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Abstract

The primary objective of this paper is to evaluate the tensor product of
topological projective cover for topological groups. After we explain that
not every topological group has topological group cover. We depend on
tensor product properties of topological groups for algebra and we inputed
topological properties that suitable of algebra construction as topology
from the definition of topological groups and projective on topological
projective groups , such that; a topological group q is called topological
projective group if for all topological group epimorphism
g : A—— B and for all topological group morphism f : ¢ —— B, there
exists a topological group morphism f' :q —— A, for which the following
diagram commutes":
Difinition:- Amorphism of topologicl groupf:G — H is a continuous
homomorphism between topological groups.
Difinition:- epimorphism in the category of all topological groups are
easily seen to be surjective if G is a topological group and any subgroup
there exist agroup G’ which endow with the indiscrete topology and two
homomorphism from G into G’ which agree only on it.
Furthermore, new theorems are given at the end of the paper.
Key word: Topological group, Topological subgroup, Projective group, Topological
projective group.
Introduction

The aim of this paper is to study the properties of topological algebra
groups, We start with simple cases of algebra and topology, but they are
very important, so in our study we concerned with topological projective
groups and topological projective covers.

In the ending of the twentieth century they begin to concern with
study of topological groups and at the ending .

In this paper we study topological groups specially topological
projective groups. We didn’t determine topology and countable space,
metric spaces and topological linear spaces. The important point in this
paper is evaluate the tensor product of topological projective covers of the
topological groups. | think the tensor product is a manufacturer of fancy
floor lamps. In mathematics, the tensor product of groups is a construction
that allows arguments about bilinear maps to be carried out in terms of
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linear maps (group homomorphisms). The group construction is analogous
to the construction of the tensor product of vector spaces, but can be carried
out of a pair of groups, Let G, G' be two topological groups, thus the tensor
product (G ® G') is an abelian group together with abelian map ®: GxG'
—— G®G', which is universal of tensor product in the following sense
”For abelian group W and every linear map f : GxG' —— W, there is a
unique group homomorphismf': G ®G'—— W, such that :

flo®=Hf.

) ®
GXxG > (RG

1- Topological groups w

In this section, we give the importment propositions and definitions
and fundamental concepts of this work:
Definition (1.1):

A topological group is a set G together with two structures:
1. G is a group.
2. Topology T on G.

The two structures are compatible, i.e., the group (binary operation)
u: GxG —— G, and the inversion law v: G —— G are both continuous
maps.
Example (1.2):

Every group is a topological group with discrete topology G = R on
the topological group.
Definition (1.3):

Let G,G' be a topological group, a homomorphism f:G — G' is called
a homomorphism topological group if:

1- fis homomorphism group.
2- fis continuous.

Definition (1.4):

A function f:G — G’ is called a homeomorphism from a topological
group G into G'if :
1- fis group isomorphism.
2- Tis homeomorphism.
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Example (1.5):

Let (R,+) be ausuall topological group and (R*-{0},.) is a relative
topological group then there exists group homeomorphism between(R,+)
and (R*-{0},.) .

Definition (1.6):

Let G be a topological group and H be a subset of G ,then H is called

topological subgroup if :

1- H is subgroup from G.

2- H is a subspace from topology space G.
Definition (1.7):

The genral Linear group GL(n,R) of all invertible n-by-n matrices with
real entries can be viewed GL(n,R) a subspace of Euclidean space R™*" .
Example (1.7):

_ _ H cos® sin 9} } _
A special orthognial SO(2,R)= . 0eR; is a
—-sin® coso
topological subgroup from topological group GL(2,R) since SO(2,R) is
subgroup from group GL(2,R), therefore SO(2,R) is subspace from
topology space GL(2,R).
Note (1.8):

Every subgroup from topological group is topological group but not
every subspace from topological group is topological group.
2- Topological Projective group
Definition (2.1):

A topological group q is called topological projective group if for all
topological group epimorphism g: A —— B and topological group
morphism
f :qg—— B, there exists a topological group morphism

f': q——A, which the following diagram commutes:

q
I f
e v
A 4

Notation (2.2):
Ker f is topological subgroup of q , where f is topological group
homomorphism from ¢ into q'.
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Proposition (2.3): [7]

Let g be a topological projective and f be discrete topological group,
then q is topological projective group.
Theorem (2.4): [1]

Let {q.}.c. be a family of topological groups, B be a topological
group ,the topological group homomorphism g.: g.—— B for all o € L,

there exists a unique topological group homomorphism g: @an — B,

for which the following diagram commutes:

ba

' v

@aelqa .................................................... » B

Theorem (2.5): [1]
Let {g.}.cL be afinite family of topological subgroups of a topological
group G, then the topological direct sum q = fBan is a topological

projective group iff g, is a topological group.
3- Topological Projective Covers

In this section, we study the concept of topological projective covers
and some results.
Definition (3.1):[1]

The topological subgroup G of a topological group A is called small if
for all topological subgroup M of A, thenG + M= A, M = A,

Definition (3.2):[1]

The topological group morphism f : q—— B is called small if Ker f is
small topological subgroup of q.

Definition (3.3):[3]

The topological group epimorphism f . ¢ —— G is called topological
group cover of G of q is a topological projective group and f ' is topological
group epimorphism and small.

Notation (3.4):

Never all topological group has topological projective cover.
Example (3.5):[1]

Z/2Z has no topological projective cover as a topological group Z.
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4-Universal Property of Topological Projective Cover for Topological
Groups of Tensor Product

Let g and E be topological projective groups, let f : q—— G and
g : E—— G’ be topological morphism, where G and G' be topological
group, then there exists a unique topological group morphism from g®E to
g®E denoted by f ®g, such that:

(f ®9)(Q®E) = (f (q))®(g(E)), forallq € g, e € E.

[xg ——————> Qg

L=

F

Vo o&
f®g
Theorem (4.1):
If f= @ f;: @ Gi—> @ G; be topological group cover of @ G.

1<i<n 1<i<n
andg= ® gii ® Ej—> ® G be topological group cover of ® G'.,
then:
J =f® g be topological group cover of @ G® ® G

1<i<n

Proof:
Let J = f ® g be topological group to @ G ® @ G'i. We prove that

J=f® g is atopological group cover to @ G ® @ G.

1<i<n

Let J =f ® g is small and surjective topologlcal group homomorphism. f is
toplogical group cover of @ G; and g is toplogical group cover of ©

1<i<n

G'., thus Ker f is small topologlcal subgroup of 1<i®<n gi and Ker g is small
topological subgroup of 1<i®<n Ei, then:

Kerfi+ Mi=q = M;=q;

Kergi+ Ni=E; = N;=E;

Ker J = Ker(f; ®g;)

Ker(fi ®gi) + (M; ® N;) = q; ® E;

Thus :

Mi® Ni=gi® Ej, L<i<n.

That is J = f ® g is small and surjective topological group
homomorphism of @ Gi ® @ Gj 1<i<n.

1<i<
Thus
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(&M@ ®N)= ® g ®E

1<i<n i 1<i<n

U=P
Where M = (@M@ ® Nj).

1<i<n
J be topological homomorphism onto and small.
Theorem (4.2):

If f= ®fi: © gg— @ Gi be topological group cover of @ Gi

1<i<n 1<i<n
and g = 1<I®<ng 1<.®<nE —> ® G be topological group cover of ® G,
then:
J=f® g be topological group cover of 1§2n Gi® 1§2n G
Proof:

Let J=f® g be topological group to @ Gi® ® G\

1<i<n

We prove that J = f ® g is a topological group coverto ® G® ® G

1<i<n 1<i<n

Let J =f ® g is small and surjective topological group homomorphism. By
theorem(4.1) f is toplogical group cover of 1<i®<n Gi and g is toplogical

group cover of ® Gj, thus Ker f is small topological subgroup of @
gi and Ker g is small topological subgroup of 1<i®<n E;, then:

Kerfi+Mi=q = Mi=q;

Kergi+ Ni=E; = N;=E;

Ker J = Ker(f; ®g;)

Ker(fi ®g;) + (M ® N;) = i ® E;

Thus :

Mi® Ni=qi®E;, 1<i<n.

That is J = f ® g is small and surjective topological group
homomorphism of @ Gi ® ® Gj 1<i<n.

I<i<

Thus
(1<|®<n|\/I ®1<C|>% NI)_ q <>§1<|C>-2nE
Uu="~P

Where M = (@M@ ® N;).

1<i<n
J be topological homomorphism onto and small.
Theorem (4.3):

If f= ® fi: ® Gi— | ® G;i is topological group cover to ® Gi

1<i<n 1<i<n

and 1<i®<n Qi be topological prOJectlve group.
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g= ® gi: ® EE—> ® G'j is represent topological group cover to ®

1<i<n 1<i<n
G'i and 1<Ci>§<n E; be topologlcal projective group, then f © g be topological
group cover of topological projective group.
Proof:

We prove J be topological projective cover of G = ( ® G. ) ® GY).

Thus to show that:
Q= ® g @ ® E; be topological projective group. Since <Ci>§<n gi be

1<i<n

topological prOJectlve group and 1<Ci>§<n E; be topological projective group.

The tensor product of two topological projective groups be topological
projective group.

And J be topological homomorphism onto and small,
1<i®<n fi be topological homomorphism onto and small

1<.®<n gi be topological homomorphism onto and small

Thus
1<|C>§<nKerf + ® M _1(|>§< ql = 1<C|>§<n|vI _1<(|>§<an
1<|(>§<nKerf+ ® N _1<|(>§<nEI = 1<(|>§<nN _1<|(>§<nEI
Thus :
(1<I®<nKerf® ® Kerg)+( ® M; ®1<®< N)—1<I®<nq ®1<.®<nE"

Theorem (4.4):
If f= @ f;: @ Ui @ Gi be a topological group cover of @

1<i<n I<i< 1<i<n

Giandg= ® g:
G/, then:

J=f® g bea topological group cover of @ G® ® G

1<i<n

® E.—> ® G'j is topological group cover of ®

1<i<n

Proof:
Let J=f® g is a topological group of lfi.rznGi ® 1<Ci>§<n G'.
We prove that J = f ® g is a topological group cover of 1<<JiB<n Gi ® 1<Ci>§<n G'.
Let J = f ® g be small and surjective topological group homomorphism. By
theorem(4.1) f is toplogical group cover of @ Gi and g is toplogical

group cover of ® G, thus Ker f is small topologlcal subgroup of ©

1<i<n

gi and Ker g is smaII topological subgroup of 1<i®<n E;, then:
Ker f; + Mizqi = Mi:qi
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Kergi+Ni:Ei = N; = E;

Ker J = Ker(f; ®g;)

Ker(fi ®gi) + (M; ® Ni) = ¢; ® E;

Thus :

Mi®Ni=qi®Ei,1§i£n.

That is J = f ® g is small and surjective topological group
homomorphism of 1<Ci9<n Gi® 1<i®<n G, 1<i<n.

Thus
(1<|<-B<nM® ®NI)_ q<>§1<|C>§<nE
U=P

Where M = (@M@ ® Nj).

1<i<n
J be topological homomorphism onto and small.
Theorem (4.5):
Let q be a topological projective group, G be a topological subgroup

and
fi:0—— Gj, VI=12,.., n; be a topological projective covers of
topological groups G;, then f : ® i — ® G;, be a topological

I<i<

projective covers of
R G

1<i<n

Proof:

We prove f is a topological projective cover of 1<i®<n M;; thus to show
@ q. be a topological projective groups.

Letq= O@an be a topological projective group

for all A and B be a topological groups of R and f, f ' be a topological
groups homomorphism and g be a topological group homomorphism and
surjective. Thus q is a topological projective group.
(<) since q a topological projective group, thus there exist a topological
group homomorphism f': q—— A, such that:
fooly = Qo f'
For eac% g element of G there is an application for the known Acer bus as it
comes, the Ig application is a continuous application and has a continuous
inverse Ig and therefore the left-hand carrier application is equal to the
topology
We define J,: g, —— A, such that:
Jo(Ga) = fola(Ae) = (90 F)o(lo(de))

= (faeUa)ola(do)

= fue(Uselo)(da) = fu(do)
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Thus g, be a topological projective group.

And to show f be topological group homomorphism small and surjective
Since fi . qg —— G; be topological projective cover, thus evey g; be
topological projective and every f; be represented topological group
homomorphism small and surjective, Ker f; be topological subgroup small
of gi. Thus every topological subgroup M; < g

® Ker f; + 1<Ci>§<nMi= X of

1<i<n 1<i<n

= O M= ®q;

1<i<n 1<i<n
We mean:
Kerf1+M1=q1 = M1=q1
Kerf2+M2=q2 = Mgzqg
Kerf3+M3=q3 = M3=q3

Kerf,+ M,=qn = M,=0s
Thus :
X Kerfi+1® Mi: ® qi = X Mi: X qi

1<i<n <i<n 1<i<n 1<i<n 1<i<n

® Ker f; be small topological subgroup of ® g

1<i<n

f: ® g ——> ® G be topological group homomorphism small and

1<i<n 1<i<n

surjective.As f be topological projective cover of 1<i®<n Gi.

Theorem (4.6):
If f= @ f: ®© qg— 1§9<nGi is represented topological group

1<i<n 1<i<n

cover of lg.rznGi and g = ® g : ® EF—— 1<i®<nG'i be represented

1<i<n 1<i<n

topological group cover of 1<i®<nG'i, then J= g @ f be represented
topological group cover of 1<Ci>§<n Gi® N@%n Gi.

Proof:
LetJ=g ® f be topological group of 1<i®<n Gi® @ G

1<i<n

We prove that J = g® f is a topological group cover of 1<i®<n Gi® © G

1<i<n

J= g® f is surjective and small topological group homomorphism. By
theorem (4.2) f is toplogical group cover of N@rzn Gi and g is toplogical

group cover of D G'i., thus Ker f is small topological subgroup of 1®

<i<n

<

gi and Ker g is small topological subgroup of 1<i®<n E;, then:

Kerfi+ Mi=qi = Mi=q;
Kergi+ Ni=Ej = N;=E;
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Ker J = Ker(g; ® f;)

Ker(gi ® f) + (Ni ® Mj) = Ei ® q

Thus :

Ni®Mi=Ei®qi,1§i£n.

That is J= g ® f is surjective and small topological group
homomorphism of N@<n Gi® 1<i®<n Gi,1<i<n.

Thus
(1£i®§n Ni @ 13_2” MI) = léi@%n Ei @ 1£i®§n qi
M=q

Where M = (1<i@<nM‘ @ ® Nj).

1<i<n
J be topological homomorphism surjective and small.
Theorem (4.7):

If f= @ fi: ® gj—> 1<CiJB<nGi be topological group cover of @

1<i<n 1<i<n 1<i<n

Giandg= ® gi: ® EE—> 1<i®<n G’ be topological group cover of 1®

1<i<n 1<i<n <i<n
G’
Iy

then J=g ® f is a topological group cover of 1<i®<nG'i ® © G

1<i<n
Proof:
Let J =g ® f be topological group to 1<Ci>§<n Gi® 1@9 Gi.

<i<n

We prove that J = g® f is a topological group cover to 1<Ci>§<n Gi® 1® Gi.

<i<n

J= g® f is surjective and small topological group homomorphism. By
theorem (4.2) f is toplogical group cover of N@rzn Gi and g is toplogical

group cover of @ G, thus Ker f is small topological subgroup of ©

gi and Ker g is small topological subgroup of 1<i®<n E;, then:

Kerfi+ Mi=q = M;=q;

Kergi+ Ni=E; = N;=E;

Ker J = Ker(g; ® f;)

Ker(gi ® fi) + (N; ® M;) = E; ® g

Thus :

Ni® Mi=E;®qj, 1L<i<n.

That is J= g ® f is surjective and small topological group
homomorphism of 1<Ci+2n G ® 1<i®<n Gi,1<i<n.

Thus
(& Ni® @ M= 1§2nEi® ® q;

1<i<n 1<i<n

M=q
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Where M = (1<i®<n Ni® @ M.

1<i<n

J be topological homomorphism surjective and small.
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