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Abstract:

The aim of this paper is to construct a program based on
biorthogonalization method for computing generalized inverse of real matrices
(Moore-Penrose inverse matrices) [1, 2]. The new program has been 1llustrated
by solving different examples.

The accuracy of the results proved that the new program has very high
efficiently.
1- Introduction:

The generalized inverse for every matrix A is denoted as A ,where X=A" is
unique solution to the Penrose defining relations|1]

AXA=A , XAX=X (AX)'=AX , (XA)'=XA (where T denotes the transpose
of matrix ).We will use relations A'A =1 (A A' = 1) if A has full column (row)
rank so that A™=A" if A is non singular. The following some properties of
generalized inverse [3, 4]

a) (A=A

b) ( AT)+=( A+)T and ( AAT)+= N ( A+)T

¢) (LAY=1TAT (L#0)

d) |[A|#0 — A'=A"

2- Biorthogonalization method :[ 5,6 ]

In this section we will describe the process to compute the generalized
inverse by Biorthogonalization method.
Definition 2.1: Two sets of n-vectors {u, . ..., u,} and {v|, v,, ..., v,} are said
to form a biorthogonal system if and only if the inner products (vi, u;) satisty the
relation

(Vi, Uj) = 81j (i,j: 1, 2, cees Il)

Where (D
d;= 0 when 17 and J&=1.
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To constitute a biorthogonal system each of the two sets must be linearly
independent. To show this, suppose that there exist constants ki, k,, ..., k;not all
zero, such that

k1U1+ k2U2+ +knun=0
multiplying this equation by v{' we obtain
K vitugt Ky v upt L+, v u,=0 (=1,2,...,n)

Since the sets { uj, Uy, ..., uy} and {vy, vo, ..., vy} constitute a biorthogonal
system, this system of equations reduces to

k=0 (@=1,2,...n).

It follows that { u;, uy, ..., u, } 18 linearly independent. A similar argument
shows that {vi, v,, ..., v,} must be linearly independent. It 1s also true that n<m,
for otherwise each of sets would be linearly independent.

Now we describe biorthogonal systems in term of matrices. The vectors u,
Uy, ..., U, can be considered to be the column vectors of a matrix U and v;, v,
.... vy the row vectors of a matrix V.

In [5,6] a process called “Biorthogonalization™ for inverting matrices is
described. This process can be extended and modified to compute the
generalized inverse of rectangular matrices.

Given the matrix U=[ u;, u,, ..., u,] we wish to find a matrix
V=] vi, vo, ..., Vn]t such that the sets { uj, uy, ..., u,} and {vy, vo, ..., vy}
constitute a biorthogonal system. The construction will be one in which we
begin with an 1nitial estimate V(O)=[ VI(O), Vz(o), Vn(o)] of V and by series of n
transformations on V® obtain the matrix V. The procedure for constructing the
matrix V will be an iterative one 1n which we transform the vectors VI(O), VQ(O),

Vn(o) into vectors vy, v, ..., v, In such a manner that the sets { u;, up, ..., u,}
and {vy, vy, ..., vy} form a biorthogonal system. This process will require (n)
iterations. In the first iteration we construct the vectors

OO

2

so that
(V1(1)> u) =1
and
v u)=0  (G=2.3,...,n),
To begin we set
ci=(vi",w)  (=1.2,...,n),
= (assuming thatcyy = O}

WO =¢ v,©

W — @D
Vi Vit -G vi
Assuming that (k-1) iteration have been completed and the vectors
Vl(k'l), Vz(k'l), e Vn(k'l) have been obtained, we set

Cjk:(Vj(k_l)> ) (G=1,2,...,n) ...(2)
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€y = Ei { assuming that ¢ & G} i3}
e &
Assuming that cy#0 , we construct the set {Vl(k), Vz(k), Vn(k)} using the
formulas
v =g v Y )

v =y Y w® ., (7K =12, .n) (5)

We note that when k=1 these formulas agree with those used in
constructing Vl(l), Vg(l), s Vn(l). After n 1terations we will have constructed the
n-vectors v;"". v, ... v, ™.

The following theorem is an obvious consequence of the above discussion.
Theorem 2.2 [ 5 |: Having completed the first (k-1) iterations, the k-th iteration
can be completed if and only 1f ¢ #0.

Theorem 2.3 [ 5 |: Assume that vectors Vl(k), Vg(k), - Vn(k) have been completed
by the process described above. Then

i, u) =1 ..(6)

VP uw) =0 ,(#.j=1,2,....n) ..(7)

-2

Proof:

Since
k-1)
k

v, ) = o (i, )
And hence from (2) and (3) we have
H

v ) = G et
For £k,
Since Vj(k) = Vj(k'l) - Cik Vk(k)
From (2) and (6) we have

(Vj(k), uk) = Cjk - cjk.1=0

To compute the generalized inverse of a matrix, the above method is
modified by adding rows to the original matrix which are orthogonal to original
rows of the matrix and which raise the rank of the matrix to its column
dimension. This can be done depends on the rows of the matrix. It may be
possible to determined these rows by inspection ,especially if most of the
components of the original matrix are zero (sparse matrix ). If it 1s not possible
to determine these rows by inspection, then the Gram-Schmidt process can be
used to determine the additional rows. Let k be the number of the rows that are
added. Then the above method is now applied to the resulting matrix. The
generalized mverse of the original matrix is obtained by deleting the last k

columns from V™.
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3- Examples
In the following numerical example we will illustrate the method of
biorthogonalization.
Example (3.1): Consider the matrix A (rectangular matrix)
11
A= ‘i1 2 4!

The matrix 1s of rank 1. We add two rows to A which are orthogonal to all
other rows so as to obtain the matrix

S T B
if 2 2z 4}
, —3 6 1]
U=": 1 -1/
of rank 3 to Wthh the method is applicable with V@=U"
2102 I 1o
I SR B O

vO=1s 5 ¢ 3/
In the first iteration we put k=1 into formulas (2) to (5). we begin with k=1
and j=1. Then
Cy=w", wp)

| X
pa B4R

| 1
Cr=(1,2,2,1) 1/ =10, T 10
1
V1(1) = V1(0) =10 (1,2,-2,1)=¢( t/10. 15 s Tae
When j=2 we have
C21: (VQ(O)a ) o

Ci=(1,2,0, 1) b
v, = 4,0 ¢ IVk(l)
=(1, 2 L0, -6 ( /10, 122 -uys. lags
= ( /5, 4/5 .6/5. 25

When j=3 we have
Cy= (V3(0), up)

Las

bl

P -

.2_
Cay=(2,4.1,-1) 01

V(l)_V3 —Cy1 Vi S
=(2,4,1,-)-7( /10 15 c-ays. Lae

-
s

O
.'Zt

vyl = iafl 135 ez 5, (<1710
Hence
LI S R SR S
(¥0 5 5 10 |
2 a4 & 2 |
5 5 = 5
13 13 12 —17F |
vih=35 T B 10/
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When k=2 and j=2 we have

12 2
C222: (Vg(l), 1112) = T ,‘__CQZ }_2
V,P=¢, v,V = ( 15, 1:3 01720 158
When j=1 we have
3
Ci=(vi'", m) =3 N
Vl(z) — Vl(l) . Vz(z) =(0,0, -1%/ 2.0y

When j=3 we have
24
Cap= (V3(1)= W) =5

3
Vi =vY ey vi?=(3,1,0, =552

Therefore
‘o0 2 ool
1t & 1
6 3 2 &
: i -5
V (2) — E 3. ﬂ T':;ﬂ
When k =3 and j =3 we have
is 4
Cy= (V3(2), wm)="=2 ,C;=15
T

vi¥=Cyva®=( 15, 15 0,15 ).
when j=1 we have
—1
Cis= (Vl(z): U3) =2

1 i -1
V1(3) = V1(2) —Cn3 V3(3) =(30,15,72 , 167,
When j=2 we have
Cn= (VQ(Z): Uz) =2
1y
V= e va®=(30 , 15,2, 55
Hence
1111y
130 15 2 B |
it 15
3015 2 6
12 -5
V(3): 15 15 D ﬁj
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The matrix V" 1s generalized inverse of U, Morcover the matrix
SR ERRY
i1
30 15 |
12

N="15 15/ isinverse of A after deleting the last two columns.
4- Program {computing of generalized inverse of a matrix A by using
Biorthogonalization method}
a = input ('input matrix'y;
r =rank (a), {computing the rank of A}
[L, b] = size (a);
if r <b {inputting the orthogonal rows}

m=b-r;
forT=1:m
n = input ('input orthogonal row")
a=[an];
end
end

¢ (b, b) = zeros;
v =a"; {computing the inverse}
u=v,
for k=1:Db
c(kk=vk,H)*uk, )
d(ky=1/c(k.k);
vk, H)=d(k)*v(k, )
for j=1:b
ifyj~=
c(J.B=v(j, )% (ud)
v (j::) =V (J > :) —C (_]7 k) * (V(k7:))
end
end
end
4.1 In the following section we use the program to find generalized mnverse of a
matrix A.
/5 3 8
Example 4.1: Consider the matrix A= IE g E’ (3%3)(non singular matrix)
Rank= 3
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1 i 1 Y
& 15 30
10 97 56
3 15 15|
vwW="8 1 7
481 56 75
7006 1003 2006
50 a7 56

1003 1003 1003
| 259 1656 569
v?="72006 583 113

/58 19 694
259 250 250
1327 11

259 259 159
1 22 39

v®= ' 259 259 7259/
V® is the inverse of A=A'=A"!

O
o 01 -1
Example 4.2: Consider the matrix A= ~—L1 ¢ 2 1/ (4x4)(singular
matrix)
Rank= 3

Input orthogenal row [1 1 1 1]

—1 1 0 % iy
1T 1 2
-3 7t 13 3
vi=- 80 ¢ -1 1 1
'z Y -3 3]
11 1]
33 005
] _ 1 @
-= —1 P = i
V=" b g -1 1 1/
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'3 O 0 3 3
i 1 1
3t o33
L1 i 2 |
V(:—‘,)_ ? _E -1 i g-fa
81 81 g 8 *}i_n
3 03 00 3
P 3311
18 g § 8B @i
! 1, L. 2
Vet 3 T3 -1 1 3/
3 i1 3 Iy
3 88 § 4
1 1 1
3 3 Y9 3
13311
g a 8 8 4
L1 1 33 1]
V-8 T§ 3§ %
3 11 3 Iy
8 838 8 4
_d 03 1 11
8 8 8 8 4
13311
8 5 8 8 4
T 1 331
vi-"8 T3 88 %

The following matrix is the inverse of A by deleting the last column from v®
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3 11 R
& 8 8 g
3 3 1 1
g8 8 B8 B
1 33 1
8 818 8
1 1 33 |
LB 8 88 /‘=A

Example 4.3: [7 | Consider the matrix F,= "

Rank =2
Input orthogonal row [-1 2 -1]
v=
1 448 5
T4l 141
V(Q)—
MI—175/1631  ©1i6/1521@305,237;0
3 3 I8 .3
8 BY 188 -— 158
T I
G e 25 — H
i = 2
V=5 $  iae 188
R
A S T
Sl ¢ il
R 24 1 54
£7 AT - S x
+ = - i -
F,="3¢ X T 182

V% is the inverse of F;" by deleting the last column from V

5- Conclusions

—12,3330133338

bl

o L b e

“1 3

0 ~d SR MY s L B

g
o

S UY e

l

¥
r

228523370

* (7x3 rectangular matrix)

3

In this paper , we give a new program to find the inverse to any real matrix
(singular, nonsingular and rectangular depending on Biorthogonalization
method). We have 1llustrated some examples by applying the new program, and
a comparison with other methods has been made [5,6].The results that obtained
are identical with those obtained by other methods.
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