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Abstract:

In this paper , we study the stability and the strong convergence
to unique fixed point of & — uniformly accretive mapping by using
picard — § lteration process in Banach space.
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1.Introduction:

Osilike [1], established the stability results of Mann and Ishikawa
iterations for Lipschitz  strongly pseudocontractive self mapping in
uniformly smooth Banach space. Also Osilike [2], established the stability
results of Mann and Ishikawa iterations for & — strongly pseudocontractive
self mapping in Banach space.

On the other hand , Zeging , Lili and shin [3] , established the
convergence  result to the unique fixed point of  strongly
pseudocontractive self mapping in Banach  space by Ishikawa
iteration with errors , then he proved the stability results of this
iteration . Liu , Xu and Kang [4] proved that Ishikawa iteration
converge strongly to the unique fixed point of locally strongly
pseudocontractive self mapping in uniformly  smooth Banach
space, then he proved the stability results of this iteration.
2.Preliminaires:

In this section , some basic definitions and lemmas which needed
are presented
Definition(2.1), [5]

Let H is a normed space . A mapping B:H — H is said to be
lipschitizian if 3L > 0 such that||Bx — By|| <L |x—yl|l, Vx,y € H.
(1)

Definition(2. 2), [4]
Let H is a normed space with the dual space H* and the
mapping J: H — 21 is defined by
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J = {f € H = (e, f) = NfNxIL I = llxll}, vx € H issaid to

be normalized duality mapping , where f is a linear function .
Definition(2.3), [6]:
Let H is anormed space and D is a nonempty subset of
H.
A mapping B:D—>D is said to be &— Uniformly Accretive . If
3 strictly increasing & :[0, o[ — [0, 0] with § (0) = 0 such that
(Bx —=By,j(x—y)) 2 § lIx—yl vx,y €B ..(2)
Definition(2.4), [7]:
Let H is a normed space, D is a nonempty subset of H and B: D — D
isa mapping, for x, € D. If the sequence {x,,} define by

Xn+1 = Byn
Yn = 1- Tn) Zn +1,B2zy
Zp = (1= wy)x, + w,Bx,,¥n >0 ..(3)

Then {x,}is said to be § - iteration process of B with two sequences
{r,} and { w,,} < [0,1].
Lemma(2.5), [8]and[9]

Let H is anormed space and J: H — 2" the duality mapping .Then
Dllx + 17 < llxlI> + 2¢y,j(x + ¥)) Vx,y € H and V j(x + )

€J(x +y).

@)y, j(x)) < lylllixll vy eH andV j(x) € J(H)
Definition(2.6), [4]:

Let H is real Banach space ,Dis a nonempty subset of H
andB:D - D
IS a mapping, for x, €D and {x,} B defined by
Xn+1 = f(B,xn) ... (4)
Suppose that F(B)= {x€H:Bx=x}+@® and {x,} > p€ F(B).
Let {y,,} isasequence in D and {n,} isasequence in [0, o[ defined by
M = lyne1 = fB,x )N, vn=0. If n, >0 implies that {y,} - p,
then the sequence {x,} < B defined by (4) is said to be B —stable .
Lemma(2.7),[10]

Let {£,} is a sequence in [1,0[ and {w,} is a sequence in

[0,1] and XYoo=, @, = oco. If 3 strictly increasing ¢&:[0,00[ — [0, 0]
such that
21 <2 —@,0(Gue1) + &4,V =1y, Where nyg € N and g, = 0(a@,,),
then
S, > 0as n— oo,
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3. Main Threorem

In this section , by using picard — S Iteration process ,the
stability and the strong convergence to unique fixed point of & —
uniformly accretive mapping in Banach space are presented .
Theorem(3.1):

LetD is a nonempty convex and bounded subset of a real
Banach space H and B:D — D is lipschitzian and & — uniformly
accretive mapping . Let {x,,} define as in(3) with the sequences {z,} and
{ w,} € (0,1) satisfying the following
(i) lim,,e T, =0 (ii) lim,,, w, =0.

(i) Ype1 Ty =0, Vn € N. If F(B) # @, then {x,,} converges strongly
to the unique fixed point of B.

Proof:
From conditions (3)and(1), then
Xns1 — plI> = 1By, — Bpl|?
< Ly, — plI?
< L2||(1 - Tn) Zp + 1Bz, — p”2

= Lzll(l - Tn)(l - (‘)n)xn + (1 - Tn) wann + TnBZn - ,0”2
< P(1—1)°(1 = wp)?llxglI? + L2I(1 — 7)) wpBxn, + 1,Bz, — pl|?
= Lz(l - Tn)z(l - wn)le + LZ”(l - Tn)an + TnBZn - p”2
Where Q; = sup ||x,]| ,¥vn=0
From codition (3), lemma {(2.5), (i) }, conditions (1)and(2) and lemma
{(2.5), (ii) }, then
I%n+1 — pII?
= Lzll(l — Tn)Bx, + 1,Bz, — p“2
+ Lz(l - Tn)z(l - wn)ZQl
= LZ”(an - p) — Tn(an - an)llz + Lz(l - Tn)z(l - wn)le
< LZ”(l - Tn)(an - P) - Tn(an - BZn)HZ
+1? (1 - Tn)z(]- - wn)le

= (1 - Tn)zllen - p”2 — 27, (an — Bz, 'j(xn+1 - p))

+L2(1 - Tn)z(l - wn)ZQl
< (1 - Tn)z LZHan - p”2 - 2TnLZ (an+1 —-p rj(xn+1 - P))

'I'ZTnL2 (BZn —p Jj(xn+1 - p))

+21y, L? <an+1 — Bxy »j(xn+1 - P)) + Lz(l - Tn)z(l - wn)ZQl

< (1 =12 LMlxy — plI? = 275 L7 & l|x0044 — pl
+ ZTn L3”Zn - p””xn+1 - p” + 2Tn L3 ”xn+1 - xn””xn+1 - p”
+L2 (1 - Tn)z(l - wn)le
= (1 - Tn)z L4”xn - p”2 - 2"'—nLZ f ”xn+1 - p”
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+ Tn Lg{”Zn - p”2 + ”xn+1 - p”2} + 21, L ”xn+1 - xn””xn+1 - P”
(1 =1 L)|xp41 — plI* < (1 = 1)% L*Ix — plI?> = 27,17 € ||xp41 — pll
+ Tn L3”Zn - ,0”2 + Tn L3 ”xn+1 - xn” QZ
+L2 (1 - Tn)z(l - wn)le
Where Q, = sup ||x,41 —pll , V=0
Since D is bounded set in H and ||z,||, ||Bz,l, || z,-1|| and||Bz,,_||in
D, then {||z, ||, |1Bz,l , || z,—1lland||Bz,_1|| } are bounded sequences . It
follows from condition(3), and (t,and w,, > 0 as n —» o« ). We get
|xnt1 — Xl = 1BYn — Byn_ll
= Lllyn — yn-all
= L”yn” + L“yn—lll
= L”(l - Tn) Zn + TnBZn” + L”(l - Tn—l) Zn—1 + Tn—lBZn—lll
= L(1 — 1) || Zpll + T0llBzp |l + L1 — Ty Dl Zn— |l + 71 1Bz |
= L(1 = 1) || zpll + ol Bz |l + L(1 — T )l Znoall + Tpo1l|Bzn—4 |l
-0 as n—- oo,
From conditions (3) and (1), we get
|z, —pll = |l (1 —w,)(xy — p) + wp(Bxy, — p)|
< (1 —wp)llxy —p Il + wpllBx, — pl|
= (1 — Wy )”xn -p ” + (‘)nL “xn _p”
={(1 - wp) + w,L} ||x, — pl|
1z, — plI* = {(1 — wp )* + 2 W, L(1 — wy, ) + wf; L} |lx, — plI?
T L |1z, — plI? + (1 — 7,)? L*|lx, — plI? = Ky ||, — plI?
Where ,

K,=L"—1,13—-21, w, L3 + 1,033 +2 1, w, L*—21,w3 L* +
T,wil® + 12 L*
Ixns1 — plI? ,
K 27, L Xn+1 —
S7n”xn_pllz_ n El]l/ nt1 — Pl
n n
7,3
+22 ts — 2l €
n
LF(1—-1,)%(1 — wy)?
+ ( n) ( n) Ql (5)
Vo
V= (1 —1,L%)

Since 1, -0 as n—-o, In, €N such thatl, <1,vn=n,.
therefor, it follows from (5) that
1Xne1 — pIIZ = llxn = plI> = 27, L2E |lxn4q — Pl

+Tn {L3 ”xn+1 - xn” Q + Wy Q3}+L2(1 - Tn)z(l -
wn)le
, Q3 = suplx, — pll*> Where
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— 2w, P+ w22+ 2w, L* —2w2 L* + w2l® + 7, L*,Vn=>n,

Since 7, » 0and w, -0 as n—oo,weget W, -0 as n—- o and
*(1-1,)*(1- w,)?Q; -0 as n- «.
Let us denote ¢, = ||x,, — pl|?

w, =21,
And using lemma (2.7), weget g, > 0as n — .
Assume that p; and p, € F(B).Since Bis& —uniformly accretive
mapping, there exists
j(p1 — p2) € J(p1 — p2) such that
o1 — p2lI> = ((Bp1 — Bp2),j(p1 — p2)) = Ellpr — p2ll.
Wet get llps — p2ll* = §llpy — pell. This implies that p; = p,.
Now , we prove the main result
Theorem(2) : Assume that H, Dand Bas in the Theorem (1) and
F(B) # @ .Let {x,}is asequence define by, for x, € D,

Xn+1 = Bky
k,=1-1,)z, +1,Bz,
Zp =1 — w)x, + w,Bx,,,vyn =0 ...(6)

with the sequences {t,} and { w,} € (0,1) satisfying the following
() lim,e Ty, =0 (ii) lim,,ow, =0 ,Vn € N.
Let {y,}is asequencein D Define {n,} < [0,[ by

Uy = (1 - wn)yn + wpByn
Nn = ”yn+1 - (1 - Tn)ﬁn - TnBﬁnllz , Vn = 0 (7)
Then
(D) lim|lx, —pll=0,p € F(B).
(2)”)’n+1 - pllz < ”yn - 10”2 - ZTn LZ f ||Yn+1 - ,0“ + Nn

+ Tn {L ”)’n+1 - yn” QZ + Wn ”yn - p||2}+L2(1 - Tn)z(l - (‘)n)le
Where

4
Wo = Trné — 2w, L* + 0f P + 2w, L* = 207 L* + 0FL® + 1, L*,V n 2 g
@) imy, = p o limn, = 0.
Proof :

From Theorem (1), we get lim,_l||x, —p || =0,p € F(B). Then the
proof of (1) is completed
By use condition (7),then

||yn+1 - p”2 S + “(1 - Tn)ﬁn + TnBﬁn - .0”2 (8)
Lety, = (1 —1,)9, + t,BY, ,then (1 —1,)9,, =y, — T,BI,
As the proofin Theorem (1) ,then
Vo — plIZ < llyn — pllI* = 27, L & lynss — pll + 1y
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+ 1T, { L3 ||yn+1 - yn” QZ
+ Wy lyn — plI?} +12(1 —1,)%(1

— W)’ - (9)
Where @, = sup lynll and Q; = sup |lyns1 — yul, V=0
Wy = 25 — 2 w, [P + w3L? +2 w, L — 202 L* + w?L5 +

T, LY,V n=n,
Hence ||yn+1 - p”2 = ”yn - p”2 — 21, L? SZ ||Yn+1 — p” + Mn
+ T { L lyner — wnll Q2 + Wa Qa3HL7(1 — 71,)°(1 — w,)?0Q4
Where Q; = sup||y,, — pl|?, ¥ n = 0. Then the proof of (2) is completed
Now suppose that lim,,_,, ¥y, = p.Then
M = Yne1 — (1 = 1) 0y — T B, ||?
=< ”yn+1 - p”2 + ”(1 - Tn)ﬁn - TnBﬁn - P||2
< lyn+1 = ol + llyn = plI? = 275 L% & |lynsq — pll

+Th {L3 ||Yn+1 - yn” QZ + Wn QB}
Itis clearthat n, - 0 as n - .

Next, suppose that lim,,. 1, = 0.From (8)and(9), then

1¥n+1 = pIZ = llyn = plII? = 270 L2 § llynsr — pll + 11

+ T {2 1Yns1 — Yull Q2 + Wy Q33HL2(1 = 7,)°(1 — w,)?Q4
Which mean that y, - 0 as n — o according to lemma (2.7). Then
the proof of (2) is completed .

4. conclusions
the stability of picard — § Iteration for a fixed point of

¢ — uniformly accretive mapping has been established in Banach space
. Also picard — S Iteration converge strongly to unique fixed point

of § — uniformly accretive mapping.
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