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Abstract:

The aim of this work is to use Bernstein polynomials for deriving
some modified quadrature methods for solving systems of the one-
dimensional Volterra linear integral equations of the second kind. These
are modified Trapezoidal rule and the modified Simpsons 3/8 rule of the
first order.

For each method, some numerical examples are solved and computer
are written in (Excel), And the results are presented in tabulated forms.
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1-Introduction:

Many researchers concerned with the system of integral equations
say, Hacia and Kaezmarek in 1999, [1], presented bounds of the solutions
of one-dimensional Volterra integral equations.

Biazar J., Babolian, E and Islam, R in 2003, [2] gave the solutions of
system of one-dimensional Volterra integral equations of the first kind by
using Adomian method, Maleknejad K and Shahrezaee M in 2004, [3]
used Rungekubba method for finding numerical solution of systems of
one-dimensional Volterra integral equations of the second kind, Al-
Sa'dawy in 2008 used some modified Quadrature methods for solving
systems of Volterra integral equations[4], Maleknajad K, and Rabbani M,
in 2006, [5] applied Taylor expansion method to find solution of system of
Fredholm integral eqution of the second kind, Ibrahim in 2006, [6] used the
numerical method for solving system of one-dimensional Fredholm linear
integral equations. Ali Y in 2007, [7] used this method to solve the
multidimensional Fredholm and Volterra linear integral equations of the
second kind and Vahidi A. and Mokhtari M. in 2008, [8] denoted the
decomposition methods for finding the numerical solutions of systems of
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the one-dimensional Fredholm linear integral equations of the second kind
the aim of this work is to use Bernstein polynomials for deriving some
modified quadrature methods for solving systems of the one-dimensional
Volterra linear integral equations of the second kind.

2. The Main Results:
2.1 Derivation of Modified Quadrature Methods

2.1.1 Modified Trapezoidal Rule:
Consider Bernstein polynomials given by the following equation:-

o= 3.1 () (it

k=0
Where f is a function, k = 0,1, ...,n

Then:-
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30 f(%)xg(l—x)“‘a+---+f(1}x“
By substituting n = 1. Then
p(x) = fO)(1 —x) + f(1x(1—x)°
=fO)A—x)+ f(1)x
Let vy, = f(0)and vy, = f(1) then
P(xX) =1 (1 —X) V5K (2.1)
By integrating both sides of above equation from (0tol) one can get:-
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Now by using the transformation.
—a
x=a+t(b—a)h= — then the above equation,one
can get
b h
f flx)dx = E[ﬁ. F ] e e e e e e e e (202)

This formula is the modified Trapezoidal Rule of first order.

2.1.2 The Composite Modified Trapezoidal rule of first order:-

We can be derived by extending the modified Trapezoidal Rule of
first order .this procedure is began by dividing [a,b] into n subintervals and
applying the modified Trapezoidal Rule of first order over each interval
then the sum of the results obtained for each interval is the approximate
value of integral ,that is

a+hk at+zh a+in—1lk )

ff(x}dxz j flx)dx + f fladdx + -+ f flodx + j fx)dx

ath a+in—20h at+in—1lh

Where h=b-a

[f(@) + FWI+2[f(a+h) + fla+2m)] + - + Z[f(a+ (n— D) + f(a+

2

(n— 1h)] + g[f(_a + =D+ FB)] e

L]

g[f[a] +2fla+h)+2fla+2h)+ -+ 2f(a+(n—2)h)+2f(a+ (m—1)h)+ f(b)]
........................ (2.3)

=g[f(a) + 22};11f(xj) F D) e e (2.8
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This formula is said to be the composite modified Trapezoidal Rule of the
first order .

2.1.3 The Modified Simpson's 3/8 Rule:-

By the Bernstein polynomials:-
n

2 () (pea-nr

k=0
where f is a function, k = 0,1, ...,n

Then:-

P(xX)=f (%) () a—om2+rs (%) (7)< —x

Q)G a0
vt () (e -

= r@a-0"+7 () (76—

() (ﬁiz):) -

4 (%) (#r_gjr) FA=0)" 4+ (D)X

1
=f(0O)A—-x)"+nf (ﬁ)xil — )"t 4+

)x[l —x)" 1 +

'}’1(:?’1_]-) 2 2 n—2
2! f(ﬁ)x (=0
—D(n-2 3
n(n 3]!@1 ) f(ﬁ)ﬁ(l—x]“_g+---+f(1]xn

By substituting n = 3. Then
1 2 3
P(x) = f(0)(1—x)? + 3f (E)x(l—sz +3f(£)x2(1—xj +3f (g)xa(l—x]“
Let
1 2
Q) =0, f (5) =¥uf (g) =2, f(1) =y,
P(x)=v,(1—x) +3v,x(1 —x)* + 3y, x? (1 —x) + y; 2@ ... (2.5)

By integrating both sides of equation (2.5)
From O to 1 one can have:-

flf(x]dx o flP[xjdx
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1
= f [Vo(1—2)* + 3y, x(1 —x)* + 3yx* (1 —x) +yyx¥] dx
0
= fol[yo[l —3x+3x7 — )+ 3y (x—2x7 + 23 + 3y, (P —3) + yyxf] dx

3 1 1 2 1 1 1
= (x——xz—i—xg ——x“)+3yl (—xz ——x3—|——x“)—|—3yz(§x3——x4]

2 4 2 3 4 4
11
pecn
S (1Y) e ()
1 3 3 1

=VvV.+—v. +—v. +—-v
430 12}1 1232 4}3
1 1 1 1

= :}J’o +:l}’1 +EJ’2 + :l}’a
1

:_,__}(}’o +nt oyt y)
1

—IGhH it it £

Now by using the transformation.

x=a+t(b—a)h= b;“ and above equation, one can get:-

fb 3h
f@mx=1{5+ﬂ+g+gymmmmmwmmmmmgﬁ)

This formula is said to be modified Simpson’s 3/8 rule of first order.

2.1.4 The composite modified Simpson’s 3/8 rule of first order:
The composite modified Simpson’s 3/8 rule of first order can be

derived by extending the modified Simpson’s 3/8 rule of first order.

This procedure is begin by dividing [a, b] into n subintervals (n is multiple

of three) and applying the modified Simpson’s 3/8 rule of first order over

each interval then the sum of the results obtained for each interval is the

approximate value of integral, that is

a a+3h atah a+{n—-3)h
f f(xjd:k::f f(x]dx—!—f fx)dx+ ... —I—f flx)dx
b a a+3h a+{n—&)h
B b—a
+ f flx)dx where h =
a+(n—-3)h n

b
f f(x)djr::?[f(a)—|—f[a+h)+f(a—|—2h]—|—f(a+3h)]
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+2[fla+3h) + fla+4h) + fla+50)+fla+ 6R)] +-+ Z[f(a+Mm—6)h) +
fla+(m=-5)h)+fla+(m—4h)+ fla+ (n—3)h)]

+%[f(a+ (n—3)0)+ fla+ (n—2)h) + fla+ (n— 1K) + F(b)]

=% [f(a)+ fla+h)+ f(a+2h)+2f(a+3h) f(a+4h) + f(a+ 5h) + -
+2fla+m—3)W+ fla+(m—2)h) + fla+ (n—1)h)

TREI0)) DU . )

31 S e

=f fl@)+ Z [ (%) + F(%:1)] +2 Z 7(x) +£b) e (28)
J=147.. j=3.6.5..

This formula is said to be the composite modified Simpson’s 3/8
rule of first order
2.2 Numerical Solution of Systems of Volterra Integral
Equations of the 2'nd Kind:
2.2.1 The Composite Modified Trapezoidal Rule:

In this section, we use the composite modified trapezoidal rule to
solve systems of Volterra linear integral equations of the second kind. To
do this consider the system of Volterra linear integral equations of the
second kind is:-

u(x) = f(x) + Z‘;""-* J‘xkrs(x, yiu(y)dy a<x<h,....(31)

r=12,...m

By dividing the interval [a, b] into n subintervals [, x524],

b—a
and

n

i=0,1,2,..n—-1, suchthat x, =a+ih, i =0,1,..,n, Where h =

by setting x = x, , i =1,2,...,n ,in equation (3.1)
one can have:-

m

W)= £@+ ), [ kG oay

5=1 @
Now, we approximate the integral term that appeared in the right hand side
of the above equation by the composite modified Trapezoidal rule, one can
get:-
U =f(x), 7=1,2,....,.m and
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m b i
U ; = [ (xz) + Z Ars [Eki"s‘(xil xﬂjus,i} + h Z Jr"".r'_'*.'(j‘ci!'! xj)uSJ +
s=1 j=1

h
Eflﬂ'mlzxz-,xz-)uﬂ] ree en en e eae 2en ean eae ee aen 2en ae nen aen 2en 2un nne nee (322 )

Where u,.; denote the numerical solution of w, at x;,
i=1,2,..,nfor i=1,2,... ,n One must evaluate equation (3.2) for each
r=1,2,..,m to get a system of m linear equation with m unknown only

{u“f'a i }:-r; 1

This system can be solved by two ways,

I. By writing it as A,u; = F, where, A, the coefficient matrix, u; the
column of numerical solutions and F is the column of non homogenous
part.

ii. By substitution.

Example (3-1)

Consider the following system of Volterra linear equations of the second

kind [27]

u, (x) = [—% x? +i X+ 1]&2"" + (x—l—i)e‘z" —%x—i—k

f XY Uy (}-’)d}-’—FJ‘ (x +y)u,()dy,where0=x<1........(3.3)
0 0
ﬂ 59 1., 1., |
U, (x) = [21" + x—|——] e ——eF ——x" + J‘(x—}-')ult:}')dy—i—
4 4 2
f (x+v)*u,()dy where0=x<1......cccee.....(3.4)
o

This example is constructed such that the exact solution is u;(x) = e®* ,
and u,(x)=e"?* . We solve this example numerically by using the
composite modified Trapezoidal rule. To do this, first we divide the
interval [0, 1] into 9 subintervals such that x; = é i=0,1,..,9. Then

U, o= f(0)=1, £(0)=1 in this case, for r=1,2 equation (3-2)

becomes:-

[ o1 +1]m+[+]m 2 -2
X7 ke X+ 253
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+%Z(xz- 1)Uy j G Kt e (3.5)

Z(:x: —|—:vr:j Uy ; —|— :'r: U j e e v e e e e (3.60)

for i =1, we evaluatlng the above equation to get a system of two linear
equation with two unknown {u,} _ . We solve this system directly by

substitutions. We get ones u, ; and substltutlons u, 4 In u, ; and get u, ;and

in the same way we solve wheni = 2,3,...,9

By substituting i=1, r=1,2 in equation (3.5) , (3.6)togetu;; , Uy; to get
the following system see the result of example (3,1) in the appendix .By
continuing in this manner one can get with results that are tabulated down

with comparison with exact solutions .
Table (3.1) represents the exact and the numerical solution of example (3.1) at specific
points for n=9

: Numerical Solution
Exact Solution
X N=9
1 2 ul u2
0.111111111 | 1.248848869 | 0.8007374029 | 1.2485618607 | 0.8003332255
0.222222222 | 1.559623498 | 0.6411803884 | 1.5593690349 | 0.6400977991
0.333333333 | 1.947734041 | 0.5134171190 | 1.9478223270 | 0.5114303310
0.444444444 | 2.432425454 | 0.4111122905 | 2.4331971529 | 0.4079475020
0.555555556 | 3.037731778 | 0.3291929878 | 3.0396058766 | 0.3244084574
0.666666667 | 3.793667895 | 0.2635971381 | 3.7971863433 | 0.2563934002
0.777777778 | 4.73771786 | 0.2110720878 | 4.7435579366 | 0.1999247284
0.888888889 | 5.916693591 | 0.1690133154 | 5.9255601978 | 0.1508628740
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| 1 | 7.389056099 | 0.1353352832 | 7.4011826534 | 0.1036171092 |

Second, we divide [0, 1] into 18 subintervals such that
, 1=0,..,18,the equation (3.2) becomes:-

[ 2 +1]4x+[+]m SOV
x7 :Jc :Jr:4 41:4

1
ISZIIM + X MIE—FEXE-MZJD
1
Z(x ) Uy F o XU e e e o (3.T)
8 Il
| 220, 1 1
Uy ; [Zx + x; +4] =—£—}e‘ _Ex* —|—32xum

1 . 2
+ EZ(XE — xj)uu + ﬁxi U g

182(1’ + %), + G XUz e (38)

By following the same previous steps one can get u, ;, u.; By substituting
iI=1,r=1,2 in equation (3.7) , (3.8)togetuy; , Uz to get the following

system see the result of example (3.1) .
Third, we divide [0, 1] into 36 subintervals such that

X; = i i=0,..,36 and we divide [0, 1] into 72 subintervals such that

3
x, ==, i=0, 1,..,72 respectively .
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Simpson's Vilethod Results ul

7 —&— Exact 1
—fll— Result 9
| 4} Result 72

0000 FREE NNNW WD BAOT LUGH ONNN N
Moo oM pmnoinorEnton o= Mok Mo
ONBAE=N AICONNE LN BO0 MR AT RN BN

I e s I |
\

Q
Q
Q
Q
[
[

0.22 0.33 0.44 0.55 0.66 0.77 0.88 0.99

Simpson's Method Results u2

0.90
0.80 - "\
0.70 A

\F‘

0.60 - \

y X
0.50 - \ —4—Exact 2
0.40 - ! == result 9
0.30 - result 72

0.20 -

0.10

0.00

0.00 011 022 033 044 055 066 077 088 0.99

2.2.2 The Composite Modified Simpson 3/8 Rule of the 1'st

order:

In this section, we use the composite modified Simpson's 3/8 rule of
first order for solve systems of volterra linear integral equations of the
second kind given in (3.1) by dividing the interval [a, b] into n subintervals

[x;,%,.4], i=0,1,...,n—1 such that x,=a+ih, i=0,1,..,n (n IS

multiple of three) where h = b:

) 4 J1< 4 s o
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Then we approximate the integral term that appeared in the right hand side
of the integral equation (3.1) by the composite modified Simpson's 3/8 rule
of first order get -

ﬁ(x}+zf1m{ [ e Dtz +

k'.r',s(xz'rxj)us,j + "r".r's(xu +1)Hs;+1
i—3
2 K (%02 ) Us j + K (0, X DU o o (39)
j=3.6.9..
1=3,6,...,n and r=1,2,..,m
And by equatiopr(S.Z) we get:-

=)+ ) £ e oVt +

hZ K (2003 U + A”(x”x Mg j von wen e eee eee e re eee e (3.10)

Where i +#3,6,..,n and r=1,2,..,m,

Example (3.2):-

Consider example (3.1) we solve this example numerically by using the
composite modified Simpson's 3/8 rule of first order.

To do this first, we divide the interval [0, 1] into 9 subintervals such

thatx, ==, i=0,1,..,9. Thenuy o = £,(0) = 1 and

Uz 0= (0) =1,k (y) =xy, ki (x,y) =x+y, kyy(xy)

=x—v, ki,(x,¥) =(x+1)*.In this case, for r = 1,2 equation (3.3),
(3.10) becomes:-

[ Y
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—[ - +1 +1] 2”=‘+[ +1] ~2x _3 -
Uy ; = 21?1 41? X; 4 e 41?1- 4

1
5

; 14?

1
—I—— Z (xlx})uL} :vr: Hu E(xi+x0jum
; 369

Z [(x +x) Uy + (X +xj+1]u2j+1]

; 14.-?

1 1
E Z (x; +x]u2j+ XUz 5 e e ven wens e weens (3.11)

j=3.6.9...

Wheni—36 T

[——x +-x, —|—1] zxi—l—[x + ] 2x=—§x -
4 4 4
1—1
1 I 1
+§Z[X1XJHIJ]+EX1 uL1+18x uzu
j=1
i—1
1 1
+ EZ[(XE + ijluzj] + 6 xlule wEw ama mEw sEw sEm wEm mEw (3.12)
j=1
Wheni =1,2,4, 5 7,8
1 1
Uy, = [ xF + x; —|—4] zxi—Ex’E —|—E[x Xo) Uy
Z [ )y + (X Ju s |
; 1,4,7
i—3
1
+E Z (:'r: )HL; (x; + x5) " Us g
j=3.6.9
i—2
2
Z [Get) 1y + (x=2701) ez o
j=1,4,7
1 % ) 1
+E Z (x1+x-j) uzlj+ﬁ(2xij2ugi............(3.13]

’(\A
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Wheni = 3,6,9

i—-1
1. 1 . 1

2 5 —2x; 2x; 2 1
Uy = [Zx; + x; +£—Je ‘ t—zre % +E(xz-— Xo )ty 0 +§Z[(If—x;)u1,;]

J=1

1 5
ﬁ(xz' + xﬂ)f-u?.,j]

Wheni=1,2,4, 5,?,8

By substituting i=1,r=1,2 in equation (3.12), (3.14) to get
U4 , Up . Bysubstituting i = 2,7 = 1,2 in equation (3.12) , (3.14) to
get. u, -, u,,.By substituting i =3, r=1,2 in equation (3.11), (3.12),
(3.13), (3.14) to get 1y 3, Uss

By continuing in this manner one can get with results that are tabulated

down with comparison with exact solutions.
Table (3.3) represents the exact and the numerical solution of example (3.2) at specific
points for n=9

(3.14)

i Numerical Solution
Exact Solution
X N=9

1

2

ul

u2

0.1111111111

1.248848869

0.8007374029

1.2485618607

0.8003332255

0.2222222222

1.559623498

0.6411803884

1.5593690349

0.6400977991

0.3333333333

1.947734041

0.5134171190

1.9480993168

0.5075468839

0.4444444444

2.432425454

0.4111122905

2.4328489796

0.4076780673

0.5555555556

3.037731778

0.3291929878

3.0391564190

0.3240130044

0.6666666667

3.793667895

0.2635971381

3.8057678750

0.2439737698

0.7777777778

4.73771786

0.2110720878

4.7410291348

0.1959515199

0.8888888889

5.916693591

0.1690133154

5.9215908866

0.1445662959

1

7.389056099

0.1353352832

7.4348466911

0.0600111748

Second we divide the [0, 1] into 18 subintervals such that x; =

i=0,1,2,..,18, then the equation (3.9), (3.10) becomes:-

’(\A

.K 4
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—[ - +1 +1] 2”=‘+[ +1] ~2x _3 -
Uy ; = 21?1 41? X; 4 e 41?1- 4

Z [(xa )ul,j+(xixj+1)ul,j+l]

; 14?

1 1,1
+ﬁ Z (xixj)uLj_Fﬁxi ul,i+ﬁ(xi+x0]u2,ﬂ

j=3.6....

Z [(xa + xj]uz,j + (xi+xj+ 1Juz,j+ 1]

j=1.4.7...

1
Z (2 + l}')“z,j + Exﬁuu

j=3.6.9....

1

when i = 369 ...... ,

182(3: —I—Jr,:,)uer xug1 vn aee wrn een vne 2o (3.160)

wheni = 3,6,9, ......,

’(\A
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Uy, = [Z:w:f +x; + :}] g% — 192”‘! - %x + i(x — XUy o

i—2
Z [(xi_xj)uLj + (xi_xj+ 1)“1,;4 1]

j= 14?

1 2

Z (x )ulj 24 - (6 — 1)Uy 0

; =3, 59
Z [(ret) 1oy + (x4 5701) g

; 14?

1 2
+35 (2, +x )ugj+—(2x)u21 ......... (3.17)
j=3.6,9,.

wheni = 3,6,9, ..,

5 1,1 1 1
= [21:3 +x; + f}] g~ 2% —L—}e?xz — Exiz + %(1&' — Xp)Us o "‘EZ(xi_xj)uu
i—1
, 1 1
—I——[x) u,”—l—ﬁ l(x—l—x)uzj—!—g XUy g een wewe weee en e (3.18)
_|f=

Wheni # 3,6,9, ...,

By substituting i = 1, » = 1,2 in equation (3.16), (3.18) to get

Uy, Us4.Bysubstitutingi =1, »r =1,2 in equation (3.16), (3.18) to get
. Uy, , Uso . By substituting i =3, »r =1,2 in equation (3.15), (3.16),
(3.17), (3.18) to get u, 3 , u.5. Third we divide the interval [1, 0] into 36
subintervals such that

1

Xy =-, i=0,1,.,36 and we divide the interval [1, 0] into 72
subintervals such that x, =% . i=0,1,2,..,72.

Respectively by continuing tabulated down with the comparison with the
exact solutions.
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Simpson's Method Results ul,u2

0.9000000000
0.8000000000
0.7000000000

0.6000000000
—&®—Exact 1
0.5000000000 =l Result 9
== Result 72
0.4000000000 ——Exact2

—fe—result9
0.3000000000 ——result7?2

0.2000000000

0.1000000000

0.0000000000

0.00 0.11 0.22 0.33 0.44 0.55 0.66 0.77 0.88 0.99
H 1
Simpson's Method Results u2

0.90
0.80
0.70
0.60
0.50 - =—4—Exact 2
0.40 - == result 9
0.30 - result 72
0.20
0.10
000 T T T T T T T T T

0.00 0.11 0.22 0.33 0.44 0.55 0.66 0.77 0.88 0.99
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3. Conclusion:
From the present study, we conclude the following:

1. The classification of the one-dimensional integral equations can be
extended to include systems of the one-dimensional integral
equations.

2. The modified Simpson's 3/8 rule of first order for solving system of
the one-dimensional Volterra linear integral equations and systems
of Volterra linear integral equations gave more accurate results than
the modified.

3. The modified Simpson's Rule of first order can be used for Fredholm
linear integral equations.

For future work the following problems could be recommended.

A. Devote another types of the composite modified Simpson's 3/8 rule
of first order.

B. Using the modified quadrature methods to solve system of the one-
dimensional non-linear integral equation.

C. Solving systems of the multi-dimensional integral equations by using
the modified quadrature methods.

D. Appling the method to fractional integral different equations and
system of different equations.
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