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Abstract  

 In this paper, a method for solving linear system of Volterra integro – 

differential equation of the first order numerical presented based on Monte –

Carlo techniques. Numerical examples illustrate the pertinent features of the 

method with the proposed system.  

 The computer program are  written in (TURBO MATLAB) language 

(Version 6). 

Introduction 

 It is in general, very difficult to find a useful solution of a linear integro – 

differential equations of the first order if the solution depends on several 

variables or if the equation is coupled with other integro – differential equations. 

Well known methods of solution are mostly in effective because the amount of 

computation involved is too great, even for the latest machines. In many cases, 

however, especially in particle transport problems, one can use a statistical 

procedure – the Monte – Carlo method to find a solution which is sufficient 

accurate for practical purposes. [2] 

 The application of a well known Monte – Carlo method to the solution of 

an equation with non-negative kernel is already illustrated in the paper [2,3,2]. 

 In this study, the basic ideas of the previous works are developed and 

applied to the system of the linear Volterra Integro – Differential Equation of the 

first order. 

 Consider the following system of linear Volterra Integro– Differential 

Equation of order n is an equation of the form: 

 





1

0

)(

)()( )(),()()()()(
n

i

xb

a

i

i

n dttutvkxfxuxpxu  -----(1) 

Here, K(x, t) , f(x), pi(x) (h=1,1,……., n-1) are known functions, u(x) is the 

known function, and λ is a scalar parameter [4]. 
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When  n=1 
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 With the initial condition u(a) = uo, where the functions f and p are 

assumed to be continuous on I and K denotes given continuous functions. 

 Are the interval [a,b] is divided into n equal subintervals, where h=(b-

a)/n, yo=a, yn=b and yj=a+j*h, j=1,1,…..,n. we set xi=yj, (i=1, 1, ….., n), u(xi)= 

ui, p(xi) = pi , f(xi) = fi, , u(xi) = ui and k(xi, yj)= kij . 

Numerical Approximation 

 The method we propose is based on a similar concept of the So- Called 

Monte – Carlo method to approximate integro – differential when the integrand 

is known the method is developed as iteration technical where the 

approximation is over a finite interval for the unknown function, At each step 

we have a new partition for the interval; such partition comes from the 

generation of random numbers on the interval [1]. 

 We can summarize the method as follows: 

Step 9: We start with a value in the interval where we want to find the 

approximation of the function (the unknown function). 

Step 2: We assume that the function is a constant then it can be put outside the 

integro – differential and we solve a system linear equation. 

Step 3: We generate a random number on the interval we want to find the 

approximation we assume that the functions are stepwise function. We take the 

solution of the system of linear equation of step 2 as the value of the function a 

round some subinterval. We assume a new unknown value for the function 

around some other interval. Again the unknown value for the function can be put 

outside the integro – differential, we sole a new system linear equation to find a 

new value, then we come back step 2. 

 This iteration come from the fact that we generate random numbers on the 

interval where we want to find the approximation.  

Approximation for system of linear Volterra Integro – Differential Equation 

of the First Order 

 To find an approximation for the solution ui=(x), i=1,…, m of (2) on the 

interval [r, b] where a ≤ r as follows we start with xo[r, b], from eq.(1) we 

known that ui(x), i=1, 2, …, m satisfies 



Numerical Solution of the System of Linear Volterra Integro – Differential Equations of 

the First Order using Monte- Carlo Method…………………………………………………  

Attifa J. Al-Tmeme Rawaa E. Al-Mashhadany 
 

 128    والسبعون  التاسع العدد،   91 المجلد ، الأساسية التربيةكلية  مجلة

 [ 
x

a

jjiiiii
dttutxkxfuxpxu ])(),()()()(   0 ≤ x ≤ b ….(3) 






x

jjiiii

ii dttutxkfup
h

uu

0

1 )(),(  




x

jjiiiiii
dttutxkhhfuhpuu

0

1
)(),(  




x

jijiiii
ukhhfuuhp

0

1
)1(  








1

0
1

)1(
i

j
jijiii

ukhhfuuh  

].....[)1(
112211001 


iiiiiiiii

ukukukukhhfuuh  

When i=1 

111010101
)1( uhkuhkhfuuh   

00101111
)1( uuhkhfuhkh   

When i=2 

][)1(
222121020212

ukukukhhfuuh   

0202121222
)1()1( uhkhfuhkuhkh   

i=3 

][)1(
333232131030323

ukukukukhhfuuh   

0303131232333
)1() 1( uhkhfuhkuhkuhkh   

 

 

AX= B    [4] 
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Algorithm (AQ) 

 In this algorithm we expose the step for solve VIDEs of 1st order using 

Monte-Carlo method.  

Step 8 

a- put   h= (b-a)/n , nN. 

b- Set u(a)=u0 ( which is initial condition ) is given 

c- Compute 
i

u  by using  

h

uu
u ii

i

1


  

Step 2 

 Using step -1 in equation (3) to find 
i

u , (i=1,1,….., n) 
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Illustrative Example:  

 In this section, two examples are presented for demonstrating the methods 

and a depending on the ,least square errors.  
 

Example8:  [7] 

 Consider the following VIDE 

  
x

dttutxxxu
0

)()1(
6

5

2

1
)(    0 ≤ x ≤ 1 

The exact solution is u1(x)= 1+ x and u1(x)= 1-0.0x-0.61667x1 

 Take n = 10 and xi= a+ih, i=0, 1, ….., n 

 The numerical results obtained for example 1 are shown in Table 1 and 

Table 1. 

Example 2 

Consider the following Volterra Integro – Differential Equation: 

  
x

dttutxxxxu
0

4 )()2(
6

5
2)(     x ≥ 0 

Table (1) presents results from a computer program that solves this problem 

over the interval x=0 to x=1 with u1(x) = x1, and u1(x) = x1 -1.6667x0 for which 

the analytical solution h=0.1  [7] 
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 The numerical results obtained for example 1 are shown in Table 3 and 

Table 6 
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Table1: Comparison between the exact solution (1+x) and the numerical solution u1(x) 
of example 1 with different value of h.  

Table (8) 
u8(x)=8+x  

x 
Exact 

solution 
h=.0.8 h=.0.8 h=.0.8 h=.08 

0 1 0.000000 0.000000000 0.000000000 0.000000000 
0.1 1.1 -0.00000 0.000000000 -0.000000136 -0.066446011 
0.1 1.1 -0.00000 0.000000000 -0.000010607 -0.106100460 
0.3 1.3 -0.00000 0.000000000 -0.000016013 -0.143007060 
0.6 1.6 -0.00000 0.000000000 -0.000011401 -0.676400376 
0.0 1.0 -0.00000 0.000000000 -0.000014117 -0.774016630 
0.6 1.6 -0.00000 0.000000000 -0.000036706 -1.170100041 
0.7 1.7 -0.00000 0.000000000 -0.000061067 -1.006633000 
0.4 1.4 -0.00000 0.000000000 -0.000060710 -3.060060101 

0.0 1.0 -0.00000 0.000000000 -0.000004103 -6.1674063740 
1.0 1.0 -0.00000 0.000000000 -0.000067367 -11.160100107 

L.S.E  1.161643413e+116 3.07463110e+033 1.14670300e+004 3.036744410e+001 
R.T  17.300000000 16.600000000 16.010000000 0.300000000 

Table1: Comparison between the exact solution 1-0.0x-0.61667x1 and the numerical 
solution u1(x) of example 1 with different value of h.  

Table (2) 
u8(x)=8-.08x-.088880x2 

x 
Exact 

solution 
h=.0.8 h=.0.8 h=.0.8 h=.08 

0 1 0.000000000 0.000000000 0.000000000 0.000000000 
0.1 0.06043330

0 
-0.000000000 -0.000000000 -0.000000136 -0.066446011 

0.1 0.44333310
0 

-0.000000000 -0.000000000 -0.000010607 -0.106100460 

0.3 0.41160070
0 

-0.000000000 -0.000000000 -0.000016013 -0.143007060 

0.6 0.73333140
0 

-0.000000000 -0.000000000 -0.000011401 -0.676400376 

0.0 0.66043100
0 

-0.000000000 -0.000000000 -0.000014117 -0.770016630 

0.6 0.06000440
0 

-0.000000000 -0.000000000 -0.000036706 -1.170100041 

0.7 0.66043170
0 

-0.000000000 -0.000000000 -0.000061067 -1.006633000 

0.4 0.33333110
0 

-0.000000000 -0.000000000 -0.000060716 -3.060060101 

0.0 0.11160730
0 

-0.000000000 -0.000000000 -0.000004103 -6.167406374 

1.0 0.04333000
0 

-0.000000000 -0.000000000 -0.000067367 -11.1701001074 

L.S.
E 

 1.161643413e+11
6 

3.074631130e+03
3 

1.140160601e+00
4 

-
1.043603446e+00

1 
R.T  17.100000000 17.100000000 17.100000000 0.330000000 

Table3: Comparison between the exact solution X1 and the numerical solution u1(x) of 
example 1 with different value of h. 

u8(x)=x2 

x 
Exact 

solution 
h=.0.8 h=.0.8 h=.0.8 h=.08 

0 0 0 0 0 0 

0.1 0.01 0.000000000 0.000000000 0.000000100 0.010600060 
0.1 0.06 0.000000000 0.000000000 0.000000600 0.060113461 
0.3 0.00 0.000000000 0.000000000 0.000001101 0.163006700 
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0.6 0.16 0.000000000 0.000000000 0.000001006 0.176076006 

0.0 0.10 0.000000000 0.000000000 0.000030103 0.003601030 
0.6 0.36 0.000000000 0.000000000 0.000006131 0.013611637 
0.7 0.64 0.000000000 0.000000000 0.000000661 1.734361111 
0.4 0.66 0.000000000 0.000000000 0.000007311 3.610000176 
0.0 0.41 0.000000000 0.000000000 0.000000144 7.071710064 
1.0 1.00 0.000000000 0.000000000 0.000011301 10.014167460 

L.S.E  6.014010007e+043 1.063703604e+036 0.167000074e+007 1.00661663e+001 

R.T  17.010000000 14.300000000 17.100000000 0.330000000 

Table 6: Comparison between the exact solution x1-1.6667x0 and the numerical 

solution u1(x) of example 1 with different value of h.  

Table (8) 
u1(x)=x1-1.6667x0 

x Exact solution h=0.00 h=0.03 h=0.01 h=0.1 

0 0.000 0.00 0.00 0.00 0.000 

0.1 0.000043333 0.000000000 0.000000000 0.0000001000 0.010600060 

0.1 0.030666606 0.000000000 0.000000000 0.0000006006 0.060113461 

0.3 0.040060010 0.000000000 0.000000000 0.0000011010 0.163006700 

0.6 0.161031001 0.000000000 0.000000000 0.0000010061 0.176076006 

0.0 0.107010610 0.000000000 0.000000000 0.0000030103 0.003601030 

0.6 0.130307604 0.000000000 0.000000000 0.0000061317 0.013611637 

0.7 0.100477731 0.000000000 0.000000000 0.0000006610 1.734361111 

0.4 0.003400766 0.000000000 0.000000000 0.0000073113 3.610000176 

0.0 -0.176160643 0.000000000 0.000000000 0.000000144 7.071710064 

1.0 -0.666700000 0.000000000 0.000000000 0.0000113011 10.014167460 

L.S.E  6.014010007e+043 1.063703604e+036 0.100616100e+007 3.146364301e+001 

R.T  17.100000000 17.100000000 17.010000000 0.340000000 

Conclusions 
 According to the numerical results which obtaining from the illustrative 

example, we conclude that for sufficiently small h we get a good accuracy, since by 

reducing step size length the least square error and the running time will be reduced.  
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 طريقة )مونتيكارلو(
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