifth conditions, besides we assume
achieving the following condition:

Da,(x,y)eCs, (D) b, (x, y).c,(x y)} e CZ (D)
2)a,(x,y) e C1(D) fb,(x, y).c(x, )., f (x, y)} e C(D)
3) [a;(x,y)—a;(00)<H,r” ;0<y, <a—2,j=12
4y |b;(x,y)—b;(0.0) <H, r7 ;0<y,<B-2,j=12
H,, H, = const
5) r ) f(x,y)=0(r);0<5 <1, for:r -0
6)e " (X’y).r—(“+ﬂ>.c§’(x, y)= O(r_‘?“);o <&, <1,for:r >0, j=12

7) e i (X’y).r*(“*ﬂ).c?(x, y)= O(r_‘sj2 ) ;0<5,,<1,for:r >0, j=12
There is single solution for equation(1) with relation(20) where as:
b, (X) eC* (Al )1 ¥, (y) < Cl(Az )’ ¢1(X) < C(Al )' ‘r”l(y) < C(Az)
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