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Abstract

The aim of this paper is to find the solution and the eigen values for the
eigen value problem which its differential operator 1s Euler equation with
nonlocal integral condition, also the existence of non-positive eigen value with
more general case are obtained.

1. Introduction

During many years and especially in the last three decades a lot of attention
has been paid to problems of ordinary differential equations with different type
of boundary conditions [1], [2], [3] and [4]. However the eigen value problems
for one-dimensional differential operator with nonlocal condition are met quite
rare and 1s considerably less investigated. There are only a few papers [3], [6],
[7] and [8] devoted to this problem.
This paper dealing with similar eigen value problem but with differential
operator not all coefficients are constant with nonlocal integral condition. It 1s
work while to note, the solution technique for eigen value problems with
nonlocal condition i1s closely related to the method of solution of nonlocal
boundary value problems [9], [10] and [11]
This paper dealing with the eigen value problem subject to nonlocal integral
condition 1n two cases the simple one and the general.
2. The Main Statement

First of all, we consider the eigen value problem for Euler equation with
given integral condition

Y+ 3xy +hy =0 (D

where x € [1,2]

y(1)=0 ()
2

v(2)=a[ y(x)dx )
1

We find the value of 7 such that the problem has the solution y(x) identically not
equal to zero. Therefore we formulate three different cases.
Case 1: A =1, then the equation (1) will be
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XY ' +3xy +y=0
we can solve this equation by assumed that x = e" and with a simple operations
we get the following solution

y(x)%[cl e, In(x)] @)

Substituting the condition (2) in equation (4) implies
1
y(x)=e¢, ;m(x)

Putting it into equation (3), we get
2

c, _ %
Jn2)=a ! In(x)dx

% n(2)=ac, ()’
°221n(2) —ac,(In(2))

c, G —aln(Z)J =0

Now we conclude the following. If a # then for A =1 there exists only a

. : 1 : :
trivial solution y(x) =0 of the problem. If a = Py then =1 1s the eigen

value of the problem (1) — (3), along with the corresponding eigen function
y(x)= Eln(x) , where ¢ 1s any number.
X

Case 2: A <1.
The solution of Eular equation is

y(x)=c¢x 'cos (ln(x)\/k -1 ) +¢,X 'sin (ln(x)\/?u - 1)
From this equation and condition (2), we have
y(X)=c¢,X 'sin (ln(x)\/k -1 )

Assume that a=/1-% >0 then ai=vA-1>0.

Hence
y(x) = cx ' sin(In(x) o)
y(x) = ¢x i sinh(In(x) o) ..(5)

putting (5) mto condition (3), we have
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%21 sinh(In(2)ct) =a [ ¢,x " sinh(In(x)or) dx
1

2
_acyl
1
ac 1
¢, sinh (111(2)0@]008}{111(2)0@] _ac, 2Sinh2[1n(2)oc]
2 2 o 2
¢, cosh [ln(2)oc] - 2_asinh[ln(2)oc ] =0
2 o 2

Hence, for A <1, solution (5) of the problem (1)-(3) exists for the value of o
being a root of the equation

cosh(ln(z)aj 2a nh(]n(Z)oc] .. (6)
2 o 2

Let us find out dependency of number of roots of the equation (6) on the value
of a. Firstly, we put equation (6) into the form

In(2
anh[ M2 ) _ & (D
2 2a
Taking into account the properties of the function tanh(;C we conclude, that
1 1 :
equation (7) has a singleroota =0 as —wo<a<-— Fora>_-— there exist
(2) In(2)

three roots of equation (7): a = 0, >0 and —o<0. For the root o = 0 it

implies that = 1, while for the roots +« we have i = — (i &)2 +1<1. Thus for

a > 2, the eigen value % <1 of the problem (1)-(3) exists , such that V1—-% =« is
the only positive root of the equation (7). The corresponding eigen vector is

defined by the formula (5), where a=+v1-A .

Case 3: L> 1.

By the same way in case 2, putting condition (2) m the solution of Eular
equation, then we have

V(X) = ¢, X 'sin (In(x)o) ..(8)

where a=+A -1 >0.

Now putting condition (3) in equation (8) after simple rearrangement, we obtain
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C, [COSh In(2)o _ 2—asinh hl(2)0c] =0
2 o 2
Then
fan 2% _ & (9
2 2a

Hence, for any value of a there exist infinitely many positive eigen values
L =a; +1>0 along with the corresponding eigen vectors of the form (8).
The results of the three cases can be joined into the following statement.:

For any value of a there exist infinitely many positive eigen value %y of the
problem (1)-(3). These eigen values are the roots of the equation

Im(2)Wr-1 -1
tan =
2 2a
These correspond to eigen functions of the form

yi(x)=x"sin (G0 =1) sk =1.2,...

Moreover, the following statement 1s true

1 .
1- If —w<a< o then there are no other eigen values;

2-If a= 1(12) then 2y = 1 is the eigen value of the problem (1)-(3) with the
n

corresponding eigen function y,(X) = lln(x) ;
X

1 . — — :
3- 1t D <a <, then one more negative eigen value A =—(«)* —1 exists.

It is corresponds to the only positive root of equation (7). The corresponding
eigen function 1s

y(x)= X! sin(ln(x)&)

3. More General Problem
Let us consider now more general eigen value problem:

XY+ 3xy H Ay =0 ...(10)
2

y(1)=a1jy(><)dx (1D
12

y(2)=azjy(><)dx ..(12)
1

The methodology of the solution of the problem let be the same as earlier.
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Case 1: L = 1, the general solution of equation (10) 1s the previous equation (4)

putting it into expressions (11), (12) as the following
2

y()= al_.‘l[cl +¢, In(x)]dx
X
1

cfﬂqmm+%mmﬁ1

a,C,

5 (In(2))*> =0 ..(13)

¢,(1-a,In(2)) -
2

v(2)=a, j >1<[C1 +¢, In(x)]dx
1

Lo e ) = aule, n(2) + 2 (1n(2))°)

1 1 a
01(5—612 h1(2))+02(2h1(2)—21(h1(2))2) =0 (14
Thus there exists the solution

ﬂm=§muwﬂmm1

Not 1dentical zero, if the determinant of the coefficients of equations (13), (14)
equal to zero,

l-aIn2)  -S(n(2)
D= 2 =0

1 1 a, 2
S In(2) 51n(2) - 3(111(2))

This implies that a, —a, = L Hence, if a, —a, # b then # =1 1s not an
In(2) In(2

eigen value of the problem, since y(x) = 0, if a, —q, = ﬁ then » =1 1s an
n

eigen value of the problem along with the corresponding eigen function:

Y(x) = 1 - 2(1—-q ln(z))
X a,(In(2))

Case 2: A <1, let a=,/1-A >0 in this case the general solution of equation

(10) has the form

y(x) = ¢;x'cosh(In(x)o) + ¢, i sinh(In(x)o)

putting expression for y(x) into both (11) and (12) we get

In(x)
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¢ =a L% sinh(In(2)o) + % cosh(In(2)ot) — %J

c, [1 - a—lsinh(ln(Z)oc)] —c, (1 _ 4 conh(In(2)o) — al—lj ~0 .(15)
oL oL oL
and
2conh(ln(2)oc) +szlsinh(hl(2)oc) —a, [Cl sinh(In(2)or) + -2 conh(In(2)or) — 021} .(16)
Ol 04 Ol
Equating to zero the determinant of the system of equation (15) and (16)

1 - % sinh(In(2)a) ~ N onh(In2)o) + 4
o o o
D= : : =0
1 a, . 1. a,l a,l
> cosh(In(2)a) — —% sinh(In(2)ct) 5 sinh(In(2)a) — 2 conh(In(2)ct) + —=
o o o

We get the following condition of existence of the negative eigen value
tanh n(2)a  «

2 -a, —2a,

(7

Equation (17) has a single positive root o, provided —a, —2a, > 2. In this case,

problems (10)-(12) has the negative eigen value % = —(&)2 +1.

Case 3: L > 1, in this case the general solution of equation (1) 1s of the form
v(x) =¢;x 'cos(In(x)o) + ¢, X sin(In(x)cr) ..(18)

where a= A —-1>0.

Putting this expression into (11) and (12) by the same way 1n case (2) we obtain
the system of the equations with respect to unknown constants ¢; and c,.

¢, [1 - alsin(ln(Z)oc)j e, [1 ~ % con(In(2)a) - al] =0 .(19)
Ol 04 Ol

¢, (1 con(In(2)o)— 2 sin(ln(Z)oc)] te, (1 sin(In(2)or) + 22 con(In(2)o0) +ﬁj ~0...(20)
2 o 2 o o

Again, there exists a solution of a form (18) by equating to zero the determinant
of this system

1- A sin(In(2)o0) ~% con(In(2)e) +
D= @ o o _ 0
1 a, . 1 . a a
—cos(In(2)et) — Z2sin(In(2)et)  —sin(In(2)ax) — 2 con(In(2)ax) + =
2 o 2 o o

By solving this determinant, we obtain a condition of existence of the positive
eigen value
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L GO 2D
2 a, +2a,

This equation has infinitely many positive roots ay, and A, =a; +1>0. The

corresponding eigen function are definite by (21).

Conclusion:

We conclude that we can solve the eigen value problem where the
coefficients are variables with nonlocal integral condition where similar
problems are solved previously but with constant coefficients.
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