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Abstract :

We obtain generalization of best approximation for contractive
condition of integral type and we next consider two results on invariant
approximation also analyze the existence the application of fixed point and

extend some known results of Habinik [7] .Sahab [10], Kumar [5] Branciari [1],
Singh [12].

1. Introduction and preliminaries

The purpose of this paper is to study and analogous the invariant best
approximation in the setting contractive condition of integral inequality in
metric space and analyze the existence the application of fixed point. The
generalization of applications on best approximation obtaining fixed point also

common fixed point. Recently Sahab [10] have obtained some results on

approximation theory in the setting contraction mapping without integral type.
We prove the results on best approximation theory for mappings satisfying a
general contractive condition of integral type. These results unify and extend

some results in Habiniak [7], Sahab [10] . Kumar [5] Branciari [1].
The following definition and results will be needed :
Let C be anonempty subset of a metric space (Ad) A mappmg

x |3 -
-~ X where

T:C™Cis acompact mapping [4] if for every bounded subse

f: #h

(closure o s compact The restriction T3¢

£

TiX=X gy mapping 1 1 & * L s called contraction mapping [3]1 if
FFy Tvdy 2 3d i ¥ for al ¥ L3 0.0 1 3=1 then T is
bl ;:‘ ¥ &7

‘ o . .
called non expansive mapping.Let ¥+f ** ™ % be a mapping T is called f
contraction[6] , [11] if %54 4+ ¥ = X ¥ porall ¥ & 65

SEL A= , then T 1s called f-nonexpansive mapping. TR AL =R
then C 1s called a T— 1nvarlant subset of X .
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Definition 1.1 : [8] , [4]

LetC be a subset of a metric space %« ?, for any * £ % we denote
div, Cy_infldix.vhy & i+

& { ;ﬁz_'.-t?;. ;

1-
2y

ii- If any .+ € L} where © €

z’”

1 { Y} X 33 i ey
1 f L% ] {i { X } é it { oy i..- A3 Such that '*{:"k»'k-',;? is ca]]ed the sot Of

all best approximation of * from C .

called N approx1mat10n to -+ by *

iji- I for cach * €& FAX} is nonempty, then C s called proximinal.
F, X} 1s bounded subset of X also if C is closed then <¢ £y 4 1s closed .

Definition 1.2 : [8]
Let fand T be two self maps on a set X. mapps Fand T are said to be

oo P e T
commutmg if 744 F¥ foranx & &

it £% = TX for some ® £ X then ¥ is called concidence point of fand T
Definition 1.3 : [13]

Let &%« % be a metric space and & =% and F-4° % *, be a mappings
then :
T f Fx, . Tx, 84
1- - and are called compat1blc if F e Ay “for all n and
' , whenever (altisa sequence such that:

e )
for somet in C.

ii- £ and T are called weakly compatible if they commute at there
coincidence points (i. e.) * F* T whenever £ ¥ = F

Remark 1.4 : [2]

1- Every compatible is weakly compatible but the converse is not true.

11- Every commute mappings is compatible mapping but the converse 1s not
true.

Definition 1.5 : [9]

or S A - e .
Let * be a subset of metric Spacc (5.4} gpd A= ihued a family

of functions from [0,1] into C such that /= (li=ua for each @ £ £ The family

A . ) )

# 15 said to be contractive 1f whenever there exists a function

. RN :?,., g e AT g PRPEN v B e

¥oi {3 l » 10,13 Such that for all @ &84 qpg #ELLL) we Raee

fi? f ;n{S}"' ':* %f{S}{;‘ELf l-{}

The fam1ly is said to be jointly continuous if g Gy in B ] gnd @ = iy ip

C1mplythat;<l‘” wr faisiin
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Hence property (w) on contractive jointly continuous family 4 can now be

defined as :
Definition 1.6 : [9]

Let 7 be a self map of the set C having a family of function

& - kvl g deﬁned above then ¢ is said to satisfy the property (w) if

Tﬁ’;:%@:}} Froiwi  forall * £ el gndze i1l

Definitiozn 1.7 : [1]
£33 . Al LN L .
Let 44: % be a metric space, ¢ - ™% s ealled general contractive
inequality of integral type if there exist a real number SRR i‘} such that for
T i~ SR & ?v‘ ReF Tt at T
each 4 ¥=4_  we  have Jz T i et

R ) R LA SR Lebesgue integrable mapping which is

where

e ) nonnegative and such that for

summble on eaeh compaet subset of LV

g } ¢.H i ;%g“ T ,}

{ ff,m

The following result would also be used in the sequel :
Theorem 1.8 : [5]

Let 7 and / be compatible self maps of a complete metric space B

satistying the following conditions: # ¢ “f(X), f is continuous

PRI L ST F Y L o N ‘
L el s T Ol v X3 801
£ i md

each 5 &

S

where ¥4t ~* £ {g 4 [ebesgue — integrable function, which is summable on
cach compact subset of 5 non-negtive and such that for each

Py 3 ;"h;? F oy ':
& ), i'& Girar > .Then 7 and 7 havea unique common fixed point.

2- Main Results

In this section we introduce two results best approximation and one
result of fixed point we need the result fixed point the following.
Theorem 2.1
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Let 'f' and 7 be weakly compatible self maps of a subset X of metric
£ i;;.} i f{ r}

space ‘* (4.1 ¢ satistying the followmg condltlon
P f

A

.‘“

is complete, v TR =S e SR for
PR 5 3 oy ;ﬁ .} . :"(l ] j\-a-‘,ll. oY E;’:\ S :‘."- R

each "{"ij" oA 2 o if: E,i-}) }..;: WhCI‘C E:;}, E,i"}) ol -_-.,L.”_} * i Ej“ e ;} is a Lebesgue_

. . . . "y WY (,5".

integrable function which is summable on each compact subset 10T non.

v {3 E
negatwe and such that for each =~ ¥ §_ Helde s

Then ? and / have a unique common fixed point

Proof:
Since ¢ LX) & FLXL ¥y B X, quch that F ¥z = {%e 3 €4
In general ¥ = f ¥pay = fx,, #w=01423
Now
s : D
STkl = 2 Gt

b

Therefore j::;>

Yal is a Cauchy sequence suppose that

£}

We now to show that 4

.-'“T
Ly and a sub sequence

7 {_ B3

«} is not Cauchy sequence then there exist an &

(v 3#2 and {nie '—}} such that for each positive integer p ; ST

minimal in the sense that
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w X B{vidr < | B{thd
i - &

STy
Which is contradiction thus %% *2J is a Cauchy sequence By definition of

complete suppose

£F 3
of *u+1/ is also Cauchy sequence. Since i ’A’J’ ___1
that *°

: __ and by definition of
'l _"\. . ;",}.,. s s _’.r'- —_— 3-;*f-_.-rf s T :'«
¥yt obtain ¢ A+t 77 ¥ Qinee ¥ TLX} o fLX) then ¥ € A guch that

is complete then

K LT E L T e \ W F Ky
PR R IV RSNy e v AT e
P = X j G = X ! T £ 3D e {3

Thus ? &m = 12 = = fz
SIEAE Trgefz
As # #1s weakly compatlble and then
Tu=Tjz=fTz=f Ty = f

G{ride = |
Thus 8 = %= fu

o o e P o £
If< €4 guchthat § % £8 = }2 then

863 2014 -84 aml —20 sl — Lwlad 4yt Ll Aag




Best approximation in metric space for contractive mapping of
integral type and Appllcatlons of fixed p01nt to Apprommatlon
theory eeeeens P SabahH Malih

There for the unique common fixed point.
Theorem 2.2 :

i % K . T O q",,t . . - 2. s i
Let &% be a metric space and ¢ *# " 4 with fixed point * € X

T

L e x:, s
G

k2 A gL O v ¥ £ + 1

satistying <% o . foreach -+ =4, AEfo 1
%) R ‘ e R PR . - .

where ®iWF A ) T Lebesgue integrable function which

assumable on each compact subset of (0, 4o 4, nonnegative, and such that for

4 §£ q“; v, If & elosed‘ 1nvar1ant subset of X, further

€§<

cach L

the restriction ¢ 4 is a compact, then the set Fe
nonempty.
Proof:

' of best a pproximation is

i“ . then there exist a minimizing sequenee } n

Livntise, ;‘_&,-2,?}1 2

L such that S5

,

f

¢4 has a convergent sub

sequence * *in C
Now :
Py " . et
Siu, 0w g L i = L 5
| R

Such that £ U then
Suppose that i, v l =

“EE, then

i nt = diy O =2 %é{_ﬁftf_}efii =

B rhdr == Lim j

Flp T

T

spartng T
Therefore *© ™ }ﬂ: CREJET T ponce @l X} =£
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Thus $08, 37 == £ {1, £ then ¥ is best approximation to ¥ by C

Therefore .11 18 nonempty.
Theorem 2.3 :

Let '+%: %/ be a metric space, 4 has family band 1.5 04 X pe two

mappings and & =% guch that & be a T-invariant subset of & ;
€ FID M),

R |

. .’?r.’. ¥y T _‘-,{”
Let & satisfies property (w) ,* & * g¥on 0= Fix)

JalBien and LAY satlsfylng

IfD 1is nonempty an

RS

Tt € 0,13

Side =3 |

Wk b

for cach %-¥ £ 87 = DU %} Whepe S01 {0, o0} = [0 4u0)
a Lebsgue-integrable function Wthh 1s summable, nonnegative and such that

f B{thdr

for each =~ v th en

- If T ‘“‘} } 1s compact and ¥ is continuous and #5747 & Dig cloged

r} l-,_,:‘p
then & 11 {7 ’H“ff;}, o

ii- If D iscompactand ¥ is continuous also the range of ¥z is contained in

g(D)then"{‘;“h ¥ B F (gl

11- If i {‘* &R z:}and His continuous Fiis} = L5, 1s closed
then &/ P
Proof

wroum ¥ e 55 F 1 ;"; i % PR
Lot ¥4 & then V5 Hgpee #lll U , Further ¥ ® * and then

o ¥y, gv) = -:E.{ X L) w0 ; Pt =

suppose that & {

,-

Now : e1ther £
or {’f Ky o 83 s

Therefore v b T T B <Ly henee iy, Tyl
T T FF s [ R R
Hence i Lo g:; - i}:. ChOOSG .v"-}'- S iﬁ_{}‘. E. 3
Such that -t,_ﬁ».;g_} i "{, as 7 < then define To s dniXi = Fr£30)
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For all X?‘“ b, R WEL G R g

Ti 33.’: 3

= w Now T commutes with &

@y

2 I
TeEOF A
r

Thus j B

f;
Since = commutes Wlth

TIDY .
compact also "atAd is complete

D15 D= g0 guus

compact on D , then

) g} = i)}

also D 1s closed 55‘

427 then by theorem (2 1) T, and # have common fixed point,

= A 3
B¥aforall % & Nand ¥ € 8

PR AR
“ X} has a subsequence

ORI e T e
L A §convergmg to ¥ E {1 e D = gD}

s g = PN, = R
then ¥ = ¥ where V' & U and s T T

B,
e G{tdr -4 as n, -
wo FEE L
gt - B fasm dw,, e v o _
Hence - Ty=y=gv

g -
Therefore *# % = &+
Hence ¢ A Vs

If (i) (D 1is compact and & is continuous and range of 5 is contained
Mg i} e Tl D 61D
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. r . s f "L.'{! '},"" .
Since = commute with & then “#x £ are compatible then by theorem (1.8)
then *=u ™ FaXy = g%,

Where ¥» ¥ & but D is compact then %2} has a subsequence 4%}

converging to yeb

e - y . - R e e e W g
AR~ S R 58 i}l'?’:i- sk 3 85 5. % T

Now : *u v e &

) ey £y ¥ I o : &
Since & is continuous 4 X * ¥ then F¥ne "F V. put H¥es D
- {:3 B

then ¢ ¥ ** ¥ thus Ty=gy=vy 5D

Therefore #u: ™ i
Hence ¥ “‘7 ;a’%f’”{gfg;;:;g

gl =Dt , # is continuous, then by

4
Lo

Ly = ‘?ﬁw-‘ Ly & G ¥

Since ¥ is continuous then

; R £ ] TS T £
Hence & y=vy,also ‘= e A5 S

Therefore

sres AW R

Thus 3; ; it ;}‘1‘ then}rﬁ:};ﬁ s }:F oy {}' i g}}'?‘"f ¥ :: 5 ’."}} ,‘ £

Then & YF{TINF{gy= @
Corollary 2.4:

Let &% €} be a metric space , X havmg famil let FPid X g

™rq k<
T
w..i -

. £ X "3"":5""""‘; e v
continuous , * =& guch that 0% Land %o & ''if D nonempty,

compact and = WAL s A LEIEL o all

2w w2 B3 ER ; '
LY moas ma Lebsgue—integrable

: . : o Cgitide > 0
function which is summble, nonnegative and € dp WRLED 2 M pen
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DinF s\_;‘; & aﬁ}
Proof :

If £ isidentity mapping in theorem (2.3) then g
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