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Abstract

In this paper, some properties concerning orthonormal Bernstein
polynomials are derived. An explicit formula for the derivative orthonormal
Bemnstein polynomials of degree five is obtained in terms of Bemstein
polynomials themselves to construct the operational matrix of derivatives of
orthonormal Bernstein polynomials. Then we apply it for solving calculus of
variational approximately using direct method. Illustrative example 1s given to
demonstrate the efficiency of the method.
1. Introduction

Orthogonal functions have received considerable attention in dealing with
analysis, optimal control and venous problems of dynamic systems [4,6,7.8]. Some
Orthogonal Polynomials are applied on variational problems to find continuous
solutions for these problems [1,2,5]. In this paper, a new operational matrix of
derivative for orthonormal Bernstein polynomials of degree five 1s derived.
Orthonormal Bernstein polynomials and their properties are employed for deriving
formula of this matrix. Then orthonormal Bernstein polynomials of degree five with
the operational matrix of derivative are applied for solving variational problems.
The paper is organized as follows: we begin by introducing some necessary detinitions
of Bernstein polynomials which are required for establishing our results. In section 3,
the operational orthonormal Bernstein polynomials matrix of derivative of degree five
i1s obtained. Section 4, 1s devoted to apply the orthonormal Bernstein matrix of
derivative for solving variational problems. Also a conclusion 1s given in section 4.
2. Bernstein Polynomials and Their Properties

In this section, some necessary definitions and properties of Bernstein
Polynomials are given which are used further in this paper.

The Bernstein Polynomials of »t# degree form a complete basis over [&.1}, and

they are defined by 5.,{x} = {:f? FAES S L B Joidm (D)

where the binomial coetficients are given by —? =7

The derivatives of the n™ degree Bernstein Polynom1als are Polynomials of degree
n —1and are given by [3]
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The first derivative of Bernstein Polynomials of degree n in terms of Bernstein of same
degree n 1s given by the following formula
Biw =in—k+ 108, g0t — {n — 2838000 — ik + 108y 09,12 ..(3)
3. The Orthogonal Bernstein Polynomials of Degree Five &; 5

The orthogonal Bernstein polynomials are not orthogonals using Gram-Schmidt
orthogonalization process on 5, to obtain a class of orthogonal polynomials from

Bernstein polynomials.
The five orthogonal polynomials are given by [7]
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3.1 The Relation Between &y and Bys
The transtormation matrix between Bernstein polynonmials of order five and
orthogonal polynomials of order five can be derived as follows
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3.2 The Derivative of &

The derivative of the orthonormal Bernstein polynomials of degree five in terms
of Bernstein polynomials themselves 1s derived and given by

bos = v11[-E85; — By ;]
. A5 5 -
e = ’3{75: z— 50z — 28z;]
. 13\;&{ 115 N 121 5 35
Hnz = - Da g Dy T Doz — 303
== 2 s 7 18

28 145 _ 235 3 39 - 11 - 15
Drs = = Dpe — o Lyg tT—0q Y ——0Ogg —Hani
USRI T oz TR 170 2 RS o
: 73 33 _ 331 _ 3L iB‘g 17 L
daz = W {_ = Bz 'Q'Eﬁig _gugj _g-_,g' + ll_,_.g _bff_ _i
. A5 s 21 35 11% 35 .
P35 = 5{7 Ogs — 7 Biz P 5 Pes *ESE,S —— Hszt 5 s

3.3 The Orthonormal Matrix of Derivative of by |

The operational matrix of derivatives D is given by Z

...... -~
{E

= D %{xy where

Fith =P Yoo ) oand ¥ L,i=1,23,.., % are orthogonal basis functions. Several

papers have appeared in the literature concerned with the application of operational
matrix of derivatives  [4]. In the following section, we introduce a new method for
deriving operational matrix of derivative for orthonormal Bernstein polynomials of
degree five.

Theorem 1: let ¥4t} and &i*} be the orthogonal Bernstein polynomials and Bernstein

polynomials of degree five respectively defined by it = [by Bz boo D5z Bgg Bl

e -

and Hitd = {B.—.: By: B.. By B B} the derivative of the vector it} can

Iy

& ¢ty where I¥ 1s the &x& operational matrix of derivative

be expressed by =

defined as follow

I —16.5831 —3.3166 { & 0 i
i 45 —1i5 -1z & {1 i
— 15X 13487 100588 238118 —71.4353 ] & (5)
i H4.5460 —185.80852 348827 &E8.8709 —LaO87% Lk
| —57.4577 11446618 754710 —43.6477 133.387¢ 406718
L 35 -77 A3 35 —113 185

4. Solution of Variational Problem Using the Operational Matrix of Derivative
Consider the problem of finding the minimum of the time-varying function [ 5]
Fa=i, a2+ er + ¢ lar ..(6)

with boundary conditions x{d} =&,

The exact solution is x{t} == +¢, 2" +
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%= qa DBDb 2
where
a=lay a3 ©; az 85 agl
D =[bps s Bz Bz Bas bacl
1) = (10708087 a4 £a7Dh +67 007 al
&
Jixi = jg?{f{ﬂ‘é 05T+ 287 daldt + j: sl Db ot
PO S -
Hag = S Ha+ et a
where
B=2['0pDsT +5571ar and F= [ 3DuT a
subjectto Fa—b# =4
where
[ 5.7374 -2.6869 -1.5469 -0.7785 -0.3131 -0.0786]
-2.6869 32756 0.8694 -0.2742 -0.5375 -0.3131
. |—1.5469 0.8694 1.3564 0.7071 -0.2742 -0.7785
e -0.7785 -0.2742 0.7071 13564 0.8694 -1.5469
-0.3131 05375 —-0.2742 0.8694 32756 -2.6869
| —0.0786 -0.3131 -0.7785 —1.5469 -2.68069 5.7374 |
{11)
S
6
-1
6
1 0
FT= _61 ) g By = 1 .. (12)
r 4
-1
6
5
6

Table 1 shows the results using the orthonormal Bernstein polynomials of degree five

against the exact solutions.
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table (1): the orthonormal Bernstein polynomials of degree five agamst the exact
solutions.

) Absolute Error
Bernstein

Exact solution . | Exact — Byl
Polynomials

OO |Oo|IC|IC|o|IC oo

The algorithm:
To approximate the solution of variational problems (1), (2) using the
orthonormal B-spline of degree 5 in the interval {.1].

Input
- The vector «* as syms.
- The vector b.
- The boundary condition.
Output:
-n5 § =012, .. ... 5 the unknown parameters.
Step1 for # =25 do step 2
Step 2 {z i1—g3®

Step 3 set B(k,5 t)fb

% output ‘the Bernstein polynomial 5.,
Step4 for & =25 dostep 5
Step 5 diff (B(k.5,t).t)
Step 6  set Db (k,5,t) = Db

%% output ‘the derivative of B-spline polynomials &y izy
Step 7 set Lottty b
Step 8 for k 0:5 do step 9
Step9  set » =[8i0.5,¢5: B{L5 L BI25, 2% B35, 41 Bi45, ¢ 555,
Step 10 set Db = [diff (sphne (0, 5, t), t); daff (spline (1, 5, t), t); diff (spline (2, 5, t),
t); diff (spline(3, 3, t), t);diff (spline (4, 5, 1), t);dift (spline (5, 3, 1), t)]
Step 11 fork=0:5 dostep 12
Step 12 set iy =1 DE%
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T = nilig, 0,1
0 o7
Step 13 fork=0:5 dostep 14
Step 14 set BT
Step 15 fork=0:5 dostep 16
Step 16 ¥, = [Bi0.5.0% B{15,0); Bi250:B{35.0) BI4S0k 5050
Step 17 xp = [8{0.51% 51,51} Bi351%:5(351) B{451% B{5510}
Step 18 F = [x::
Step 19 & =14 =
% output "5 5,7
Step 20 set xy=iRHE
xy= HTAET
Xz T XuAz
af= —H ic+x {FR H ot 3}
Step 21 Stop
gr =10, o, = 2D0688 a;=01535 g.= 01965 s.= 02306 @z = GE500

5. Conclusion

The relation between the orthonormal Bernstein polynomials of degree five 5,z:and

the Bernstein polynomials 5., is demonstrated. By using the relation, the operational

matrix of derivative of orthonormal Bernstein polynomials i1d derived. They are
applied to solve variational problems. The present method reduces the variational
problem into quadratic programming problem. Applications of the presented method
are demonstrated through illustrative example. The results reveal that the present
method is very effective and give an exact solution.
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