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Abstract

Let R be a fuzzy subnear-ring of a ring R, U a semifuzzy left ideal of R
and d is additive map on R . The purpose of this paper is to prove if R admits
a fuzzy derivation d which is fuzzy centralizing on U , then V is a fuzzy
commutative ideal of R.

1.Introduction
There are many researchers are engaged in extending the concept of near-
ring and derivation such as [6 ], [ 7]. A fuzzy near-ring with its properties and
with a fuzzy ideal has been discussed in [1 ],[3].[5 1.[7 1.[8].
In this paper we given new results due applied a fuzzy derivation as new
definition on a fuzzy near-ring .
A non-empty set R with two binary operation '+' and '." is called a near-
ring [2] if
(1) (R,+)isagroup,
(2) (R,.) is a semigroup,
(3) X.(y+z2)=x.y=x.z forall x,y,z e R.
We will use the word ' near- ring ' to mean a ' left near-ring'. We denote xy
instead of x. y . Note that x0=0 and x(-y)=-xbut in general 0x=0 for some
xeR . Anideal I of near —ring R is a subset of R such that
(4) (1,+) is a normal subgroup of (R,+),
(B) Ric I,
(6) (r+i)s—rse | forany iel andanyr,seR. Note that | is a left ideal of R if |
satisfies (4) and (5), and I is a right ideal of R if | satisfies (4) and (6).

Definition(1,2)[4], [9]:
Let X be a nonempty set, a fuzzy set A in X is characterized by its
membership function x;: X —J where J is the closed unite interval [0,1], and

we write a fuzzy set by the set of points
A={(x,u;(x)):x eX,0< . (x)<} and  where . (x) is called a fuzzy
relationship function.
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Definition(1,3).[ 71.[8]:
Let R be a near-ring and R be a fuzzy subset of R. We say R a fuzzy
subnear- ring of R if

(7) u (x -y ) > min{ g, (x), 4 (v)}
(8) uy (x y)=min{u, (x),u (y)} forall x,y eR. I'is called a fuzzy ideal
of Rif I is afuzzy subnear-ring of R and
9) 1 (x) = pp (y +x-y),
(10) g (x y ) =4 (y),
(A1) g ((x+i) y-xy) = g(), forany x,y ,i eR. Note thatl' isa fuzzy
left ideal (respect semi fuzzy left ideal) of R if it satisfies (7), (9) and (10)
(resp. (7),(8) and
- (xy)=u (y) forall x,y eR ) ,and I isa fuzzy right ideal of R if it
satisfies (7), (8), (9) and (11).

We give now some examples of fuzzy ideals of near-rings.

Example(1,1) ,[7]:
Let R:={ a,b,c,d} be a set with two binary operations as follows :

+ ab c d
a a b c d
b b a d c¢
c c d b a
d d ¢ a b

ab c d
a a a a a
b a a a a
c a a a a
d a ab b

Then we can easily see that (R,+,.) is a (left) near-ring . Define a fuzzy subset
p R —[0,1] by (€)= p:(d) <p:(0) < g4 (@) . Then T is a fuzzy ideal of R.
Also see the following example.
Example(1,2), [7 ]:
Let R:={ a,b,c,d} be a set with two binary operations as follows :
+ abcd
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a a a a a
b a a a a
C a a a a
d ab cb

Then we can easily see that (R,+,.) is a (left) near-ring . Define a fuzzy subset
p iR —>[0,1] by () =p;(d) < (0)<p:(@). Then Tis a fuzzy ideal of R,
but not fuzzy right ideal of R, since x-((c +b)d —cd) = - (d) < #; (b).

We denote R as afuzzy near- ring and we define its fuzzy center as
C(R)={xeC(R):xy=yx forall yeR and s(x)e 1.4}, alsowe denoted
the fuzzy commutater by ( u, ([x, y1) = u; (xy — yx) and
In particular if [x,y]=0, implies that . ([x,y])=x:(0) and g (xy)= s (yx) for
any elements x,y eR . Also

e ([xy 2 )= us (y [x,z ]+[x ,y ]z )) foranyelements x,y,zeR. .
Lemma(1,1).,[7] :-
If a fuzzy subset A of R satisfies the property (7) then
(1)1;(0) 2 1z (x)
(i ) (—x) = i (x) forany x,y eR.

Lemma(1,2),[8]:
Let G be a fuzzy subgroup of a group G and x G . Then u.(xy)=u;(y) for

every y eG ifandonly if s (x)=u;(0).
2.Main results

Definition(2,4):
I is called fuzzy commutative ideal if it is fuzzy ideal and

1 () = (yx) for x,y eR.

Definition(2,5):
Let d:R —R be additive map and R is a fuzzy subnear-ring with
membership function ... Then d(R)is a fuzzy set with membership function

defined by u,:R—> [,
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max{s () : xed™(y)} ifd7(y)=¢
Hy (y)= ]
0 otherwise
if satisfy the following

then d is a fuzzy derivation on R

1) d(xy)=xd(y)+d(x)y.

i) 245 (d (xy)) = max{min{ (X), 4 (d (Y))}, min{ug, (d (X)), 15 (V)}} vx,y eR .
Example(2.1)

Let R={0,1,2,3} be a set with two binary operations as follows:

+ 0123
0 01 2 3
1 1 0 3 2
2 2 310
3 3201
. 0123
0 0 00O
1 0 00O
2 0 00O
3 0 011

It is easy to see that R is near ring . Define a fuzzy subset x; : R —[0,1]

by
1(2) = u(3) < u() = (0) .We can insure that I is a fuzzy near ring .Let

. . . X
now define a nonzero derivation on M:{[Z \m X,y,z,weR} as

follows:
Xy 0 -y
d([z W))z(z oj’ also Ky :M—[01], for any two elements

(xl yl},(xz yzjeM, with following conditions :

Z W Z, W,
H4(0) = 2 () = 14 (%) = 1 (W) = g1 (W) :
min{es; (=Y1), 24 (Wo )3 > 24;(Y,)  mindieg (%), 144 (—Y2)3> 24 (V1)
min{u, (2,), 4; (%)}> :(z,) and min{es; (W), 14, (2,)}> 14 (,) -
alSO 41 (W)= 11y (W,) , 1 (%) = 11 (%) s 11 (%) = 11 (%) AN gz (W) = g (W)
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we have that
Hy (d(()z(1 yl](xz V>\l/2]) ) = Hy (d([X1X2+y122 X1y2+y1W2]))

1 Wl ZZ 2 ZlXZ + WlZZ Zl y2 + W1W2

— XX +YiZ, %Y, + YW, \\y — 0 =04, + YiW,)

= Ha (d([zlszrlez zly2+wle)) = Ho ( [zlszrwlz2 0 J)
— Hy 0) Hy (_(X1y2 + YW, ) —

Hy (lez + lez) Hy (0)

[ Hy ) max{min{ﬂd (), Hy (=Y)} min{ﬂd (=Y1), Hy (W, )}}j

max{min{,ud (21)1 Hy (Xz)}a min{/'ld (Wl)uud (Zz)}} Hy (0)
From other side , we have that

Xl yl X2 yZ Xl yl X2 yZ
ﬂ(d((zl Wll).(zz WJ +[Zl Wl).d((zz WJ))
:[ﬂd(O) ﬂd(—yl)J [ﬂr(xz) ﬂf(yz)j_l_[ﬂr(xl) ﬂf(yl)j(ﬂd(O) ud(—yz)j
e (2) 1,0 )\ (2) 2 (Wy) )\ i (z)  a; (W) )\ a4 (2,) 144 (0)

[max{min{#d (0), 2 (%, )3 mindsy (=¥1), £ (2,)}} - max{min{g; (0), #; (y,)} mindes; (=Y1), 44; (Wz)}}}

mase{mingss (2,4, ()} minGus 0), s (2,)¥  masmin{, (2), 4, (v}, min{i, (0) 1, (w, )3}

+ [max{min{:uf(xl)’ # (O3 min{ue (yy), 444 (2,)}}  maxdmin{s; (%), 5 (=Y,) 3 mindus; (v,), 44 (0)}}]
mase{mingss (2,) 4, (OO, minu, (), s, (2,03 maxminu; (2), y (~¥, ), minas (), 1, (O3}

Since 25 (0) = 2 (%) = () = (W) = gz (W)

min{zs (—Yy), 44 (W) 3> 4 (Y,) s min{eg (%), 145 (=Y2)3> 24 (V1)

minut, (), 24, (063> 41, (2,) and mingus (w), 1, (220} 4 (2,) , We get

=max( [max{ﬂd ((_)), min{zs (=Y1), 44 (2,)}} m_in{ﬂd (=Yo), 1 (W)} j
min{ss (2,), 14 (X,)} max{min{s, (z,), 14; (Y,)}, 144 (0)}
[max{ﬂd (0), min{e (y.), 144(2,)}} min{z; (%), 445 (=Y,)} })
’ ming; (W), 4, (2,)} max{min{u; (2,), 4 (~Y,)} 145 (0)}
Since 1y (Wo) = g (W) 5 4 (%) = g (%) 5 4 (X,) = 4 (X,) and 1y (W) = 4y (W)
Then the final fuzzy matrix IS
[ 14(0) max{min{u, (X)), #5 (=Y,)3 min{e, (=), 14 (W, )}}j
max{min{s, (z,), 4 (%)} minds, (W), 14, (2,)}} #y(0)
Hence,
S A S Rl M S R
“ T 4 é 1 1< 4 P
C e C
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Proposition(2,1):
letA be a fuzzy subset of R and d :R —R be additive map .

iz, ([x.d (x)])= 1, (0) then
1) p; (xd (X)) = g5 (d (X)x) (1)
i) a1, ([ 0O] D= 4, (6) (2)
poof
Assume that s, ([x,d (x)])=4;(0) ,forall x eR .
Then
i) 4 (xd (%)) = g (xd (x)—d (x)x +d (x)x)  from properties (7),(8 ), we get
pe (xd (x)) =min {z (xd (x)—d (x)x ), 22, (d (x)x )
=min  {; ([x,d (<)), 225 (d (x)x |
=min {1, (0), ; (d (X)x)}
= u; (d (x)X).
Similarly, using z (d (x)x —xd (x)) = z; (xd (x)—d (x)x) = 2, (0), ,we get
i (xd (X)) = p(d (X)X) .
Hence  (d(x)x)=p; (xd(x)) .

i) 1 ([x,d00)].x | zmin{u(x.d (x)]x, 2 (x [x,d (x)]}
2min{min{yA([x,d(x)],yA(x)},min{yA(x),yA([x,d(x)]}}
zmin{min{yA(O),yA(x)},min{yA(x),yA(O)}}

2 min {,UA(X)’,UA(X)}
= p4;(X)
Hence
([, d ()] x = (x)  forany x eR.

Corollary(2,1):

letA be a fuzzy subset of R and d:R—>R be additive map . If

w4 ([x,d (x)]) =0 then i, (xd (x)) =z, (d (x)x) =0 .

Theorem(2,1):
Let d be derivation admits on a near-ring R , and R a fuzzy subnear-ring

of R

A yed™d(x) for x,yeR , x

1 )
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dd(y)and g (d(x))= sup u.(t) then

ted 1 (d (x))
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Hg d(xy))= min {/JF} (X)aﬂﬁ(y)} .

Proof
Let d be aderivation ona near-ring R and, and R fuzzy subnear-ring of R .
By definition(2.5 ),we have that

#y (A(Xy)) = 1 (xd (y) +d (x)y) , then
by definition(1.3) (7) and definition( 2.5), we obtain
Ha([d(xy)) = min {2 (d(X)Y), 25 (xd (¥)) }

>min - {min{z, (A (X)), 4 (¥)}, min { 1 (X), 225 (A (y))}}
:min{min{ sup yﬁ(t),yﬁ(y)},min{yﬁ(x), sup ,uﬁ(t)}}
ted ™ (d (%) tedH(d(y))
From y ed'd(x) and x edd(y) for x,y eR, we obtain
min{min{ sup yﬁ(t),yﬁ(y)},min{yﬁ(x), sup ,uﬁ(t)}}

ted(d (x)) ted ™ (d(y))
> min {min { z; (Xo), 24 (v )} min{ g1 (<), 41 (¥ o)}
> min{ 1 (X), 15 (Y)}.
Hence
# (A (xy)) = min { 2, (X), 22 (Y) |
Lemma(2,3):

Let R be a fuzzy subnear ring of R and d is derivation of anear-ring R
then forany x,y eR

(1)1 (0) 2 14 (A (¥)X)
(i) 11y (-3 () = 11, (xd (x))

(i)t (0 (x = ) = min {1, (d (X)), 215 (A ()}
() 4 (A (X)x+ X (X)) = min { sz (), 21 (A ()}

Proof
(i) we have that for any xeR

1z (0) = . (d (x)x —d (x)x). By (7), we get
He (X0 (X)) = 225 (0—xd (x)) = min { gz (0), 215 (xd (X )) } = g1 (xd (x))

for some x, , y,eR

For all xeR.since x is arbitrary ,we conclude that
Mg (=xd (X)) = 15 (xd (X))
(iii) Since d is additive map ,thus
He(d(X=Y)) = (A () = (y)) = min{ g, (d (X)), 24, (A (¥))
(v) Itis clear.
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Theorem(2,2):-
Let R be a fuzzy near ring and U is a nonzero semifuzzy left ideal .If R
admits a fuzzy derivation d  which is nonzero on U such that
s (% d()]) € g, » then V' is anonzero fuzzy commutative ideal of R.

In order to prove the theorem we need the following lemma, which shows
under certain conditions a fuzzy centralizing derivation is equal x(0).

Lemma(2,4):-
Let R b ea fuzzy near ring and U is a semifuzzy left ideal of R, if d is a

fuzzy  derivation of R which is 15 (x d()] € g 5, -then
4 (x,d )] = 245 (0), ¥x,y €U,
proof

since d is a fuzzy derivation of R which is centralizing on U .Thus
/uLj ([X’ d(X)]) € ﬂc(ﬁ)
3)

Replacing x be x* in (3), we get :
# (X, d0) )
= 15 (X, xd (%) +d (x)x )
= /JU (4X2 [X’ d (X)]) € luc(ﬁ)
@) )
Commuting last equation with d(x),and since (4) isin C(R), yield
#,(4) X*[x,d(9],d() | =0)
(5)
Thus 445 @X[%,d(0]) = 14, 0)
(6)
Therefore
L5 (8x[x,d(x)]2) = 11 (0) = 24; (B[ x, d (x) ][, d (X)])
Since U is semifuzzy left ideal , we have
i (% d(X)]) = 445(0) -
Definition( 2.6 ):-
I is a fuzzy Maximal ideal in a near ring R if there is no fuzzy ideal J in R
such that s, () <u;(y) for x,yeR.
Lemma(2,5):-
Any fuzzy near ring R has a fuzzy family Q={P,/a <} of fuzzy maximal

%é@m w@
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ideal such that Hs, (x)=pu;(0) for any x eR.

proof
Let (a1, (@) = (a5, 1 (a5)) be anon zero fuzzy element of the fuzzy near ring

R ,also (a,, 15 (a,)) = (@, 15 (@) ,s0 continuing this process, we get a countable
sequence of nonzero fuzzy elements
(@9, 145 (8g)), (B 145 (@), (B 145 (@2)) (@10 145 (B111)) = (@11 145 (B,))

let M be the set of all fuzzy ideals of R that contain no elements of this

sequence . M is not empty since the zero fuzzy ideal is an element in M .By
Zorn' s lemma the set M contains a maximal fuzzy element say p, .the ideal

dose not intersect the sequence (a,, 1 (@,)), @, 45 (@), (@, £z (@,))-evvevnenne (a,, 1s(a,))
but any fuzzy ideal containing p, has a nonempty intersection with this
sequence .Now since (a, u, (a)) ¢ p, ,then Hee (x)=pu.(0) for any x eR.

0zaeR

Proof of theorem ( 2,2)
By lemma (2.4 ), we have that
15 ([x.d (x)]) = 4, (0),replacing x by x +y , we obtain
H (X +y,d(x+Y)]) = 15 (0)
#y (% d(x+y) ]+ [y, d(x+y)]) = 14(0)
#s (A0 +[x d (] +[y, d () ]+[y, d(¥)]) = 24 (0)
From ( 7),we obtain
#z Q) =min{ g (x,d )], 245 O, d (V) Doay (v . d 0D s [y d (y)])} for x,y eU.
Also from lemma(2.4) ,we get

# (0) = min{ 22 (0), 245 ([x.d (¥)] 245 [y . d ()]}
From lemma(1.1 ),we have that

# Q)= min{ g5 (x,d ()] 445 (v .d ()]} (7)

Replacing y byyx in (7) ,we get
#e (0) = min{ g ([x,d (yx)]), u((yx,d (x)])}
>min{z; (x,d (yx)]), 45 (xy.d ()]}
>min{ g (x,d (y)x ]+[x, yd ()], 5 (x [y, d )] +[x,d ()]y)}
yﬁ(O)zmin{yLJ.([x,d(y)]x +d(y)[x x]+[x,y Jd () +y [x,d ()], a4 (x [y,d(x)]+[x,d(x)]y)} (8)
Since x(y[x,d(x)] )=u©) , [x,x]=0 and (8),become

# Q) =min{ g ([x,d (y)]x +[x,y ]d (X)), 5 (x [y ,d (x)])}
=min{min {x; (x,d (y)]x), #(x [y 4 COD, e[y Jd (x D} (©)
aa | = . N a2
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Since g ([(x,d(y)][x)=u;(x) , w;x[y,.dx)D=s; (y.dx)]) and (9),yield

H5(0) = min{min{ﬂu ) 45y d )] a5 (x,y Jd (x ))}}
> min{min {145 00, minda(y), 21, (d ()}, 245 ([, y]d(x))}} , hence,
#:(0) > g4 ([x, y ]d (x))
By replacing y by wy for arbitrary w €U
s (x wy Jd (x)) = 25 W [x,y Jd (x)+[xw ]yd (x))
From properties (7) ,(8) of semi fuzzy left ideals U , yield
iy @ X,y ]d () +[x 3w yd (x)) > g ([x w ]yd (x))
Thus
Hz ()= g5 ([x w]yd(x)) forall yeU
Since RU €U ,we obtain
1 (0) > g4 ([x, y JuUd (x))
From lemma (2.5), we get
H F;a(z):,uR~(O)z,uu([x,y]Ud(x)) forany z eR.

0=acR

Therefore
w4 (X, y JUd (<)) < min{ (z)}aei for any z eR.
a) ,uU([X,y])S,uﬁa(Z) Yael 1z eR.
Or
b) :“Ud(U)(X)Sﬂﬁa(Z) Yaed zeR.
Let P, and P, be respectively the intersections of all type-one and type-two
fuzzy maximal ideal such that x, s (z)={0} z €R. .
Now we investigate a typical-two maximal P, =P, ,from (b) and the fact that
w5 ([, d (<)]) = 2, (0)
For all x U, we have from proposition(2.1) that x;(xd (x))=;(d(x)x) and
H5 (@ (x)x) < 5 (2) forany z eR..
Thus,
i (X +y)d (x +y))s,u§2(z) vXx,y eU
= 5 (x +y)d (x)+d (y))) < 45 ()
= p5 (xd (x)+xd (y)+yd (x)+yd (y)) < 45 (z)
But 4; (xd(x)) and ; (yd ()< (2)
Thus
min{g; (xd (y ), 445 (yd (x))}< 5 (2), Z €R. (10)
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A (1 ALllA__A_l\-I! "¢ Q‘( A ‘\A

"9012 Osraal) g Gualdd) aand) 3ale




On Fuzzy Derivation Of Fuzzy Near-ring ...........ccooiiiiiiiiiiiiiiiiiiainnns

Sameer Qasim Hassan , Mahdi Saleh Nayef

and the same way ; (d (X +y )(x +Y)) <us(z) ,We have that :

min{; d (X)y ), 145 A (¥ )X)}< 445 (2) (11)
From (10) and (11) , we have that,
min {min{z; (d (x)y ), (d (y )x )}, mingu(xd (y )), z«(yd (x ))}} < Hs (2) (12)

Replacing x by z and vy by xy+yx in (12), we get
min{min{z; (d (z )(Xy +Yyx)), 14; (d (Xy +yx)z)}, min{u; (zd (xy +Yyx)),

w5 ((xy +yx)d (2))} < 445, (24) » z,eR.
So from (12 ),we get
min{min{Mj (Xy TyX )’/UU (Z )}’ min{rud (Lj)(d (Xy +yX ),,ud(u)(d (Z )}S,UF;Z (Zl) Zl eR y

(13) implies to
min{min{ug; (y ), 445 (), 445 (2 )} min{us, 5, @ (Y ), 44, 5, @ (X)), 4 5, @ (@2 )3 < 45 (22)
Since all above relations worked with vx,y,z €U , thus

min{min{z; U), 45 U ), 5 U)F min{ug, 5, d U ), 1 5, U)), 44, 5, @ U )} < 15 (2))
Hence min{yU~ ).ty ,d U ))} < 45 (z),which implies to the following
a)us (R) = 11,5, U))
Or
b ) s (R) 2 14; 1)

So if (b') satisfied that, make condition (a) also satisfied and obtain
contradiction of our definition of type two. Therefore
Hy iy @ WD) < 5 (1) forany ueU,reR. (14)

From (b)) ,we have d(u)u=ud ) ,thus g;(d u)u)=; (ud u)) < s (2,) -
Since

min{4; (rd (r)d (U)), z2u)} < 245 (rd (r)d (U)u) = 245 (d UU) = 245 (Ud (L)) < g5 (2,)

mingmin{z, (rd (), 24, 5, (@ @)} 45 @)} < 5 (2,), there are two  cases
min{ (rd (r)), 145 )} < 445 (2,) (15)
or

min{u, g, @ W), s W} < 15 (2,) (16)

By () \we get u, (rd (r)) < g, (z,) OF 445 U) < 5 (2,)

But the second parte is not true, we have that
luﬁ(rd(r)glup'z(zl)

Consider now the fuzzy left ideal Vv generated by the set
(d(R)J, 4; (d(R))),,we shall show that V is commutative. Atypical element of
V are of the form (d (r)u, 44; (d (r)u) and (sd(r)u, s;(sd(r)u)) ,where r,seRand
ueU . So we need only shemv thet the commutators of the form
G L 5l 145 5 (P Iae
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[d (r)uy,d (r,)u,].[sd (ruy,d (r,)u, ] and [sd(r)u,,s,d(r,)u,] are equal to zero.
By using (a), we obtain
M5 ([d (rpu,,d (rz)uz]) = Hg, (z,),

5 (5,0 (ruy, d (r)u, ) < 445 (2), (17)
and M5 ([Sld (r)u,,s.d (rz)uz]) = Mg, (z,)
Also
[d (ruy,d (ru, ], [sd (Rug,d (R, ], [sd (rnu,,s,d (ru,] eRd(R)
The form (17 ) ,we have that
5 ([d (rug,d (Ru, ) < g (2)),
Hs ([Sld (ru,,d (rz)uz]) < Hpg, (,), (18)
and s ([s,d (ruy,s,d (r)u, ]) < s, (21)
From (17) and (18) ,we get
5 (A (uy,d (1 )u, ] < min{ (g @), 15 (2)] = 5, (2)
s ([5,0 (r)uy,d (r,)u, ]) < min{(yﬁl (2). 4, (2 )} =y, (z) foranyzer.
and s ([5,d (ruy,s,d (r)u, ) < Hs 5. (2)

Hence by lemma ( 2,5 ) ,we obtain V is fuzzy commutative ideal.
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