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Introduction
The concept of rga-open sets was first introduced and studied by A.vadivel
[1].Also, The concept of rga-open (resp. rga-closed) functions was mtroduced
by [5] .The purpose of this paper is to give a new type of open and closed
functions called quasi rga-open functions and
quasi rga-closed functions . Also , we study the relation between the quasi
rga-open (resp. quasi rgo-closed ) functions and each of open ( resp . closed )
functions , rga-open ( resp. rga-closed) functions and rga™-open ( resp. rgo™-
closed) functions . Moreover, we study the characterizations and basic properties
of quasi rga- open ( resp. quasi rga- closed) functions .
1. Preliminaries
(1.1)Definition:[1].
A subset A of a topological spaceX 1s said to be
1) Regular a-open set ( ra-open ) if there 1s a regular open set U such that U
A cacl (U)
2) rga-closed if acl(A)cU whenever AcU and U is regular a-open in X.

The complement of an rga-closed set is said to be rga-open.

The class of all rga-closed (resp. rga-open) subsets of X1s denoted by

RGuC(X,7r) (resp. RGoO(X,71)) .
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(1.2)Definition [2]:

A subset A of a topological space X is said to be an rge-neighborhood of a

point x in X if there exists an rga -open set U in X such thatx e UcC A
(1.3)Definition [3]:

Let X be a topological space and 4 = X .Then:-

1) The rgo-closure of A .denoted by rgo—cl(A) 1s the intersection of all rga. -
closed
sets in X which contains A .

2) The rgo -interior of A, denoted by rga — int(A)is the union of all

rgo—open sets 1n
X which are contained in A .
(1.4)Remarks [2]:
Let X be a topological space and 4 = X .Then:-

DA c rga-cl(A)

2)If A 1s rga-closed in X then A= rga-cl(A).

3) rga-nt(A) CA.

DHIfA1s rga -open then A= rga-int(A).
(1.5)Definition [3]:

A function f:X — Y from a topological space X into a topological space Y
1s said to be rga -continuous 1f £ (V)is rga -open set in X for every open set
VinY.

(1.6)Theorem [3]:

A function f:X — Y from a topological space X into a topological space Y

18 rga--continuous iff . £ (V)1s rge -closed set in X for every closed set Vin Y
(1.7)Definition [3]:

A function f:X — Y from a topological space X into a topological space Y
1s said to be rga-irresolute 1f £~'(V)1s rge -open set in X for every rga-open set
VinY.

(1.8)Theorem:

A function f:X — Y from a topological space X into a topological space Y
18 rga-irresolute 1ff. £7'(V)1s rga-closed set in X for every rga-closed set V in
Y.

Proof: It 1s obvious.
(1.9)Definition [4]:

A function f:X — Y from a topological space X into a topological space Y
1s said to be contra rga-irresolute if £'(V)is rga-closed set in X for every rga-
opensetVin'Y .

(1.10)Definition [5]:
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A function f:X — Y from a topological space X into a topological space Y
1s said to be rga-open ( resp. rga-closed ) if the image of every open ( resp.
closed) subset of X1s an rga-open ( resp. rga-closed )setin Y.
(1.11)Definition [5]:
A function f:X — Y from a topological space X into a topological space
Y 1s said to be rga*-open (resp. rga*-closed) if the image of every rga-open
(resp. rga-closed) subset of X 1is an rga-open (resp. rga-closed) set in Y.
2. Quasi rga-open Functions
We now introduce the following definition:
(2.1)Definition:
Let Xand Y be topological spaces. A functionf:X — Y is said to be quasi
rga-open if the 1image of every rga-open set in Xis openin Y.
(2.2)Theorem:
Every quasi rga-open function is open as well as rga-open .
Proof:
Let U 1s open in X since every open 1s rga-open [1] thus U is rga-open
,since f 1s quasi rga- open thus f(1)is open so f is open
To prove I 1s rga-open let U is open in X since [ is open thus {(U) 1s
open,since every open 1s rga-open thus f(U)is rga-open so { 1s rga-open .
(2.3)Remark:
The converse of (2.2) may not be true in general. Consider the following
example .
Example:
Let X=Y ={a,b,c}& t={X.¢,{al.{b}.{a.b}}
= RGaO(X.1)={X,¢.{a}t.{b}.{c}t.{a,bt}.
Let 7:(X,7)—= (¥,7)be a function defined by : f(a)=a,f(b)=b & f(c)=c.
It is clear that [ 1s rga - open as well as open, but [ is not quasi rga -open,
since {c}is rgo-open in(X,1).but f({c})={c} 1s not open in(¥,r).
(2.4)Theorem:
Every quasi rga-open function is rge*-open .
Proof: let U is rga-open ,since f 1s qusi rga-open thus f{U) 1s open ,since
every open set 1s rgo-open | 1] thus [ 1s rga*-open .
(2.5)Remark:
The converse of (2.4) may not be true in general. Consider the following
example.
Example:
Let X=Y ={a,b,c} &7 ={X.4.{a}, {b}.{a.b}}. RGaO(X,t)={X,d.{a}.{c.{b}.{a,b}}
Let 7:(X,r) — (Y.r)be a function defined by : F@)=6 , f(b)=a &

f(e)y=c.
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It 1s clear that f 1s rga*-open ,but { is not quasi rga-open, since{c}1s rga-open
m(X,t), but f({c})={ciis not open (¥, 7).
Thus we have the following diagram:
quasi rga-open function = rga*-open function

U U
open function =  rga-open function
(2.6)Theorem:

Let f:X —» Ybe a function from a topological space X to a topological
space Y. Then [ 1s quasi rga-open if for each x e X and each rga-neighborhood
U of x in X, there exists a neighborhood V of {(X)in Y such that ' < f(U).
Proof:

Let U be an arbitrary rge - open set in X. Then for each yef(U) there

exists xeUsuch that f(x)=y. By hypothesis there exists a neighborhood Vv,
of yin Y such that I, = f(U).

Since V, is a neighborhood of y ,then there exists an open set W, in Y
such that yew, V.

Thus f(U)= [ JW, which is an open set in Y . This implies that f is quasi

yef (1)
rga-open function .
(2.7)Theorem:

LetX and Y be topological spaces. A function f/: X — ¥ 1s quasi rgo—open iff.
for any subset

B of Y and for any rga -closed set F of X containing f™'(B), there exists a
closed set Gol Y containing B such that 7 (G)cF.
Proof: =

Suppose that f 1s quasi rga -open. LetB <Y and F be an rga -closed subset
of X such that f*(B)c F . Now, put G=Y-f(X-F).

Since fY(B)cF = X-Fc [(B)= f(X-F)c f(f (BB

= BcY-f(X-F) = BcG. Since fis quasi rga —open , then G 1s a closed

subset of Y. Moreover, we have 7 '(G)cF .
Conversely, let U be an rga -open set in X .'To prove that £(U)is an open set in
Y Put B=Y-f(U) , then X-U 1san rga -closed set in X such that
B cx-U.

By hypothesis, there exists a closed subset F of Y such that B<cF and
fYFYcX-U.

Hence, we obtain fU)cY-F. On the other hand ,since
BcF=VY-FcY-B=f({U) =>Y-Fc f{U). Thus f(Uy=Y-F which 1s open
and hence f 1s a quasi rga -open function .
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(2.8)Theorem:
LetXandY be two topological spaces. A functionf:X — Y 1s quasi rga -
open iff £'(cl(B)) crga-cl(f'B)) for every subset Bof Y .
Proof: =
Suppose that f 15 quasi rga-open. To prove that /' (cl(B)) c rea—cl(f ' B)) for
every subset B of Y .Since f7(B)crga—ci(fB)) for any subset B of Y ,then
by (2.7) there exists a closed set F mm Y such that B<cF and
' NYcrga—cl(f'B)),Since BcF = cl(B)cc(F)=F.
Therefore, we obtain /7' (cl(B) < f/(F)crga—cl(f'B)).
Thus f'(cliB)crga-cl(f'B)) foreverysubset Bol Y .
Conversely, let BcY and F be an rgo-closed subset of X such that
(B cF . then we
have Bccl(B) and £cl(BN='(clB)) c rga —l(f'B))c rga —(I)=F
(By(1.4)n0.2)
Then by theorem (2.7) f 1s a quasi rga-open function .
However the following theorem holds. The proof is easy and hence
omitted.
(2.9)Theorem:
Let X,Y,z be three topological spaces ,and f:X—>Y.,g:Y—Z be two

functions. Then:-

1) If fand g are quasi rga-open ,then gofis quasi rga -open .

2) If fand g are quasi rga -open ,then gof1s rga *-open .

3) If f1s quasirga -open and g 1s open , then gof 1s quasi rga-open .

4) If f1s quasirga -open and g is rga -open , then gof 1s rga®-open .

5) If fis quasirga -open and g 1s rga *-open , then gof 1s rga *-open .

6) If fisrga -open and g 1s quasi rga -open , then gofis open .

7) If 1s rga *-open and g 1s quasi rga -open , then gof1s quasi rga -open .

8) If {1s open and g is quasi rga -open , then gofis open .
(2.10)Theorem:
Let X,Y,7Z be three topological spaces ,and f:X —>Y,g:Y—>Z7 be two
functions. Then:-

1) If gofis quasi rga -open and g is continuous and one-to-one, then I is
quasi rgo-open .

2) If gofis quasi rga -open and g 1s rga -continuous and one-to-one, then f 1s
rga *-open .

3) If gofis contra rga -irresolute and g 1s quasi rga -open and one-to-one,
then f 1s contra rga -rresolute .

4) If gofis quasi rga -open and f 1s rga -irresolute and onto, then g 1s open .
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Proof:
1) To prove that £:X — Y 1s quasi rga -open .
Let U be an rga -open subset of X ,since gofis quasi rga -open,
then (go f)(U)is open n Z. Since g 18 continuous, then
g ' (gof(U))=(g " og)f(U)) isopeniny.
Since g is one-to-one, then f(U)is open in Y. Thus f:X — Y is a quasi
rga -open function .
2) To prove that £:X —» Y 1s rga *-open .
Let U be an rga -open subset of X, since gofis quasi rgo-open,
then (g f)(U)1s open in Z
Since g 1s rga-continuous, then g (gof(U))= (g og)f(U)) 15 rgo-open
Y .Since gis one-to-one, then f(U) 1srga-openin Y. Thus f:X — Y is an rga
*-open functin .
3) To prove that f: X — Y 1s contra rga-irresolute .
Let U be an rga -open subset of Y ,since g 1s quasi rga-open, then g(U)is
open in 7. .
Since every open set 1s rga -open , then g(U) is rga-open in 7 .
Since gof 18 contra rga-irresolute, then (gof)™(g(U)) 1s rga-closed in X, since
g isone-one,then  (gof)'(gW)=7"((g eg)U)=7F"(U) is an 1ge-
closed set in X ., hence £ '(U) i1s rga -closed i X . Thus f:X— Y i1s contra
rga -irresolute .
4) To prove that g: Y —» Z 15 open .
Let U be an open subset of Y ,then U 1s an rga-open subset of Y ,since [
1s rga-irresolute
thenf ' (U)is an rga-open set in X, since gof 1s quasl rga-open,
then (gof)f '(U))=g(fof '(U))is open in 7.
Since f1s onto ,then g(U) 1s open in Z.
Thus g:Y —» 7 1sanopen function .
(2.11)Theorem:
Let f:X—> Y be a quasi rga -open function and A be an open subset of
X, then the restriction function fiYA:A —Y 1sa quasi rga - open function.

Proof:
Let U be an rga-open subset of A, Since A 1s an open subset of X ,then

by [1], U is rgo-open in X, since f:X—Y 1s a quasi rga -open function ,
then (fYAYU)=f(U) 1s open in Y .Thus the restriction function f1A:A—>Y
1S a quasi rga - open function .
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3. Quasi rgo-closed Functions
(3.1)Definition:
Let Xand Y be two topological spaces. A functionf : X — Y 1s said to be quasi
rga -closed if the image of every rga-closed set in Xis closedin Y.
(3.2)Theorem:
Every quasi rga-closed function is closed as well as rga-closed .
Proof: It is obvious.
(3.3)Remark:
The converse of (3.2) may not be true in general. Consider the following example

Example: Let X =Y ={a,b,c} & 7={X,¢.{a},{b},{a,b}}
r°={X,¢.{bc}. {ac},{c}}
= RGaO(X,r)={X,¢,{a},{b},{c}.{a,b}}.
RGaC(X,t)={X.0,{b.c}.{a,c}.{a, b}, {c}}
Let f:(X,7)—> (¥.r)be a function defined by : f(a)=a.f(b)=b & f(c)=c.
It is clear that f 1s rga-closed as well as closed , but f 1s not quasi rga -closed ,
Since {a,b} is rgu - closed in(X, 1), but F({a,b}) ={a, b} isnot closed in (¥, 7).
(3.4)Theorem:
Every quasi rga-closed function 1s rga*-closed .
Proof: It 1s obvious.
(3.5)Remark:
The converse of (3.4) may not be true in general. In (2.5), f is rga *- closed ,
but t is not quasi rga-closed ,since {a,b} is rgu-closed in(X,t) . but f({a,b})={a,b}is
not closed in(Y,1t").

Thus we have the following diagram:
quasi rga -closed function = rga *-closed function

I

closed function =  rgua -closed function
(3.6)Theorem:
LetX and Y be two topological spaces . A bijective function f: X — Yis
quasi rga — closed 1iff. it s quasi rga-open .
Proof:
Let t be a quasi rgu-closed function . To prove that f is a quasi rga-open function

Let U be an rgo-open set in X= U‘is rgu-closed m X . Since f is quasi rga-
closed , then f(U)is closed in Y .Therefore (f(U))° is open in Y . Since f is a
bijective function , then (f(U°)° =f(U) = f(U) 1sopen in Y

Thusf : X — Y 1s a quasi rgu-open function .

Conversely, Suppose thatf: X — Y 1s quasi rga -open . To prove that f 1s quasi
rga-closed .

Let F be an rgo-closed set in X = F° 1s rga - open in X . Since f is quasi rga -
open , then f(F)is open in Y .Therefore (f(F))° is closed in Y . Since f is a bijective
function then (f(F°))° =f(F) = f(F) is closed in Y . Thus f:X — Y is a quasi rga-
closed function .

(3.7)Theorem:
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~ LetXandYbe two topological spaces. A functionf: X — Y is quasi rgua-closed
iff. for any subset B of Y and for any rga-open set G of X containing ™ (B), there
exists an open set U of Y containing B such that /™ (U)cG.
Proof:
This proof 1s similar to that of theorem (2.7).

However the following theorem holds. The proof is easy and hence omitted
(3.8)Theorem

Let X,Y,Z be three topological spaces ,and f:X —>Y.g:Y —>Zbe two
functions. Then:-
1) If fand g are quasi rga-closed ,then gofis quasi rga-closed .
2) If fand g are quasi rga-closed ,then gofis rga*-closed .
3) It fis quasi rga-closed and g is closed , then gof is quasi rgu-closed .
4) It fis quasi rga-closed and g is rga-closed , then gof 1s rga*-closed .
5) If fis quasi rga-closed and g 1s rga™-closed , then gof is rga™-closed .
6) If fis rga -closed and g 1s quasi rga-closed , then gof'is closed .
7) It fis rga* -closed and g 1s quasi rga-closed , then gof 1s quasi rgu-closed .
8) It fis closed and g 1s quasi rga-closed , then gofis closed .
(3.10)Theorem:
Let X,Y,Z be three topological spaces ,and f:X—>Y,g:Y —>Z be two
functions. Then:-
1) If gofis quasi rgu-closed and g is continuous and one-to-one , then f is quasi
rga-closed .
2) If gofis quasi rga -closed and g 1s rga - continuous and one-to-one, then fis rga
*-closed .
3) If gofis quasi rga-closed and f is rga-irresolute and onto, then g is closed
4 If gof is contra rgu- irresolute and fi1s quasi rga - closed and onto , then g is
contra rga-irresolute .

Proof:
The proof is similar to that of theorem (2.10).Hence is omitted.
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