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Abstract 
 Wavelets methods are commonly used for the numerical solution of 

partial differential equations. In this paper, we extend the Legendre wavelet 

polynomial of one variable to Legendre wavelet polynomial of two variables to 

approximate the solution of fractional partial differential equations. 

Convergence analysis for the solution is discussed. Total error is computed for 

the numerical examples to demonstrate the validity of the method.  

Keywords: Legendre wavelet method, Partial differential equation, Fractional 

order.   

1- Introduction 

 Ordinary and partial fractional differential equations have been focus of 

many studies due to their frequent appearance in various applications like in 

fluid mechanics, biology, physics and engineering. Most fractional 

ordinary/partial differential equations do not have exact analytical solutions, 

various numerical and analytic methods have been used to solve these equations. 

Recently, several numerical methods to solve fractional differential equations 

have been given such as differential transform method [7], Taylor collocation 

method [8],[5], homotopy perturbation method [4] and finite difference 

method[2].  

 In this paper one of the wavelets polynomials (Legendre wavelet) is 

defined and used to approximate partial differential equations of fractional 

order, Diethelm method is used to approximate the fractional order. 

Convergence analysis for the solution is proved, Numerical examples are 

provided to illustrate the Legendre wavelet method and MathCad 44 program is 

used for computations.  

 2- Definitions   
Definition 2.1: The Caputo fractional derivative operator Dα of order α is 

defined in the following form, [8], [2]:  
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where mm  1 , m N, x > 0 . 
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Some basic properties of the fractional operator are listed below: 

 )()())()(( xgDxfDxgxfD       ,  are constants 

 )()()( xfDDxfDxfDD        ,   R +  
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Definition 2.2: For m to be the smallest integer that exceeds  , the Caputo time 

fractional derivative operator of order  > 0 is defined as, [6]: 
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Definition2.2: Wavelets constitute a family of functions constructed from 

dilation and translation of a single function called Mother Wavelet. When the 

dilation parameter a and translation parameter b vary continuously we have the 

following family of continuous wavelets as, [3]: 
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If we restrict the parameters a,  b to discrete values of 

0,1,, 00000   baanbbaa kk  n and k positive integers, we have the following 

family of discrete wavelets:  

 ),()( 00
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k
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Where )(, tnk forms a wavelet basis for )(2 RL . In particular, when 20 a and 

10 b , then )(, tnk forms an orthonormal basis. 

Definition 2.4: The following functions, [4]: 
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are called Legendre wavelets polynomials where Nknn k   ,2,...,1,12 1 , 

]1,0[t  and  m is the order of the Legendre polynomials mp . 

2- Legendre wavelet method 

 In this section Legendre wavelet method is proposed for solving the 

following one dimensional fractional problem : 
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 ,       bxa   , Tt 0                              ---(2) 

subject to the boundary conditions: 

)(),0( 1 thtu   ,  )(),1( 2 thtu                                                            ---(3) 
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and initial conditions: 

)()0,( xgxu                                                                      ---(4) 

where  is a parameter describing the fractional derivative,  10   

The Legendre wavelets series is given by: 
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where )(, tmn  is given by equation (4). We approximate the solution  u(t) by the 

truncated series 
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Now we will expand Legendre wavelets series of one variable t in equation (5) 

to Legendre wavelets series of two variables x , t  to approximate eq.(2) as 

follows: 

Let k = 4, then equation (5) will be 1,11,111111010 ...  MMccc   and write it as  
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Then Legendre wavelets series of two variables x , t is given by: 
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where )(x and )(t are Legendre wavelet functions, rmc unknown coefficients to 

compute. 

 The method starts by dividing the x- interval into n subintervals to get the 

grid points  xiaxi  , where 
n

ab
x


  and ni ,...,1,0 ; also t- interval is divide 

into s subintervals to get the grid points  tjti  , where 
s

T
t   and sj ,...,1,0 ; 

Substitute eq.(6) in eq.(4) for  1,...,1  ni  and 1,...,1  sj  to get: 



















1

0

1

0

2
1

0

1

0

),()()()()(
M

m

M

r

jijmirrm

M

m

M

r

jmirrm txftxDctDxc                          ---(7) 

Substitute eq.(6) in the boundary and initial conditions eqs.(2),(3),(4) to get: 
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Diethelm method, [44] is using to approximate )( jm tD  in eq.(7): 
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Then eq. (7) becomes 
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where  1,...,1  ni   , 1,...,1  sj                             

Combine eqs.(8),(9),(40) and (42) to obtain system which can be solved to get 

the unknown coefficients rmc . 

In the following theorem Legendre wavelets solution converges to exact solution  

Theorem 2.1: Legendre wavelets series of two variables x,t gave in eq.(6) 

converges towards exact solution u(x,t). 

Proof:  

By eq.(6)  )()(),,( txtxuc mrMrm   where <۰> represents an inner product and 

)(),( tx mr  form orthonormal basis, let ),()()( txtx mr   , ),(),( txutxuM   and  let 

 ),(),,( txtxuj  . Define Sn be the partial sum of ),( txj , i.e., 
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Hence  0),(

2

1




n
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j tx  as mn,  and {Sn} is a Cauchy sequence and it 

converges to s. 

To prove stxu ),( . 

 ),(),,( txtxus  =  ),(),,(),(, txtxutxs   

                                    = jnn txS    ),(,lim  

                                     = 0 jj   

Hence  ),( txus   and   


n

j

j tx
1

),(  converges to ),( txu and this complete the 

proof. 

4- Numerical Examples 

To demonstrate the effectiveness of the proposed method we consider 

here two test examples of one dimensional fractional problem. Software 

MathCad 44 is used to get the numerical results. 

Example (4.1): 

2

2
2 ),(

2

1),(

x

txu
x

t

txu













  , 10  x  ,   10  , t > 0 

 subject to the boundary conditions: 0),0( tu , tetu ),1(  

and the initial condition: 2)0,( xxu   

the exact solution for 9.0 , is given by: textxu 2),(   

To find v : since NL , let L = 5 in eq.(44) , then 4,3,2,1,0v  and 
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 Truncate the series in eq.(7) to M = 3, we have 9 unknown coefficients 

rmc  

 222120121110020100 ,,,,,,,, ccccccccc  to compute.  

Let 1 be a partition for the x-axis, such that: 10: 32101  xxxx  

then 1,
3

2
,

3

1
,0 3210  xxxx , the mesh points for the x-axis. 

let 2  be a partition for the t-axis such that: 03.00: 32102  tttt  

then  03.0,02.0,01.0,0 3210  tttt   the mesh points for t-axis.  

By solving the linear system of 46 equations and 6 unknown coefficients we get 
0,091.0,09.0,0,222.0,215.0,08.0,106.0,162.0 222120121110020100  ccccccccc  

Then the approximate solution is: 
 )()](222.0)(215.0[)()](08.0)(106.0)(162.0[),( 1100210 txxtxxxtxuM     

)()](091.0)(09.0[ 210 txx    
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The total error between the approximate solution ),( txuM and exact solution 

),( txu for 

1,...,1.0,0x and  1.0,...,01.0,0t is given by 

  
x t

M txutxu 32 10362.2])),(),(([  

 Table(4) illustrate the absolute error between the exact solution and Legendre 

wavelet approximate solution.              
                  Table (4): The approximate and the exact solutions of example (4.4): 

),( txuM │(x,t)u- │ u(x,t) ),( txuM t x 

0.4234 E-5 0 -034234 E-5 0304 0 

0.4504 E-4 03442 03444 0304 4/3 

0.4334 E-4 03449 0345 0304 2/3 

0.6348 E-5 4304 43009 0304 4 

0.2243 E-4 0 -0.2243 E-4 0302 0 

0.4974 E-4 03443 03445 0302 4/3 

0.3242 E-4 03453 0.457 0302 2/3 

0.4482 E-4 4302 43022 0302 4 

0.4498 E-4 0 -0.4498 E-4 0303 0 

0.2335 E-4 03444 0.447 0303 4/3 

0.4674 E-4 03458 0.463 0303 2/3 

0.2842 E-4 4303 43033 0303 4 

Example (4.2): 
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  , 10  x  ,   10  , t > 0 

 )2sin(4)2sin(
)3(
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),( 222 xtxttxf 



 


   

subject to the boundary conditions: 0),0( tu , 0),1( tu  

and the initial condition: 0)0,( xu  

the exact solution for 1.0 , is given by: )2sin(),( 2 xttxu   

As in example (4.4) we find the unknown coefficients rmc : 

0,092.0,0,0,351.0,0,0,402.0,10-1.522 2221201211100201

-3

00  ccccccccc  

The approximate solution is: 
)()](092.0[)()](351.0[)()](402.0[),( 211101 txtxtxtxuM       

The total error between the approximate solution ),( txuM and exact solution 

),( txu for 

1,...,1.0,0x and  1.0,...,01.0,0t is given by 

  
x t

M txutxu 32 10855.1])),(),(([  

Table(2) illustrate the absolute error between the exact solution and Legendre 

wavelet approximate solution.    
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                  Table (2): The approximate and the exact solutions of example (4.2): 

),( txuM │u(x,t)- 

│ 

u(x,t) ),( txuM t x 

035008 E-5 0 -035008 E-5 0304 0 

037807 E-6 03866 E-6 038537 E-7 0304 4/3 

034326 E-5 -03866 E-6 03346 E-5 0304 2/3 

035445 E-5 0 035445 E-5 0304 4 

034787 E-5 0 -034787 E-5 0302 0 

032344 E-5 033464 E-5 034453 E-5 0302 4/3 

035842 E-5 033464 E-5- 032378 E-5 0302 2/3 

034887 E-5 0 034887 E-5 0302 4 

035703 E-5 0 035703 E-5 0303 0 

034459 E-5 037794 E-5 033635 E-5 0303 4/3 

037653 E-5 037794 E-5- -034409 E-6 0303 2/3 

035625 E-5 0 -035625 E-5 0303 4 

Conclusions  
 In this work we derive Legendre wavelet method of two variables for 

solving fractional partial differential equations also demonstrated the 

convergence analysis of the method. Absolute error in tables(4), (2) and total 

error for numerical examples show the validity of the method.  
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لحل المعادلات التفضلية الجزئية الكسرية الخطيةمتعددة حدود ويفليت   

 د. نبــأ نجـدي حسـن
الجامعة المستنصرية -كلية العلوم  -رياضيات قسم ال  

 
 الخلاصة

طرررويفليت تررردف عررر لأجلفاررر الفددرررلفعادرررلفعاارررجاافا ئاررر ا هفعا ت  ررر   فعا    ررر  ف ررر ف ررر عف 
عابدثفنوسعفم اجالفحجلافليت تدفا  نجرفذعهفم غتوفلعحجفعاىفم اجالفحجلافليت تردفا  نرجرف

عائاررر ا هفعا ت  ررر   فعا    ررر فعابعررروي  فعابدرررثفنررر   فذعهفم غترررويثفعننرررتثفا لويررر فحرررلف ررر ف
    د تلفعا ل ربفا دل فعالأطأفعاب  ف مفحع بهف  فع مث  فعااجاي فدظه رف  ا   فعاطويل  

 


