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Abstract

In this paper, we study and deal with the fundamental bornological
constructions for bornology defines on the space of entire function all
element represented by dirichlet series, such as bornological subspace,
product bornologies and Quotient bornologies with adding some properties
to them.
1. Introduction

The space of entire functions over the complex field C was introduced
by [5] who defined a metric on this space by introducing a real-valued map
on it. In (1971), H.Hogbe-NIlend introduced the concepts of bornology on a
set. In(1981) M.D. Patwardhan extended this idea to a space of entire
functions. However, we shall study the bornological constriction of the
space which all element represented by dirishlet seres.

In this paper, we consider the space of entire function a(s) represented by

Dirichlet series is a(s) = ian exp(sd,) =ae™ +ae” +..+ae" ... (1)

n=1

Wherea, ec,i>1 4,, > 4,, 4 20, |ijm 4. =% s = o +it(o,t real variables).and {a, }iS

n—o

any sequence of complex number set?
For an entire function a (s), define the number |o| by

o =Lub fa Nzl ..(2)

It is easily verified that |a| satisfies the following conditions...(3)

() lo| 2 0 and |a| =0 if and only if =6, the identically zero function;
(i) jo+B| < |af+|]

(i) |oo<A(@)a|Where A (o) = max (1,|0|), o being any complex
number
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It follows from (i) and(ii) of (3) that |a.—p|defines a distance in the class
of entire function.

w 1
ThenI" ={a:a=Ya exp(si.),a. ecand [j » =0}, the vector space of
oo Z; L exp(sA,).a, € r!m‘an‘xn p

all entire function all element represented by Dirichld series.
Lister we define a bornology of the space I

The aim of the present paper is study and deals with the fundamental
Bornological constructions of /7~ and with adding some properties to them,
such as Bornological subspace, product bornologies and Quotient
bornologies.

Keywords: Bornological spaces, Entire functions, Dirichld series
2. Bornological Spaces
In this section we recall several basic notions from the theory of
Bornological linear spaces.
(2.1)Definition
A Bornology B on aset X is a family of subsets of X such that B is

a covering of X; finite unions of elements of B are inB ; any subset of an
element of B isalsoin B . The elements of B are called bounded sets.[1]
(2.2)Definition

A Bornological linear space is a linear space over the field K (the real or
complex field) together with a Bornology on underlying set of vectors such
that the sum of vectors and the product of elements of K by vectors are
bounded operations, i.e. the sets A+B and C .B are bounded sets whenever
A and B are bounded subsets of X and C is a bounded subset of K by [2]
(2.3)Definition

Let (X, B ) be a Bornological space and let Y = X. Then the collection

By = {B NY:BeB }is a Bornology on Y and he Bornological

space(Y, By ) is called relative Bornology on Y .[3 ]
(2.4)Definition

Let (Xi, B; ). be a family of Bornological space indexed by a non-
empty set | and let X:inlxibe the product of the sets X. For every
icl, ket p,:X— X be the canonical projection then. The product
Bornology on X is the initial Bornology on X for the maps p;. The set X,
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endowed with the product bornology is called the Bornological product of
the space (X;, B, ).[3]
(2.5) Definition
Let (X, B ) be a Bornological space and Let : X—Y be a map of X
onto a set Y. ThenBe:ie(B)gY:B - ins the quotient bornology

bouned

of B under@. Y is called a quotient space of X, 0 is called a quotient map
(Final Born logy). [3]

(2.6) Definition

A base of a Bornology B on Xis any subfamilyB, of B such that every

element of B is contained in an element of B, .[1]

3.Bornological Constriction of the space /.

In this section study the fundamental Bornological constrictions of the
space 7"which all element represent by Dirilets series such as Bornological
subspace, product Bornologies and Quotient Bornologies.

3.1 Bornological Subspace of the Space .
All Definition given in (2) can be applied for the special case where

X=rand I'=a:a= ian exp(s4,),a, €cand |[jm 0}, thevector space
n=0

n—ow

1
ap|n

of all entire function all element represented by Dirichld series
(3.1.1)Theorem

Let / be a vector space of all entire functions over the complex field C,
let (/7,B ) be a Bornological vector space and Y be a vector subspace

of /" Then the collection B, = {BNY:BeB } is a vector bornology on
Y.
Proof: (by definition of bornology) B, is a bornology ony

To prove B, is avector bornology on Y, vA,Be By, and A eC
Let A=VNY, B=UNYwhere {U,Ve B}
‘~AcV,-VeB, ..AeB
{'.‘Bg U, -UeB, ..BeB }
l.e. every element of B, is an element of B
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A+B

Since B is a vector bornology on 77, then < AA e B
UAA

|A[<1

.Y be vector subspace of 7 .. {A+ B} cY ,then{A+ B} cB,
AA AA

l.e. By is stable under vector addition, homothetic transformation and
circled hull.
Then (Y, By ) is a Bornological vector subspace of (77,B ).

(3.1.2)Remark
It is clear that every bounded subset of Y is also a bounded subset of 7,

i.e. By, < B ,and every subspace of discrete space is discrete space.

(3.1.3) Proposition
Let Wc Y <r Then if B, is the vector bornology on W w.r.t (7°,B )

and B, is the vector bornology on W w.r.t (Y,B, ). Then B, =B,

Proof: Let the bornology B (7°) given to W from/~. And from Y to be
B (Y) (Since every bounded subset of Y is also a bounded subset of X),
then itis clear that B (Y)c B (77)... (1)

Let VeB (I7), then 3v cT'such that
V=W Vl:(VVﬂY)ﬂV' “WN(YAV)V c Fihen YAV =V c
Then V=WV ,V cYand VeB (Y)

Then B (77) c B (Y)... (2) From (1) and (2), then B, =B,
(3.1.4)Example

Let /" denotes the vector space of all entire function all element
represented by Dirichld series, and Y < /7 such that

Y= {ai(ke“)z“” sk : limlX 2 ]and let B ={B:BcTI},

" =0,kis real
= (2n+D! el (2n + 1)1

2n+1

k2n+1 Ln

(2n +1)!

B:{a ed| = Sup{‘k ‘

N 21}’then By:{A=BﬂYZBeB },

A=a(s):|a(s)|=1u. p{|an|zn}
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Now to define the base of the subspace of Bornological vector space
(/7,B ). We denote by B, the set of all {4s):|a(s)|<r} Then the family

B, ={B, :r=12...}forms a base for a bornology B on /", then the base of
the subspace is B, ={A=B, NY:B, eB, such that A={a(s): Ja(s)|<r.r, <r}
Where r integer.

3-2Product Bornology of the Space r
(3.2.1)Definition

Let (i, B, ), be a family of Bornological vector space indexed by a
non-empty set | and let 7"=[] 77 :{Hai(s):Vai(s)el"i,ie|}be the product of

iel

the vector space/’;. For every iel, kt p :I' »>Tbe the canonical

projection then the product bornology on 77 is the coarsest bornology on
I for which each map p; is bounded.

le. the  product  bornology is B :{H B,:VB, B, ie |},

Bi={a(s): a(s)] = L. p{|an|ﬁn}}
Now to define the base of the product bornologies of Bornological vector
space (77i, B; )....

(3.2.2) Definition
The product bornology on /" has a base consisting of sets of the form

B=11B, where B, By, forallicl whereBy; is abase for 7";
[1B, :{Hai ol <o =12, i€ I}
iel iel

3-3 Quotient Bornlogy of the spacer .
Definition(3.2.3)

Let F is a linear subspace of a Bornological vector space /7, the linear
Bornological quotient space is the quotient space /I'/F. with the quotient
Bornology on E/F such that i.eB ={ 6(B): 6(B)= B+F, B is bounded in /”
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