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Abstract

The main purpose of this work is to find not canonical equivalence
to category and morphism of diffeomorphism from smooth manifold
category with Fundemental Fibre Bundle denoted by DG, groupoids

morphism and denoted P.
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Introducation

The term of groupoid category is one of the genuine meanings which
explained the group applications in the twentieth century. The work in
these groups is more general and more powerful than working in groups in
terms of structure , it is the groupoid as a category of everything which
defined as a category and these categories are identical if we can find
stocks among its Kits.

The first people who paid attention to the theory of groupoid
categories are Brandt in the twenties of this century before Earsman makes
the term of groupoid category in the center of his work in differential
Geometry. Earsman is the first one who presented the term of groupoid
categories in differential Geometry in the Fifties of this century throughout
his work on the principal fiber Bundle, where he resolved most of questions
which were presented through Algebraic theory of grouoid categories after
it was known as differential structure.

The main objective of the research is to prove the existence of
equal not canonical category between Lie groupoid categories and the
principal Fibre Bundle categories. Thus, in the first section , we have
started the study of the categories and some of the important definitions in
our research , and then we moved to the study of the groupoid categories in
Algebraic way and all that is related to be the main category of the
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groupoid categories , while the second section includes definitions of Lie
groups, group action in differential condition and principle Fibre Bundle, as
well as examples, various issues, and some evidences.

The third section includes definition of the differential groupoid
category and other definitions, and the purpose is to configure a groupoid
of Lie groupoid,

and then we proved that if there is a principal Fibre Bundle then DGH

categories
P is Lie groupoid category, and vice verse finally, the fourth section
includes proofing the not canonical equivalence among Lie groupoid
categories and the principal Fibre Bundle.
Groupoids
In this section we give the fundamental concepts releated to this
work:
Definition(1.1)[ 1]:
A category C to be conditions:
1- A collect from object.
2- For all order binary from object (X,Y), then a set hom(X,Y) to be
represent of .f:X — Yall arrows that the domain X and codomain Y, if
hom(X,Y) to write Such that id y Yo Y ,there exists f: X »> Y

3- for all hid y, =h then h:Y > Z if id yf=f idy is called identity
element fromY.
Definition(1.2)[ 2]:

Let A,B be categories, F is said to be Functor from B into A if F to
g: X —Y determine for all object X in object B in A and to determine for

all arrow such that F(g): F(X) — F(Y) in B arrow.
1- if F(id X) =id F(X) Is identity element in B then id X X—>X

2- if F(gf)=F(g)F(f) arearrowsinBtheng:Y >Z and f: X > Y.
Example(1.3)[2]:

Functor there exsits whose category T from category C for all
topology space in T a set denoted on that space in C. and called Forgetful
Functor because is called topological structure.

Definition(1.4)[3]:

Let ¢:F, > F be a natural transformation then ¢ is called Natural
equivalence iff there exsists a natural transformation ¢ :F, — F such that
¢ cp=id, and @o¢ =id., from that is said to be Functors F,F, is

1772
Natural equivalence (F =F,).
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Definition(1.5)[3]:

Let ¢ be a natural transformation from F, into F, then ¢ is called a
not canonical equivalence if there exists a natural transformation ¢ from
F, into F, such that @ o ¢ ;idFZ,(p o(p;idFl.

Definition(1.6)[4]:
Let G be a group and P be a set, to say that G to have action on P if
there exists an applying v :G x P — P denoted by for all x e P,se G then

y(s,X)=sx If:
1- e the identity element in G then y(e,x)=ex=x forall xeP.
2- Forall s,teG then y(s,y(t,Xx)) =wy(st,x) , forall xeP.

Remarks(1.7)[4]:
1- for all x e P then a subset G.x ={s.x/s e G} from P define by action G

on {x}c P is called orbit x by G.

2- G is called to be Free action on a set P (on left) if the element e in G is
unique element if y(e,x)=ex=x forall xeP.

3- The group action G on a set P is denoted by relation on P if for all
(X,y) e PxP then x equivalence (x~y)y if there exists an element

se G such that y(s,x)=sx=Yy .
Example(1.8)[5]:
let (R,+) be a real number group with addition operation, and let S* be
a unit sphere such that s*={(x,y)ex*+y? =1 then R has action on S

defineby :RxS—>S' such that o(x,s) =e2™ forall xeR,seS', o to
represent action R on S .
1- let 0 R is identity element then ¢(0,s) =% s =s.
2- let x,y e Rands S then o(x,¢(y,s)) =™ 2™ s =20V s = o((x + y),)
Definition(1.9)[5]:

Let X,Y,Zbeasets,andlet f:X—>Z,9:Y — Z be mappingsine. a
Fibre product X x, Y for mappings f,g is a subset from a set X xY to be

form for all order pair (x,y) in XxY so that f(x)=f(y), for which the
following diagram commutes:
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Xx, Y—9 X

f f

Y —5—Z

if Wisasetand h:W — X , h":W — Y be mappings in C such that
f oh=goh’ then there exists a unique mapping 6: W — X xY

" \A\A

l Xx Y9 X

Is commutative in C.
A mapping 0 is defined by 0(a) =(h(a),h (a)) forall aecW.
2- Lie group
Definition(2.1)[6]:
A Lie group is a set G defined on a two structure:
1- G a group structure.
2- Gis a C”-manifold.
Such that a mapping n:GxG — G defined by p(x,y)=xy for all
(x,y)eGxG and a mapping v:G — G defined by v(x)=x" for all
x € G, are smooth mapping.
Example(2.2)[6]:

R is a Lie group because R is smooth manifold , and (R,+) is
commutative group. A mapping n:R xR — R defined byu(x,y)=Xx+y
for all (x,y)eR xR is a smooth mapping ,so that the mapping v:R — R
defined form v(x)=x" is smooth mapping from R represent Lie group.
Definition(2.3)[7]:

Let G, G be a two Lie group then the mapping J:G — G is called
Lie group homomorphism if:

1- J be represent group homomorphism .
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2- J a smooth mapping between two smooth manifold .
Example(2.4)[7]:

A determinative mapping det:GL(n,R) >R~ defined by
det((aij)) =|(aij)) for all (aij)eGL(n,R) represent Lie group
homomorphism , so that mapping is continuous . and mapping Kernal det
that det™(1) is a subgroup no closed variable from GL(n,R) and denoted

by SL(n) and is called special Linear group and represent all square
matrices that determinative equal 1 and also represents Lie group.
Definition(2.5)[8]:

Let J:G— G be a Lie group morphism then J is called Lie group
correspondence if J be a group correspondence and so diffeomorphism
equivalence between two smooth manifold.

Definition(2.6)[9]:

Let G be a Lie group and P a smooth manifold. That is called G has
smooth action on P (on left) if a mapping v :G x P — P is smooth mapping
between two smooth manifold.

Remark(2.7)[9]:

If G be a Lie group to smooth action on smooth manifold P then a set
P/G is called orbit space but P/G is not nessecary to smooth manifold.
Definition(2.8)[11]:

Let X,Y,Z be a smooth manifold, and F:Y —Z be a smooth
mapping, F: X — Z be a submersion mapping, then a subset X x, Y from
XxY defined on subdiffeomorphism manifold structure from XxY, is
called a smooth Fibre Product.

Proposition(2.9)[10]:
In the commutative diagram:

F(A) FB) F

X Fiy Faly

1- a square (BA) be a smooth Fibre product if (A) and (B) be a smooth
Fibre product.

2- a square (B) be a smooth Fibre product if (BA) and (A) be a smooth

Fibre product.
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3- asquare (A) be a smooth Fibre product if from all (BA) and (B) be a
smooth Fibre product.
3-Principal Fibre Bundle
Definition(3.1)[12]:

A G(P,=,B) is a principal Fibre Bundle so that from all B,P be a
smooth manifold and G is a Lie group to free and smooth action on P(on
right) and = : P — B be a bijection submersion mapping such that:

1- be Fibres equal orbits P, (n(x)=m(y)) equivalence(there exist g in G

so that xg=y) for all x,yeP.

2-there exists open cover {P.} into B and a smooth mapping S, :P, - P so
that moS; =id, , P is called completely space and B is base.
Remark(3.2)[11]:

The principal Fibre Bundle is to be condition Local triviality that is
G(P,=,B) be a principal Fibre Bundle, then for all point b € B there exists
open neighborhood U belongs to b, that UxG a diffeomorphism of
nt (U) and the following diagram:

UxG —>n'(V)
\ / n/n (V)
U
Is commutative in D.
Example(3.3)[6]:

Let H be a Lie subgroup from Lie group G, then H is action on G(on
right) such that G/H on define smooth manifold structure and projective
mapping n:G — G is a bijective projective mapping, a quadrangular
H(G,r,G/H) represented principal Fibre Bundle.

Definition(3.4)[6]:

Let n=G(P,n,B) and n =G (P,=,B’) be a principal Fibre Bundle,
a morphism from A into A to be mapping from J:G -G, F:P > P,
h:B— B so that from all F and h be a smooth mapping , J a Lie group
morphism. And the following diagram is commutative in D.

P—>P

N

B——B
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So, forall x e P,re G then F(x,n)=F(x)J(r).
Definition(3.5)[6]:

A groupoid (G,B) is called diffeomorphism groupoid if G and B are a
smooth manifold and £€G,6eG,0eCG (so that
£:B—>G,5:AG —» G,a:G — B).

Remarks(3.6):

1- a €S to be the following diagram:
AG—5G

G——>B

o

Is a smooth Fibre product and AG define on regular subdiffeomorphism
manifold structure from G xG.
oxidg exidg

2- A mapping 0:G—2>GxG—2"¢ yBxG——C »Gx G defined
by 6(g)=(a(g),g) in D either wvaluble in AG, and
(800)(g) =3(0(g)) =6(c(g),9) =a(g)g™" =g~ so that 5.6 =0, for all
ceD.
3- BeSsince f=aco.
Example(3.7)[6]:
1- A smooth manifold B is a diffeomorphism Groupoid on itself.
2- If G be a Lie group and B a smooth manifold then BxGxB is a
diffeomorphism Groupoid on a base B.
Definition(3.8)[5]:
A diffeomorphism Groupoid (H,B) are a diffeomorphism subgroupoid
from diffeomorphism Groupoid(G,B) if :
1- (H,B) are a subgroupoid from (G,B).
2- for all H, B are a subdiffeomorphism manifold from G and B.
ie.i,:H—>G and i, :B — B is injective submersion mapping.
Definition(3.9)[5]:

A diffeomorphism Groupoid (G,B) is said to be Local trivial if there
exists open cover u of base B, for all U eU there exists a Lie group G such
that a diffeomorphism groupoid on U, and let T*(UxU)=,G, Iis
corresponding with trivial diffeomorphism groupoid UxGx U and the
following diagram:
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UxGxU—, G,

T TIT(UxU)

Is commutative in G.
from the bove diagram, we find that T:G — Bx B is to be submersion
mapping.
Definition(3.10)[5]:

A diffeomorphism groupoid (G,B) is said to be Lie groupoid if Localy
trivial and G transformation (T:G — BxB)is to be a surjective mapping

(if T:G — Bx B 1S 10 be a surjective submersion mapping).
Theorem(3.11)[6]:
Let (H,B) be a subgroupoid from diffeomorphism groupoid (G,B)
such that:
1- His a subdiffeomorphism manifold from G.
2- o, :H—B is to be a surjective submersion mapping then H be a
diffeomorphism groupoid.
Example (3.12)[6]:
Let (G, B) be a Lie Groupoid Submentsion mapping between smooth
manifold then the ordered Groupoid G on f,
Let G'f; (G) is Lie groupoid on basis
B' f:G' - G Arrow in DG,
SO, then the Kernal f is a groupoid on that the relation equivalence
Graph by defined f, .
Example (3.13)[6]:
Let f:M — N be surjective submersion. The associated groupoid
denoted by C(f) is the Lie groupoid with
C(flo=MC(f)1=Mxy M,
SC,y) =y tl,y) =xUKX) = (x,x)
i(x,y) = (v, %), (x,¥) o (y,2) = (x,2)
When f is of the form M — Pt, we get the pair groupoid P(M)
When f is the identity map M — M, we get the trivial groupoid on M
denoted by M For any f:M — N, there is a Lie gropuoid functor
c(f): C(f) —» N induced by f.
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4-Not Canonical Equivalence Between DG, and P:
Proposition(4.1):

A Functor F:P —» DG, and a point fixing in groupoid bases then
there exists a Functor R :DG,, > P .
Proof:

Let (K,g,9,) be a homomorphism from principal Fibre Bundle
n=G(P,n,B) to principal Fibre Bundle n =G (P,n,B) so that
K:G — G a Lie group homomorphism and the following diagram:

P—2>p

L

T T

B——B

Is commutative in DG,,.

That is

Fm) =P xP/®,B)and F(n') = (P' x P'/®',B") are objects in DGy
since g: P — P’ is a smooth mapping, then g x g:P X P - P' X P' is a
smooth mapping and to obtain the following diagram:

X
P xP 979 » P'x P’
(ﬁ l l®,
PxP/® » P'XP' /G
gxg/®x6

Is commutative in D.

gxXg/Gx®:PxP/®— P'xP'/® is a smooth mapping. Now, let
G=PxP/® and G' =P'xP'/®’, to prove that g x g/® x ®": P x
P/® — P'x P'/®' represents groupoid homomorphism on g,: B — B’

® > O’
T l l T’
B X B » B’'XB’
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so that the following diagram:
Is commutative in DGy, .

But, (g, go) represents arrow in DGy, therefore F(K, g, 90) = (9, 90), t0
that arrow image in P by F represents arrow in DG, F is functor if:

1- Let n = ®(P,m, B) is object in P. And let id, = (idg, idp, idp)
arrow in P, by definition F to get
F(idg, idp, idg) = (idpxp,s, idg) and n = (P x P/®, B) be object
in DG4 and arrow in DGy, such that

idpxp/5:P X P/® - P X P/®,idg: B — B, but,

idg(PXP/®,B):F(PxP/®,B) > F(PxP/®,B),

The arrow represents in DG, since the identity element is unique, for all

objects in DGy,.
2- Let (K, 91, 90) arrow from n = (P,m,B) to n' = (P',7’,B") in P,
and let (K5, g5, 9o) arrow fromn’ = (P',n’,B") ton" = (P",n",B")

g
P 91 P 2 . P
nl l ' l "
B » B’ - » B
Jo Yo

in 2, so that the following diagram:
Is commutative in D, and K;:® - &', K,:®"" - &' is a Lie group

L
P > P
T l ln_ll
B : BII
Ly

homomorphisms, and let (K,L,Ly) arrow from n to "’ in P so that the
following diagram:

Is commutative in D and K: & —» &"is a Lie group homomorphism.
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Now, F(n) = (P xP/®,B),F(n) = (P'x P'/®',B")and
Fn'") = (P"xP"/6",B") are objects in DGy, and
F(K, L Lo) = (L', Lo), F (K2, 92, 90) = (92.90) and ,F (K1, 91,90) =

1 g
P X P/@ gl_» Pl X P,/(Y), 2_» P// X P”/(ﬁu

| E E

BxB —— > B'xB — > B"xB"
(91, 9o) is arrow in DGy, so that the following diagrams:

!

P x P/(g)' _ Prr % P”/(ﬁ”

r l lTU

BXB —>BIIXBII

are commutative in DG, but,

F (K2, 92, 90) ° F(K1, 91, 90) = (92 ° 91, 9o, Go)
In DG4, thus F: P — DG4, is functor.
Theorem(4.2) :-

Not canonical equivalence exists between DG, and P if a fixed point in
Groupoid bases in DG4, and a point in principal Fibre Bundle completely
space in P.

Proof:-

To prove that not canonical equivalence between ' DG, and P then not
canonical equivalence between F o Z and idpg, , therefore not canonical

equivalence between F o Z and idp.

There exist natural transformation ¢:F o Z — idgpg, and natural
transformation ¢:idpg, — FoZ such that ¢ o’ =idg.z, ¢ o =

idpg,,
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Now, let Z: G — G’ be groupoid homomorphism on Z,: B —» B’ is arrow
represent in DGy and (G,B)’, (G',B") are objects in DG, so that the

G Z — G’

following diagram:

Is commutative in DGy, .

Q
v
«Q

l > G
B X B B' x B’
T, . Zy %X Zy
Ty
Ty
v

BXB — 5 B'XB
Zy%x 2,

From proposition ( 4.1) and ( 4.2) to obtain the following diagram:
Is commutative in DGy,.

Suchthat G = G;and G' = G{,F 2 Z(g,90) = (9, 90)-

Let is a natural transformation, and

¢(G,B):F o Z((G,B)) - idpg, ((G,B)) is arrow in , for all object (G, B)
in DG4, such that the following diagram:
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v

Fo2((G,B)) PG, idpg, ((G,B))

Tll lT

B,XB, ———» BXB
Jo X 9o

Is commutative in DG4. Now if g: G — G’ be a groupoid homomorphism
on go: B — B’ is arrow represent in DGy,.

Is commutative in DGy, then ¢ is natural transformation from F o Z to
idpg,. by proposition (4.2), we get, ¢ o ¢ = idpg, and ¢’ o ¢ = idy.zis
not canonical equivalence between F o Z and idypyg,, -

Fo2Z(g)
FoZ(G,B) >F o Z(G',B")

idpg, (G,B) > idpg, (G',B")

v v

Bl><B1 +— 5 B:Il)(B:IL

B X B » B'XB
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