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Abstract 
Mathematical Morphology is a tool for extracting image components 

useful in the representation and description of region shape, such as boundaries, 

skeletons and convex hulls. The mathematical morphology depends on set 

theory and it can apply to binary images and gray scale images, and the usual set 

operators can be applied to them. 

 The basic operation in mathematical morphology operate on two sets: the 

first one is the image, and the second one is the structuring element. The 

structuring element in practice is generally much smaller than the image, often 

3x3 matrices. 

  This paper introduces the basic operations of mathematical morphology 

(dilation, erosion, open, close) and applying the morphology gradient, 

morphology Laplacian and morphology smoothing on images. 

Introduction 
The word morphology means “the form and structure of an object” or the 

arrangements and interrelation ships between the parts of an object.  Digital 

morphology is a way to describe or analyze the shape of a digital object. 

Morphology is an image processing operations that process images based 

on shapes. Morphological operations apply a structuring element to an input 

image, creating an output image of the same size. In a morphological operation, 

the value of each pixel in the output image is based on comparisons of the 

corresponding pixel in the input image with its neighbors. By choosing the size 

and shape of the neighborhood, you can construct a morphological operation 

that is sensitive to specific shapes in the input image. 

The elements of mathematical morphology [1]  

1 – Uses the set theory image analyses 

2 – Can be used to find the boundaries, skeleton, etc. 

3- Can be used for many pre and post image processing techniques. 

4- Relies on two basic operations used to shrink and expand image features. 

5- Originally used on binary images. 

Fundamental definitions 
 The idea underlying digital morphology is that image consists of a set of 

picture elements (pixels) that collect into groups having a two- dimentional 

structure (shape). Certain mathematical operation on the set of pixels can be 
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used to enhance specifics aspect of the shapes so that they might be counted or 

recognized. Mathematical morphology is a tool for processing shapes in image, 

including boundaries, skeleton, conves, hulls, etc. 

  For two sets A and B figure (1a) the fundamental operations associated 

with an object are the standard set operations {2] 

 Complement set 

» If A  , then its complement set Ac = {|   , and A} 

 Union () 

» A B = {|  A or  B} 

 Intersection () 

» A  B = {|  A and  B} 

 

 

 
   

 

 
 The Translation of A by z figure (2) is defined  

 

            Translation (A)z = { c| c = a + z, for a A }  

 

  The reflection of B figure (2) 

: 

     

 

Figure 1 a) two sets A and B b) the union of A and B c) the intersection of A and B d ) the complement of A 

 BbbwwB  for  ,|ˆ
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The Mathematical Morphology 
      The mathematical morphology operation includes [1]: 

1 - Two basic operations 

     - Dilation 

     - Erosion 

2 – Composite Relations 

     - Opening 

     - Closing 

3 – Operations 

     - Edge Detection 

     - Thinning 

     - Thickening 

        The mathematical morphology operations covered by applying structuring 

element. The structure element is a binary image with size 3x3, 5x5, 7x7, etc 

there are various types of structuring element figure 3 show the typical shape of 

structure element:- 

Figure 2 Translation of A by Z and Reflection of B 
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        Ring (5x5)                                                                      Disk (5x5) 

Figure 3 the types of structure element 

 

Dilation and Erosion 
The basic morphological operations, dilation and erosion, produce 

contrasting results when applied to either grayscale or binary images. Erosion 

shrinks image objects while dilation expands them. The specific actions of 

each operation are covered in the following sections.  

The dilation  
  Dilation of the set A by set B, denoted by            , is obtained by first reflecting 

B about its origin and then translating the result by x. All x such that A and 

reflected B translated by x that have at least one point in common form the 

dilated set [3].  

  

 

Where,   denotes the reflection of B i.e.,  

and denotes the translation of B by                     

i.e.  Thus, dilation of A by B expands the boundary of A.  

It is easier to implement for gray-scales than the above description suggests.  
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Here, f and b denote images f(x,y) and b(x,y). f is being dilated and b is called 

the structuring element and     and      are the domains of f and b respectively. 

Thus, in dilation we choose the maximum value of f+b in a neighborhood 

defined by b. If all elements of b are positive, the dilated image is brighter than 

the original and the dark details are either reduced or eliminated.  

The following figure illustrates the dilation of a binary image. Note how 

the structuring element defines the neighborhood of the pixel of interest, which 

is circled. The dilation function applies the appropriate rule to the pixels in the 

neighborhood and assigns a value to the corresponding pixel in the output 

image. In the figure, the morphological dilation function sets the value of the 

output pixel to 1 because one of the elements in the neighborhood defined by the 

structuring element is on [4]. 

 
The following figure illustrates this processing for a grayscale image. The 

figure shows the processing of a particular pixel in the input image. Note how 

the function applies the rule to the input pixel's neighborhood and uses the 

highest value of all the pixels in the neighborhood as the value of the 

corresponding pixel in the output image [4]. 

 
Characteristics of Dilation 

 Dilation generally increases the sizes of objects, filling in holes and 

broken areas, and connecting areas that are separated by spaces smaller 

than the size of the structuring element.  

 With grayscale images, dilation increases the brightness of objects by 

taking the neighborhood maximum when passing the structuring 

element over the image.  

 With binary images, dilation connects areas that are separated by spaces 

smaller than the structuring element and adds pixels to the perimeter of 

each image object [5].  
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The erosion 
Erosion of A by B, denoted by                 , is the set of all x such that B translated 

by x is completely contained in A, i.e.,  

 
For gray-scale images we have,  

 
Erosion is thus based on choosing the minimum value of (f-b) in a 

neighborhood defined by the shape of b. If all elements of b are positive, the 

output image is darker than the original and the effect of bright details in the 

input image are reduced if they cover a region smaller than b [3] 

Characteristics of Erosion 
 Erosion generally decreases the sizes of objects and removes small 

anomalies by subtracting objects with a radius smaller than the structuring 

element.  

 With grayscale images, erosion reduces the brightness (and therefore the 

size) of bright objects on a dark background by taking the neighborhood 

minimum when passing the structuring element over the image.  

 With binary images, erosion completely removes objects smaller than the 

structuring element and removes perimeter pixels from larger image 

objects[5].  

Rules for Dilation and Erosion 
As a result the rules f dilation and erosion in binary and gray scale image are[4]: 

Operation Rule 

Dilation The value of the output pixel is the maximum value of all the pixels 

in the input pixel's neighborhood. In a binary image, if any of the 

pixels is set to the value 1, the output pixel is set to 1. 

Erosion The value of the output pixel is the minimum value of all the pixels 

in the input pixel's neighborhood. In a binary image, if any of the 

pixels is set to 0, the output pixel is set to 0. 

Opening and closing 
The subsequent morphological operators are defined in terms of erosion 

and dilation. Their expressions for gray-scale and binary images are the same 

and a distinction will not be henceforth made.  

A is said to be opened by B if the erosion of A by B is followed by a dilation of 

the result by B.[3]  

 

Opening results in removal of narrow peaks. The initial erosion removes 

the small details and darkens the image. The following dilation increases the 

brightness but does not reintroduce the details removed by erosion.  
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Similarly, A is said to be closed by B if A is first dilated by B and the 

result is then eroded by B. Thus,  

 

 
 

Closing is used to remove dark details from an image. The initial dilation 

removes dark details and makes the image brighter. The erosion that follows 

darkens the image but does not reintroduce the details removed by dilation [3].  

Morphological Gradient 
  Let f: E          R is a grayscale image, mapping points from a Euclidean 

space or discrete grid E (such as R
2
 or Z

2
) into the real line. Let b(x) be a 

grayscale structuring element. Then, the morphological gradient of f is given by  

 

G(f) = f      b – f       b 

 Where       and        denote the dilation and the erosion, respectively. 

An internal gradient is given by: 

G I(f) = f – f      b  

 And an external gradient is given by: 

G e (f) = f        b – f 

The internal and external gradients are "thinner" than the gradient, but the 

gradient peaks are located on the edges, whereas the internal and external ones 

are located at each side of the edges. Notice that Gi + Ge = G. If, b (0) > = 0 

then all the three gradients have non-negative values at all pixels [6]. 

The morphological gradient highlights sharp transitions in the input 

image. It depends less on edge directionality than the Sobel operator and is 

useful for locating faint but large scale structures. The morphological gradient is 

defined by [3]  

 
It is thus the difference between a dilated image and an eroded image. 

Dilation removes small scale dark features and erosion removes small scale 

bright features. Dilation brightens the image and erosion darkens it. When the 

difference is obtained, all small scale features are gone and the contrast between 

the large scale features improved.  

For linear filters the gradient filter yields a vector representation with a 

magnitude and direction .The version presented here generates a morphological 

estimate of the gradient magnitude [7]:  

 
 
 
 
 

 

http://en.wikipedia.org/wiki/Structuring_element
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Morphological Laplacian 
 Laplace operator is a second  - order partial derivative in the orthogonal 

direction of a continues space, Laplace filter used in digital image processing in 

3x3 mask with coefficients as show 

 

 

 

 

 

 

 Laplace filter is no directional filter, so there is no any control over the 

orientation of the linear features therefore the Laplace operator will enhance 

details in all directions equally, it is important to note that the gradient gives 

both magnitude and direction information about the change in pixel values at a 

point, where the Laplace filter is a scalar giving only magnitude. Because the 

Laplacian is rotation invariant, this has the advantage that high spatial 

frequencies in all directions are equally enhanced at the same time. This may be 

a disadvantage because useful directional information will not be available.  

The morphologically-based Laplacian filter is defined by [7]:  

 
 

 

 

 

 

 

 

Morphological Smoothing 
The morphological smoothing algorithm is based on the observation that a 

gray-level opening smoothes a gray-value image from above the brightness 

surface given by the function a[m,n] and the gray-level closing smoothes from 

below. by using  a structuring element B  the morphological soothing equation 

is[7]:  

 

 

 

Experimental Results 
In this section the results of applying the mathematical morphology 

operations on images are illustrate. Figure 4 show the original grayscale images 

(camera and Lena) and the result of dilation (increases the brightness of objects) 

and erosion (reduces the brightness and the size of the bright objects). 

 

 0          1           0 

           

  1          -4        1    

 

 

  0           1         0        
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Figure 5 show the original grayscale images and the results of applying 

sobel edge detection operator (with manual threshold), morphological gradient, 

laplacian edge detector and morphological laplacian. The results show that the 

detected edge more smooth in morphological gradient method than sobel 

operator and the noise is removed. In laplacian operator the sharp edges have 

been detected with some thickness and the noise is very clear while in 

morphological laplacian the edges detected with suitable thickness. 

Figure4 

                        Original image                               dilation image                                   erosion image  

                                                                                         Figure 5  

        Sobel operator           morphological gradient              Laplacian operator           morphological Laplacian       
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Figure 6 show the original grayscale image and the result of applying 

morphological (open, close and smooth) operations. The results show that in 

open operation the narrow peaks and the bright details are removed, the close 

operation removes the dark details from the image and the smooth operation 

remove the bright and dark details from the image.  

 

 
 

 

 

 

 

 

 

 

 

 

Conclusions 
From the results of applying the basic morphological operations on 

selected images some conclusions can derive: 

1- In sobel edge detection operator the manual threshold are used while in 

morphological gradient the results appears without using manual 

threshold. 

2- In laplacian edge detector the sharp edges have been detected with some 

thickness and the noise is very clear while in morphological laplacian the 

edges detected with suitable thickness. 

3- The morphological opening and closing can used as smoothing methods 

for removing noise and smoothing the contours of the objects  

Future works 
1- Applying the basic morphological operations (dilation, erosion, opening 

and closing) on color images. 

2- Using the dilation and erosion operations in finger print processing. 

3- Sing the basic morphological operations in boundary extracting. 

Figure 6 

     Original image                   morphological open                  morphological close         morphological smooth 
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 الخلاصة
د. امل حسين عباسم.   

 الجامعة المستنصرية

 كلية العلوم

 قسم الفيزياء

 
 هييييي ة يييييلة ك ييييتلصو ماوميييياف الصييييوو المفيييييلم اييييي  م يييييل ةة يييي  ا يييياا  المنييييا  

Mathematical Morphology  
 اي الصوو م ل الحواف ةالهياكل  ةالتحلب.   

 Mathematicalو ال نائيية ةالصيوويعتمل على مظرية المجموعاف ةيمان ان يطبي  عليى الصيو 

Morphology 

اكعتيادية العملياف اك ا ية  عميل عليى الصيووم ةعنصير البنيية   .                              هيو    

 X3 3اي الغالب ا غر من الصووم ةياون غالبا مصفواة ذاف قياس 
 اي هذا البحث يتم    ا تعراض العملياف اك ا ية ةهي

 ة طبي         

 على الصوو.  
 

Structuring Element 

         dilation, erosion, open, close 

Morphological gradient, morphological Llaplacian and morphological smoothing 

http://www.dai.ed.ac.uk/cvoline/transf.htm
http://www.mathwork.com/access/helpdesk

