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Abstract :

The main purpose of this paper is to establish a connection between the length
and angular parameters with the parameters of ¥1aSkit for 18iChmiller gpace of the
Riemann’s surfaces of topological type (1,10 re, for tori with one boundary
component.
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MasKit's parameters.
1- Introduction:

At different times, some authors have introduced a different parameters in the
Teichmslier space, adapted to respective problems. Maskie B.[2] defined, studied
and developed the parameters of the Teichmiiter space, within a series of his works,
then they have been called as the parameters of *laSkit

Maskit ([2]) showed that the T&iChamiiler space TL1 can be parameterized
by three real variables n the parameters space
P= gxsa)er3d s x=1, s=0,2= 1}

Each element in the parameters space correspond to the Fuchsiangrowp  bea

representative of the element of the Teichmuiter space. The generators {A, B,
[47% B3 of this group determined by the matrices
s D { v R \} .
As X V\—s xi{l +aj,
which act in the complex upper half plane . Note that when A= the

corresponding Riemann surface represents topologically a torus with one puncture.
When * >1 we will have a torus with deleted disk.
If we denote by Fa-Ba,Vg.2p repelling and attracting fixed point of

4 and B respectively, the direct calculation gives the following formula:

. i - )
s — 1% — :'32(3 — 1:}2 + E8x s"(b - 1} - \:*@{:«, - 1} + dun
Ya = : = Fa = 2
f i
x{s + 1} —+ .'{’15 + 1} — 4ax x{s + 1) — fxi{'s N _1}2 A
g — k! = g = ki

S8

2s
For simplicity, calculations were realized for A =1 |
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For the Teichmilier space T'[LI} , DR Marar . ([4]) considered

another parameterization: parameters are the TOSITES of the interior angles of a
triangle formed by the axes of hyperbolic transformations that generate the

corresponding Fuchsian grovp acting on the unit disk. Of course, between these

parameters and Maskit parameters the relationship exists. Explicit formulas are very
cumbersome, with one exception. This case we will consider in theorem 3.1.

The space Ti1.13} recently considered Komori Y. ([1]).

2- Preliminaries:

From the topological point of view any connected oriented two-dimensional surface is
homeomorphic to the sphere with g handles and m holes, 1.e. 1t has topological type (g,
m). Two surfaces of common topological type are homeomorphic among themselves,
1.e. they are topological equivalent. Riemann surface be the topological surface
equipped by conformal structure. Two Riemann surfaces are not necessarily conformal
equivalent. The elements of the set R (g, m) are classes of conformal equivalent
Riemann surfaces of topological type (g, m). This set depends on the parameters
named as modules their number depends on numbers g and m. The problem of
modules consisted in studying the structure of this set.

O.Teichm® ller found the solution of a problem of modules by the theory of
quasiconfomal mappings. He has considered the space T (g, m), and he has shown that
T(g, m) be the covering of R (g, m). He has determined the metrics in T (g, m) and by
this metrics he has introduced a complex structure in T (g, m). The parameters of
Teichm® ller are difficult computable, therefore some authors determined another
parameters.

3- The main results:
Theorem 3.1 If we denote the angle between the axes for the transformation

Fi . 4 :
Aandr through 7Y , we obtain
(1 —38)°

Y48 — 13 + 168 {x — 1)
Proof: In fact the proof is a direct calculation. To do this, you need to determine

o3y =

the fixed points of the commutator [7%B7*] | to construct a corresponding triangle
and calculate €98 v
Now we find the relation between the parameters of Maskie

and the parameters of Okair ([3]) for T{1,1}
In this case, we prefer to take a different set of parameters of Maskit | Tor a
Fuchsiangrowp © of topological type (1,13, acting in the upper half of plane
H={z;Im >0}  Maskit considered the parameter space of the form
P=iXstierd-: x=1, s= 0, ¢ = s} .

Then the standard normalized generators £ a81€ B of a Fuchsiangrow
T are as follows:
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A= Ioan = .
A=t b hd 5 (—s {1+ S}J

If t=35 then T corresponds to the torus 5 with one puncture.

If £=8 thenT corresponds to a torus S with deleted one disk.
We shall consider only the case Wkeit¢ > s  Using the transformation

oz —1i
q}['z_} = -
Z+1 o
we get a new FUthSiangroup ¥ acting on the unit circle

4= {E |z} < lj .
Then the standard normalized form & and B to the group
are as follows:

_ }’1 T oae f: P
A= {_%:ﬁ;{‘j.‘.%g E_ —_— g‘l"ri :E—‘ﬁe-u?g}
iv —1s \EF — 13
Fy r ;
. —en. B iat =4 Vg 4 Ly
and B=w-B.yw —[ﬁg ¢
Wiz T I iy — by \
where
=t - (x— )
Ty =K {‘t — 1) ey ,
= RS+ 1Y + X 2+ 87
Iy = x-'s+;1;‘-’+'x—s*~ ,
x—t i+tC
fanyy = ————— . fany, = ————
xr+ 13 xe—13
X+38 ®—5
By, =——""—= Biyy = ———
X(s+ 11~ T o xis+ 1}
Riemann surface 5=a1  be a torus with one hole. For any element of the
fundamental group = m iS5 pl there exists a umque (not necessarily simple)
geodesic arc from P toapoint P, which represents the element iy r

isomorphic TSP} then the generators A and B correspond the geodesic arcs
® and B . respectively.

Theorem 3.2 Let the length of the geodesic % is equal to #, the length of the
geodesic B isequal to P and the angle between geodesics o and [ at the

intersection point ¥ is equal to 3
Then we have the following formula:

L

Q _i ES
2Cosh— =+t + 1%

(a) 2 K — l}
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po X
Zogsk—= 8+ 15—
(b) 2 O
COSE = — i ) el Kl S
et 137 4 ae x(s ¢ 1)° — 4
(©) “ '

Proof: It is sufficient to perform all calculations in the complex upper half - plane H \

so P28 are invariant under the transformation @ , and we use the following known
properties of the hyperbolic metric.

l¢t < be Riemann surface with universal covering H and T is a
Fuchsian model of the surface 3, acting in H . Suppose
. a2+ k
Tizi= , abca =R, ad —bo=1 |
fz+4d

[y

be a hyperbolic element of group I' and tet LT bea closed geodesic on

the element T . Then the hyperbolic length £ Ly satisfies the equation

2cosh - — = la =4l

£
We now consider the mapping of the parameters

fr(xs8-{p,5.6)
defined by the formulas (a), (b) and (¢) of Theorem 3.2.

, representing

Proposition 3.3 The mapping f s locally invertible mapping at almost everywhere in

the space of parameters (F:#.9 ),

Proof: We know that the Jacobian matrix of mapping £ vanish on some algebraic

curve K , which is defined by the equation:

XN - -8 -+ XN - s -us + i -ste— 10+

+rxa -tk st Do —title+ el —ue + L — 1 sk —1iss+ it — 11 =9
Then by Sard'seheorem (K} 54 set of measure zero. Outside the set £ (K3

the mapping I locally invertible by the theorem of the inverse mapping ®

References
1. Komori ¥ ., Cook-hats and crowns, ContemporaryMathematics, v. 575, 238- 262, (2012).

2. Masiit® | Parameters for Fuchsian groups II; topologicai type 1322 Ann. Acad. Sci. Fernm | Ser. A L
Math., 14 (1989), 265 - 275.

3. OkaiT | Hyperbolic 4g-gons and Fuchsian representations. Analysis of discrete groups (Kyoto, 1995),
Strikaisekikenkytisho Kékyuiroku N.
967 (1996), 132 - 141.

4 (nmmray ., Angle parameters for Teichesiiiae gpaces, ] Math. Soc. Japanvol. 49, No 2, 1997, 213 - 229.
" olad pliad o yia B duag)
gﬁaL) ala J.q;i A
QL}.;.:.QJ}':H@ 1 [ W L WSS WA [ POA B |
Ce A 4 O (1D £ 53 Oe o sl sl Shedielimb (b ) 7 sl 5aen

736 Osilail 2 ¢ 19 Maall ¢ L) Gy 108 Alse




