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Abstract

In this paper, a method for solving linear system of Volterra integro —
differential equation of the first order numerical presented based on Monte —
Carlo techniques. Numerical examples illustrate the pertinent features of the
method with the proposed system.

The computer program are written in (TURBO MATLAB) language
(Version 7).
Introduction

It is in general, very difficult to find a useful solution of a linear integro —
differential equations of the first order if the solution depends on several
variables or if the equation is coupled with other integro — differential equations.
Well known methods of solution are mostly in effective because the amount of
computation involved is too great, even for the latest machines. In many cases,
however, especially in particle transport problems, one can use a statistical
procedure — the Monte — Carlo method to find a solution which is sufficient

accurate for practical purposes. [Y]
The application of a well known Monte — Carlo method to the solution of
an equation with non-negative kernel is already illustrated in the paper [Y,¥,°].

In this study, the basic ideas of the previous works are developed and
applied to the system of the linear Volterra Integro — Differential Equation of the
first order.

Consider the following system of linear Volterra Integro— Differential
Equation of order n is an equation of the form:

Here, K(x, t) , f(x), pi(X) (h=+,,....... , h-Y) are known functions, u(x) is the
known function, and A is a scalar parameter [¢].
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When n=)
u’'(x) + p(x)u(x) = f(x) +Ik(x,t)u(t)dt, X ei=[a,b]--(v)

With the initial condition u(a) = u,, where the functions f and p are
assumed to be continuous on | and K denotes given continuous functions.

Are the interval [a,b] is divided into n equal subintervals, where h=(b-
a)ln, yo=a, yo=b and y;=a+j*h, j=,1,.....,n. we set x;=y;, (i=-, !, ....., n), u(X;)=
Ui, p(x;) = pi, f(xi) =i, u(x;) = uiand k(x;, yj)= kij .

Numerical Approximation

The method we propose is based on a similar concept of the So- Called
Monte — Carlo method to approximate integro — differential when the integrand
is known the method is developed as iteration technical where the
approximation is over a finite interval for the unknown function, At each step
we have a new partition for the interval; such partition comes from the

generation of random numbers on the interval [1].

We can summarize the method as follows:
Step 1: We start with a value in the interval where we want to find the
approximation of the function (the unknown function).
Step r: We assume that the function is a constant then it can be put outside the
integro — differential and we solve a system linear equation.
Step  We generate a random number on the interval we want to find the
approximation we assume that the functions are stepwise function. We take the
solution of the system of linear equation of step Y as the value of the function a

round some subinterval. We assume a new unknown value for the function
around some other interval. Again the unknown value for the function can be put
outside the integro — differential, we sole a new system linear equation to find a

new value, then we come back step Y.

This iteration come from the fact that we generate random numbers on the
interval where we want to find the approximation.
Approximation for system of linear Volterra Integro — Differential Equation
of the First Order

To find an approximation for the solution ui=(x), i=),..., m of (Y) on the

interval [r, b] where a < r as follows we start with X,<[r, b], from eq.()) we

known that ui(x), i=9, ¥, ..., m satisfies
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[u'(x)+ p,(x)u. = f(x) +jk(x tu(t)dt] «<x<b...(")

U, _hUi_1 — PU = fi +Ik(xi’tj)u(tj)dt

U, —u,, —hpu, =hf, +h[k(x,t )u(t, )dt
(L+hp)u, —u . =hf. + hfki.uj

(L+h)u, —u _ =hf +hzk u

@+h)u —u_ =hf + h[kiou0 +ku +ku +...+Kk u_]
When i=)

(L+h)u, —u, =hf +hk_ u, +hk u,

(I+h—-hk_ )u =hf +hk u +u,

When i=Y

(L+h)u, —u, =hf, + h[k,u, +k, u +k,u,]
(1+h-hk,)u, —(@+hk,)u, =hf, +hk, u,

i=v

(L+h)u, —u, =hf, +h[k, u, +k,u +k,u, +k,u,]
(1+h-hk, )u, —(1+hk,)u, —hk u =hf +hk_ u,

AX= B [£]

1+ ph—hk, 0 0 0]y
~1-hk,  1+ph-hk, 0 ol |y
— hk,, ~1-hk, 1+ph-hk, 0| |,
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hf, +hk, u, +u,
hf, + k,u,

hf, + kU,

Algorithm (AQ)
In this algorithm we expose the step for solve VIDE; of Y order using
Monte-Carlo method.

Step !
a- put h=(b-a)/n, neN.
b- Set u(a)=u. ( which is initial condition ) is given
c- Compute U/ by using
u' = U —u,
| h

Step r

Using step - in equation (¥) to find u., (i=)»Y,....., n)
(1+ hpikii )ui - ui—l = hf. + h[kiouo + kilul Tt kii—lui—l]
[llustrative Example:

In this section, two examples are presented for demonstrating the methods
and a depending on the ,least square errors.

Example ': [V]
Consider the following VIDE

u'(x) =—%—gx+f(xt+l)u(t)dt P<x <

The exact solution is uy(x)= Y+ x and ux)= Y-+,0x-+, €111V’

Taken =)+ and xj= a+ih, i=+, ), .....,n

The numerical results obtained for example Y are shown in Table Y and
Table Y.

Example
Consider the following Volterra Integro — Differential Equation:

u'(x) = 2X—§x“ + f(x +2t)u(t)dt x>

Table (Y) presents results from a computer program that solves this problem
over the interval x=+ to x=) with uy(x) = x', and ux(x) = x" -),111Yx® for which
the analytical solution h=+,Y [Y]
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The numerical results obtained for example Y _are shown in Table ¥ and

Table ¢
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ableY: Comparison between the exact solution () +x) and the numerical solution u»(X
of example Y with different value of h.
Table (1)
ur(x)=Y+x
Exact 0
. =, =, =, =,

X solution n h h h
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TableY: Comparison between the exact solution Y-+,ox-+,¢)11Vx" and the numerical

solution ux(x) of example Y with different value of h.

Table (Y)

Ui(X)= 1= ox- «, ETT T

X S(I)_:Iﬁztai(gn =, 00 Rz, F =+, h=+,!
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TableY: Comparison between the exact solution X™ and the numerical solution uy(x) of
example Y with different value of h.

us(x)=x"
Exact
X . h=¢«,.® N=,r h=v«,1 h="-,!
solution
A ) G reiaeeaas v eerraYeo ., Y.1.4970
oY g S erereiTes ROV TARY
oY ! RN R v YL Y CVEY .. gvoq
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Table ¢: Comparison between the exact solution x*-,71171Yx® and the numerical
solution ux(x) of example ¥ with different value of h.

Table ( £)
ur(x):x'-h'f'l'rt/)(”
X Exact solution h=«,.0 =+, ¥ h=+,) h=+)
) e AAATYYY A N ettt S ieaan Yoo Y 1.494970
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Conclusions

According to the numerical results which obtaining from the illustrative
example, we conclude that for sufficiently small h we get a good accuracy, since by
reducing step size length the least square error and the running time will be reduced.
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