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Abstract :

A three species food web model with stage structure for predator is
proposed and analyzed. The boundness and local stability analysis was
investigated. The global dynamic of the subsystem has been investigated
numerically. Also the global stability of the axial equilibrium point was
investigated using lyapunov function.

Introduction:

The idea about prey-predator model based on Lotka-Voltera prey-
predator model which assumed that all predators of any species attack and
depends for its growth on any type of prey regardless to its maturity. A
similar models of prey-predator has been studied by many authors see [1-
2], however, recently most research classify prey-predator model
depending on life cycle of predators as mature and immature, the immature
depending on its feeding on a mature one (parents), because of their
weakness. So their ability for attack will be negligible, this pattern used by
some authors like Wang and Chen [3] Xiao and Chan [4] and Beretta and
Kuang [5] for stage model with time delays due to the gestation of the
predator and the crowding of the prey. For asymptotic behavior pf
predator-prey system, it is known from Poincare-Bendixson theorem that
two dimensional continues time model can approach either an equilibrium
point or a limit cycle, while three and higher dimensional models can
exhibit complex behavior.

The mathematical model:
The three species food web model consisting of two preys x.x, and

predators vy, with stage structure for predator can be represented

mathematically by the following system of differential equations:
dx,
dt
dx,
Tt
dyl
dt

= Xl(rl _a1x1)_X1yz
= Xz(rz _azxz)_xzyz

=(e, X, +e,X,)y,—(m+d,)y,

dy,
? =my,— dly2

1)

In above model r,a,¢.0, and m are the model parameters which
assuming only positive values. The prey x grows with intrinsic growth rate
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rand carrying capacity = in the absence of predator. y,.y, are the
a:

immature and mature predator at time t. The constant ¢ being the search
rate, y,.y, represent the death rate of immature and mature predator. The
constant m was the rate at which immature predator becomes mature
predator.

For a biologically food web model to be logically credible the model
must be split into subsystem [7].
The first subsystem is obtained by assuming the absence of the second prey

X2

dx

L=x(r—ax,)—-X
dt 1(1 1 1) 1y2
dy

L=g X, ¥,—(Mm+d
dt 1 1y2 ( l)yl
dy,

W =my,— d1y2

(2) _ _

While the second subsystem is obtained when x, absent
dx,
Tat
dy,
dt
dy,

gt =my,—dy,

= Xl(rl - a1X1) — XY,

=€, X, ¥,— (m + dl)yl

3)
Analysis of the system

It’s clear that the interaction function of system (1) are continues and
have continues partial derivative in R,". The solution of system (1) with
non-negative initial values is bounded as shown in the following theorem.
Furthermore, the system is said to be dissipative if all population are
uniformly limited by their environment [7].
Theorem 1: System (1) is dissipative.
Proof from first equation of system (1) we get

Xl

dt
By usual comparison theorem [8], for x; (0) = x;, > 0 we have

d for tZOandc:i

—nt
+ce™ X0

< Xl(rl - a1X1)

X, (1) <

Accordingly, as t -« we get xl(t)s;—l.
Similarly we get xz(t)s;—z

Now let
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w(t) = e X (1) +e X () + Y+ Y,
W () = e x{ (1) +e,%3 (1) + Y1+ Y7

<enhX +6,0hX, —diy;—dyy,

< e X +€% —min(dy+d,) (Y1 + Yz)

=eX@A+d)+ex,L+d)—d(eX +e,X, + Y1+ Y5)

s(ﬂ+%J(1+d)—dw

] a,
=Q—dw

dw
S —<Q-dw
dt Q

Where Q:[ﬂ+ﬁ](1+d) and d = min(d, + d,)

a &
Therefore W(t)£%+Ce‘dt where C is the constant of integration, so for t>0 all

species are uniformly bounded, hence system (1) is dissipative.
The subsystem analysis and stability:
In this section the existence of the equilibrium point of subsystem (2)
and (3) and the local stability analysis of each one are investigated.
There are at most three non-negative equilibrium point gives as the
following:
1. The equilibrium points &, = (0,0,0)and E, = ;—i,0,0) always exist.

2. The equilibrium points E* = (x,,y,.y,).(i1=12) exist if there is a positive
solution to the following set of nonlinear equation.
(F —3%) -y, =0,
Xy, —(m+d;)y, =0,
my; —dy, =0
Obviously from above equations we get
fi 1 « &iliY2 __dy(m+dy)ay

X = ’y: ,
"aty, T (med)y, aty, 0 gh—dy(m+dy)

y, > 0if g, >d,(m+d,)
The general variational matrix of subsystem (2), (3) at the point (x,y,.y,) IS
given by

(o o o]
ox;  0y; Oy,
09, 09, 09
V(%) Y1, Y2) = a_xl a_yl ﬁl
i 1 2
99, 99, 99
| 0% oyy Oy, |
Where
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o 09, 09,
—=r-2aXx -y, — =6 —==0
8Xi i i y2 aXi |y2 aXi

ﬁ:o %z—(m+dl) 69_2:

oy, OX; oy,

of. 0 0
Ay 1 _ oy % _ g,
oy, 0y, 0y,

So it’s clear that from the variational matrix at g, =(0,0,0), the eigenvalue of
E, ale 4 =r,4, =—(m+d;), 4, =—-d, then g, was unstable point in x direction
with stable manifold in y,y, plain.

Now the stability analysis for the  equilibrium  point

E :(i,o,oj and E* =(x;,v1,y,) are given in the following theorem.

g

Theorem 2: The axial equilibrium point Elz(;—i,o,oj Is stable under the

following condition (m+d,)d, > ei;im 4)

Proof: From the variational matrix we can written the Eigen value as

follow (—n—ﬂ){ﬂz+z(m+d1+d2)+(m+d1)d2—ei“”‘
a

} then the proof follow directly

by using Routh-Hurwitz criteria [9] which show that if (m+d,)d, > ei:m then

E, :[i,o,o] is locally asymptotically and its unstable otherwise.

Theorem 3: The positive equilibrium point e*=(x;,y,.y,) is locally stable if
y, >a;and (d, +2m+d;)(m+d;)(d, +a) > (d, +2m+d; + y,)e;mx;

Proof: From the variational matrix we get 2°+A2%+A,2+A, Where

A =d, +d; +2m

Ay = (ad, +dy(m+d;)+a;(m+d;) —emx)

A = (ayd,(m+d;) +emx; (Y, —&;))

Now using Routh-Hurwtiz criteria to get the the proof.

The dynamical analysis of system (1):

In this section the existence and local stability analysis of non-
negative equilibrium are investigated. We also discuss the global dynamic
of the axial equilibrium using Laybanov function. There are five non-
negative equilibrium points. The existence and the stability condition for
them are shown as follow.

1. The equilibrium point g, = (0,0,0,0) always exists.

2. The equilibrium points E1=(;—1,0,0,0),E2=(0, ,0,0)andE; = (2,2 0,0 always
1 a

L
a ;3

exists. As the prey population grows to the carrying capacity in the
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absences of predation. However the predator dies in the absences of its
prey.
3. The positive equilibrium point g, = (x.x;.y;.y;) exist if there is a positive
solution to the following algebraic non-linear equations.
(h—a%)-Yy, =0,
(r, —a,%) -y, =0,
(&% +€,%)y, —(m+d;)y; =0,
my, —dy, =0
Thus, by solving the above system we obtain.
%+%_(m+d1)d2

-y -y d a a m
1~ Y2 2~ Y2 2 ! 2
X = Xp=——"—"N1— VYYo= ,
ay a, m 871+972
a, a
1 94

Xy, >0if 2L Sl (M+dy)dy

andy, < (i=12)
&4 &

Now in order to study the behavior of the solution near the equilibrium
point, we need to compute the variational matrix of system (1). Assume
v(x,%.¥1,Y,) denote the variational matrix of system (1) at the point

(XI’Xnyllyz)then

oF, of, of, of,
=21 OXo Y1 Y
of, of, of, of,
v(x y — O Oxo oY1 oY
i» Y1, Y2) = o9, o9, o9, o9,
O Oy (=N Y2
g5 g5 S o S o
OXq OX, Y4 oy, |
Where
of of
izrl_zalxl_yz 8X2 =0
1 1
of, of,
~1 _0 —= =1, —2a,X, — Y,
OXy 0%y
Y1 Xy
of of
v, Ev
Y2 Y2
a9 ag
1 1
ag ag
=6y, 2=
OXy OX,
1] 0
99 _ —(m+d;) 992 _
oy, oy
3] 0
&=e1x1+e2x2 &=—d2
oy, (22}

Accordingly, the linear stability analysis about the equilibrium point
E; =0,1,2,3gives below.
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e The equilibrium point g, is unstable point in the xx, plain but its stable

in vy, plain which means that the prey population grows while both the
predator population decline.

e The equilibrium point g, and e, is unstable otherwise under condition

(4).

e The equilibrium point e, is locally asymptotically stable in r? if and

only if M*9)d: & &% hold and it’s unstable otherwise.
m a a

The variational matrix of system (1) at the positive equilibrium point
Eq= (X5, Y5, y5) IS

—a X 0 0 -X
e e e e 0 —8,X; 0 =X
V(X Xoy Y1 Y ) =
v &Y, €Y, —(m+d)) ex+eX,
0 0 m d,

Then the characteristic equation of v(x,x3,y;,y3) IS
A =(a; X +a,%, +d, +h),
A, = (ayX,h+a,x,d, +aa,% X, +hd, +a,hx; +a,d,x —a,Imx,)
A; = (a,d, %0 + aga, X,h +aa,d, X X, +a.hd, X +e,m+ Y, X, —aa,Imx X, —e;mx;y,),
Ay = (3@ X X + 818, Y X, Xo M — €18, Y, X, X, M)
withh = (m+d;),and | = (e;x; +€,X,)
Now applying Routh-Hurwitz criteria we get that e, is stable if

6%, > ex,6 > &, 92 > 1,and (A A, — A)A; — A2A, >0 and its unstable otherwise.
m

Furthermore, in the following theorem the global stability condition of
E, = (2,2 0,0) is establish by using suitable Lapanov function.

& 8
Theorem 4: Assume that e, is locally asymptotically stable, then its
globally stable under the same condition %>%+2—5
1 2
Proof: consider the following positive definite function

X T—X 1 m+d
U= J‘T 750 40 J 20 474 y1+( +1)y2
e, er .6, ,e,0;
X10 X20

We now compute the derivative of u

- - d,)d
e 1) (n—ax)+ %2~ %0 (r—ay%;) + i[(elxlo +€;Xy0) _MJ Y2
2 €18, m
~U"=0if and onlyif X, = x,5,and x, = x,, and (m+d,)d, _ (%+%J and
m a A

U’ <0if (m+d))d, _ ah | &f
m a a
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So it’s clear that
1. If X < X0, = (L —a%) >0and X, < Xyg,= (I, —a,X,) >0thenU’ <0
2. If X, > X0,= (I —ayx) <0and X, > Xy9,= (r, —a,%,) <0thenU’' <0
Numerical analysis:

The global dynamical behavior of the non-linear system (2) or (3), in the
positive octant, is investigated numerically. A numerical integration for
system (2) or (3) is carried out for various choices of biologically feasible
parameters value and for different set of initial condition. System (2) or (3)
is solved numerically using the matlap (Simulink, odu45). The numerical
behavior enhance and convenience the analytic behavior. In theoream (2)
under condition (4) the equilibrium point El:[;—i,o,o] Is stable which is

shown also in fig. (1) and unstable if condition (4) not hold which is shown
in fig. (2)

Fig. (1) show that system (2), (3) stable when a=3e=m=r=1d,=0.1andd, =0.2
under condition (4) at the equilibrium point g, = (1/3,0,0).

gnm

Fig. (2) show that system (2), (3) unstable when (M +d;)d, < with
i

a=2e=1m=0.7,r=1andd =0.2,equ. = (1/3,0,0) under condition (4) at the equilibrium point E; = (1/3,0,0).
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Fig. (3) a=2,e=5m=04,r=1andd, =d, =0.2 at the positive equilibrium point
(x,y1,Y,).With initial point =(0.5,0.5,5), (1,1,3)

Fig. (4) a=01e=07,m=3r=1landd, =0.2=d, =0.1 at the positive equilibrium
point (xy,.y,).
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