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Abstract

Let M be I'-ring this research introduce the concepts of left (resp. right)o -
centralizer, left (resp. right) Jordan o -centralizer, left (resp. right) Jordan triple
o -centralizer of I -ring as well as prove that every left (resp. right) Jordan o -
centralizer of completely prime I'-ring M 1is left (resp. right) s -centralizer of M.
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1) Introduction

Nobusawa [6] introduced the notion of a I'-ring, more general than a ring.

Bames [1] weakend slightly the conditions in the definition of I'-ring in the
sense of Nobusawa.

Let M and ' be two additive abelian groups. Suppose that there is a
mapping from MxI'xM—M (the image of (a,a.,b) being denoted by aab, a,beM
and ael’) satisfying for all a,b,ceM and a,Bel™

1) (atb)ac = aac + boe

a(o+P)e = ace + afic

acy(b+c) = aab +acc

i1) (aab)Pc = ac(bPc)
then M 1s called a I'-ring. This definition 1s due to Barnes[1].If the following
condition holds for a I'-ring M then M 1s called a prime I'-ring [2], al MI'b =0
then a=0 or b=0, a,beM, M 1s called a semiprime I'-ring if al MI'a =0 then a=0
and M 1is called a completely prime I'-ring if al'b =0 then a=0 or b=0, M is
called 2-torsion free if 2a=0 implies a=0 for all aeM. Jing [5] defined a
derivation on I'-ring as followings an additive map d:M— M is called derivation
if dxey)y= dx)ay + xad(y). Sapanci and Nakajima defined a Jordan
derivation on I'-ring as follows d is called Jordan derivation if d(xa x)= d(X)a x
+ X d(X).

Zalar [7] defined left ( resp. right ) centralizer and left (resp. right) Jordan
centralizer of ring R and proved that any left (resp. right) Jordan centralizer on a
2-torsion free semiprime ring 1s a left (resp. right) centralizer. Hoque and Paul
[4] defined centralizer and Jordan centralizer on Jordan ideal of I'-ring M and
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proved that every Jordan centralizer on a 2-torsion free semiprime I '-ring M
such that xaypz=xpyaziorall xyzeMand «,f el is centralizer on
M. Cortes and Haetinger [3] defined left (resp. right) o -centralizer, left ( resp.
right) Jordan & -centralizer of Lie ideal U onto ring R and proved that if R 1s 2-
torsion free ring then every left (resp. right ) Jordan o -centralizer of Lie ideal U
onto ring R 1is left (resp. right) o - centralizer.

This research generalization the results of Cortes and Haetinger by present
the concepts of left (resp. right) o -centralizer, left (resp. right) Jordan o -
centralizer, left (resp. right) Jordan triple o -centralizer of I '-ring as well as the
research prove that:

1) Every left (resp. right) Jordan o -centralizer of 1 -ring M into completely
prime 1 -ring is left (resp. right) o -centralizer of M.

11) Every left (resp. right) Jordan triple o -centralizer of 2-tortion free completely
prime 1'-ring M such that xaey gz=xgyaz forall x,y,ze M and a,f el 1s left
(resp. right) o -centralizer of M.

2) Left Jordan o-Centralizer on I'-Ring:

In this section the research present the concepts of left o-
centralizer, left Jordan o -centralizer, left Jordan triple o -centralizer of I'-ring
and the rescarch study the relation among them. We begin by the following
definition:

Definition 2.1:

Let M be I'ring and ¢: M—M be endomorphism an additive mapping
T: M—M 1s called left o - centralizer (right o -centralizer) if for all x,ye M and
a el then Txay)=T(X)x o(y) (respectively T(Xay)= e (X)a T(y)) .T 1s called
left Jordan & -centralizer ( right Jordan o -centralizer) if T(XaX)=T(X)a o (X)
(respectively T(xa x)=o (X)a T(x)) for all xeM and « el'.T is called left Jordan
triple centralizer (right Jordan triple centralizer) if T(xXayvpx) =
T(X)ex o (V) B o (X) ( respectively T(xa v gX) =0 (X)a o (y) BT(X)).

It’s clear that every left o -centralizer (right o -centralizer) 1s left Jordan
o -centralizer (right Jordan o -centralizer). The research gives an example of
Jordan left o -centralizer which 1s not left o -centralizer.

Example 2.2:

Let M be a T'-ring. Define M= {(x,X) : xeM } and I'1={(a,a) :

a el }. Let the operations of addition and multiplication on M, be defined by :
(X1,X1) T (X0,X2) = (X1, X11Xy)

(X1,X1) (@, a) (X2,X2) = (X1 Xy , X1 Xp)
for every x|, x;,eMand a el
Then 1t can easily seen that M, 1s I'j-ring. Let o: M— M be endomorphism ,
diM—-M be a left o-centralizer mapping and d, :M—M be a right o-
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centralizer and commutating mapping , o ;: M;— M, be endomorphism defined
by o 1(x%.X) = (o (X), o(x)) for all xeM, we define the additive
mapping T: M; —M, by T(x,x) = (d(x), dy(x)) for all xeM.
Then T 1s a left Jordan & -centralizer, which is not a left o ;-centralizer of M.
Now, the research present the properties of left o -centralizer.
Lemma 1:
If T 1s left Jordan o -centralizer of I'-ring M then for all x,y,ze M and
a,pel:
DTxay+y £x) =TXa o (y) +1(y) # o ()
) Txaytyax)=TX)a o (y) +t1(y)a o (X)
m) Txayvex)=TX)a o(y)a o(X)
W) T(xay pzt zay px)=TX)a o (y) f o () *T(Z)a o (y) f 0 (X)
VIxavaztzavaxX)=TX)a c(¥V)a o) +(2)a o (¥V)a a(X)
Proof:
D T((xy) e (y+x)) = T(xty)a o (y+x)
=TX)a oY) +Ie o)+ T(Y)a o () T(Y)a o ()
On the other hand
T((xHy) a(yx) = T(xay+ xax+yay+yax)
=TEax+yay)+ TXay+yax)
=TX)aoec(X)+T)a o (y) + TXay+ yaXx)
Compare (1) and (2) we get:
TXaytyvex)=TX)a c(X)+ T(V)a o (y)
11) Replace a for g 1n (1) we get the require result.
111) Replace « for g 1n definition (2.1) we get the require result.
1v) Replace x+z for x in (111) we get
TI((x+)ay px+2))= 1(x+z)a o (y) f o (x+2)
= (1) +T@)a o) B o(x+z)
= TWao)poXFIX)aay)Bo@)t T(ao(y)p
ocX)+T@aa(y)po(2)
On the other hand
T(xA2)ay p(3H2))=T(Xaypx +Xaypzt zaypx +zay pz)
=TxXaypx+zaypz)+ TXaypz+zaypBX)
=l XNacpoX) + TDaoy)Bo@) + T(xaypz +
zaypx)
Compare (1) and (2) we get:
TxRaypz+zaypx)=TXao(y)p o)t T(2)a o(y) o X).
v) Replace «for g in (1v) we get the require result.
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Definition 2.3:
Let T be left Jordan o -centralizer of I'-ring M. Then for every x,ye M and
a el wedefine ©_(Xy)=TXay) -TX)a o (y).

Now, the research introduce the property of @ _(x.y).

Lemma 2:

Let T be left Jordan & -centralizer of I'-ring M, then for all x,y,ze M and
a,pel’

1) (Dcz (X=Y) =- (Dcz (y,X)

Mo, (x+ty,z)= @ _(xXz)+ ©_(V.Z)

1) @ _(X.y+z) = @ _(X.y) + @ _(X.2)

V) @,,,(%Y) = ©,(xy) + @4(XY)

Proof:

1) Txaytypx)=T®a o(y) +T(y) o (%)

Txay) + Ty px)= TX)a o(y) +T(Y) o (X)

Txay)-TXa o(y)=- (T £x) - T(Y) o (X))

(Dcz (X=Y) =- (Dcz (y,X)

1) @, (xty,z) = T(x+y)a o (z) —T(x+y)a o (7)
=TXao@)+1(Y)a o @) (TX)a o)+ T(y)a o(2))
=TX)a o (2)-TX)a () + TV)ax o (z) - T(V)a 6(7)
= o, (xz)+ ©,(v.2)

1) @ (x.y+z) = T(xXa (y*+2)) - T(xX)a o(y+z)

=Txay+xaz)— (TX)a o (y) + T(X)ax o (7))
=TX)ac¥)-TX)ac(¥)+TX)a (@) - T(X)a o(z)
=0, (xXy)+ ¢, (X7)

V) @,,,(xY) = TX(a+ B)y) —T(X) (o + B) o (¥)
=TXay+x8y)—(IXa o (y) +TX) B o(y)
=TXay)-T®a o)+ TEAY) - TX) Ao (y)
= ('Da (X7Y) + ®ﬁ(X7Y)

Remark 2.4:

Note that T 1s left o -centralizer of I'-ring M 1f and only if @ _(x,y)=0 for

all x,yeMand el
3) The Main Results
In this section the research present the main results of this paper.
Theorem 3:
Let T be left (resp. right) Jordan o -centralizer of completely prime ['-ring
M, then @ _(x,y)=0 forall x,y eMand a <l
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Proof:
Replace z by xe v in lemma 1 (v) , we get :
TXaevaxXxay+XavayaX)= T(Xay)e (Xay))+ T(Xay)a(Yya X))
=Txay)e c(xay) + T(xaev)a oc(yax)
=TX)a oc(V)a cXay) T TXay)a o(yaXx) ~.(D)
TXaevaxay+XavyayaX)=TXayeXay+ Xa (Vay)aX)
= Txaey)ac(Xay) + T(X)ao(vay)a o(X)
=TxXay)e cXey) +T(X)a o(y)a o(yaX) ..(2)
Compare (1) and (2) we get:
Txay)e(xay) - TX)aoc(V)a o(Xay) - Txey)aoc(yax) + T(X)a o(y)a
o(yax)=0
[Ixay)-TXa oW]a o (xay) - [Ixay)-T(X)ao(y)] a o (yax) =0
®,(x.y)e o xy],=0
Since M 1s completely prime we get
@ (x.y)=0.
Corollary:
Every left (resp. right) Jordan o -centralizer of completely prime I'-ring M
18 left (resp. right)e -centralizer of M.
Proof:
By using theorem 3 and remark 2.3.
In the following theorem the research present the relation between left Jordan
triple o -centralizer and left & -centralizer on I'-ring M.
Theorem 4:
Every left (resp. right) Jordan triple o -centralizer of 2-tortion free
completely prime I'-ring M such that xaypgz= xgyaz for all x,y,zeM and

a, B el 13 left (resp. right) & -centralizer of M.
Proof:
By theorem 1 (iv)
Ixaypztzaypx)y=1X)a o (y)fo(2) +1(2)a o(y)f o (X)

Replace z by xa y we get:

Txayp xaytxXayaypx)=Txay)fXay) tIxay)a o(y)p o (X)
=Txay)poXac(y) tTXaocac(y)pox) ...(1)

On the other hand

I(xayp xay+xayaypx)=1(X)ao(y)po(xay)+ Xay)a(y X))
=I®ac(y)poXaa(y)t

Ixay)aa(y)poXx)...(2)

Compare (1) and (2) we get:

Ixayaecpot TXaocMpoXac(y) TEay)poXao(y)-

Iaoy)aa(y)soXx)=0
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[Txay)-TX)a o(W]a o) p o Txay)- TX)a a(y)] po(X)ao(y)=0

@, (xy) folxy],=0

Since M 1s completely prime I '-ring we get:

Either @, (x,y)=0 or o[x,y],=0

If @, (x,y)=0 then by remark 2.3 we have T is left o -centralizer.

Now 1f o [x,y] ,=0 then M 1s commutative I'-ring and by theorem 1(1) we get

T2xay)=2TX)x o (y)

Hence M is 2-tortion free I'-ring we get T 1s left o -centralizer.
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