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Abstract

The research aims to find approximate solutions for linear Fredholm-
Volterra Integro- Differential Equations of type two dimensions. Using the two-
variables of the Bernstein polynomials to find the approximate solution of mixed
linear Fredholm-Volterra Integro- Differential Equations of the type two
dimensions. Two examples discussed in detail.

Introduction

Two dimensional integral equations play an important role in many branches
of linear non linear functional analysis, engineering mathematical physics,
mechanics and heat transfer problems. Therefore, many different methods are
used to obtain the solution of the linear two dimensional integral equations [1].
Several methods have been proposed for numerical solution of these equations.
Traditional collocation method and radial basis functions were used by z.
Avazzadeh, M. Heydari and G.B.loghmani[1]. A fast numerical solution method
for tow-dimensional Fredholm integral equations of the second kind based on
piecewise polynomial interpolation have been publish by Fenliang, Fu-rong
lin[2]. Numerical solution volterra integral equation by spectral Galerkin method
were applied in[3]. Nonlinear Fredholm integral equation by spline functions
have been in[4]. Linear and nonlinear volterra integral equations Homotopy
method have been in[5]. Collocation methods for volterra-fredholm integral
equation in[6]. New methods are always needed to solve mixed Fredholm-
Volterra Integro- Differential Equation because no single method works well for
all such equations. In this paper the Bernstein polynomials are used to
approximate the solution of mixed linear Fredholm-Volterra Integro-
Differential Equations of two dimensions .
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The mixed linear Fredholm-Volterra Integro- Differential Equation of the
second kind given by [7]

o'u(x.y) , uxy) , au(x, y)
v + (X y)———— P + (X y)———— Y +U(X,Y)

()
+ﬁk (x, y,t,su(t,s)dsdt +“k X, y,t,s)u(t, s )dsdt
00

(x,y)e D=[01]x[0]1]
Where k:DxDxR—R is a continuous linear given function, f:D —>R IS
also continuous given function and the two-variables function u(x,y) is the
unknown function.
In this paper we introduce an approximate approach to solve two- dimensional
linear Fredholm-Volterra Integro- Differential Equations of the second kind
given in (1) using two-variables Bernstein polynomials method.

1. Bernstein Polynomials Method with Two-Variables.
The Bernstein polynomials of two-variables degree of (n+m) can be defined[7]:

B{j‘*m(x,t):(in)(rjr]jxitj(l—x)”_i -t

where ..

(?J(TJ ) i!(nm—i)! j!(rrr1n : iy

and (n,m) are the degree of polynomials and i,j are the index of polynomials
2. Solution of Two-Dimensional Linear Fredholm-Volterra
Integro- Differential Equations with Bernstein Polynomials
Method
In this section, Bernstein polynomials are used to find the approximate
solution for the two-dimensional linear Fredholm-Volterra Integro- Differential
Equations, as follows.
Recall the Fredholm-Volterra Integro- Differential Equation of the second kind
given in equation. (1)

TN 4 £,y 20Y)

( y) .

+f(xy)

gy WUY) L ux,y)

X y)+ﬁk (x,y,t,sult,s dsdt+”k X, ¥,t,s),uf(t, s )dsdt
00

Let u(x,y):ZZP,JB,T*m(x,y) ..(3)
i—0 j=0 2o oR
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where

=g (7)o

And P;control points unknown.
Substitution of the relation in equation(3) in equation (1) we get the relation

23> PBI™ (x,Y)) (>3 PBI™ (x,y) (>3 PBI™ (x,y)

i=0 j=0 T f(x,y) i=0 j=0 T f(x,y) i=0 j=0

ox® OX oy
COSRBITY)) = f(xy)

i=0 j=0

[k y,t,s{i > P8} <t,s>jdsdt I v’t’s{

n
0 i=0 j=0 i=0 j=0

D BB, s)]dsdt

11 n
= f(x,y)+ [ [k(x, y,t,s{z PoBb ™ (t,5)+ PyBL ™ (t,5) + -+ Py B (t,s)jdsdt
00

i=0

Xy n

+ ”k(x, y,t,s) D PoBio ™ (t,8) + Py By (t,8) +---+ P Bin " (t, 3)jd5dt

00 i—0
PyoBoo " (t,8) + PoBig " (t,S) +-+-+ PyoBrg " (t,S)

11
= f(x, y)+”k(x, y,t,8) +PyBgi™(t,s) + P By (t,S) +---+ P, Bl (t,s)  (dsdt
" o+ Py B (t,8) + Py BT (,5) +-- P B, 5)

m
PooBoo " (t:8) +PioBry " (t,8) +++++ PyoBrg " (,S)
k(X, y,t, S + POlBg;m (t, S) + PllBlnfm (t, S) + b + PmlB:q-{m (t, S) det
et POmB(?;m (t’S) + leBlnn-1Hn (t,S) +--PimBam (t’ S)

nm=nm

X
gl
0

O <

..(4)
Now to find all integration in equation (4). Then in order to determine

P; i=0,1,...m j=0,1,---,m, we need n equations;
Now Choose x;,i=123,...n and y;,j=123...m in the interval

[0,1]x[0,1], which give (n) equations. Solve the (n) equations by Gauss
elimination to find the values P, 1=0,1,...m j=0,1,---,m.

The next example is an illustration to the above method.
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3. Numerical Examples:
Example(1)
Consider the following two-dimensional linear Fredholm-Volterra Integro-
Differential Equation of the second kind:
ou(x, y) , oulxy) o ou(xy)
2 +y
X X oy

2 3

+U(X,y) = 52x 3xy+3+ yx—3xy 1 Xy

y X
+§y+jj u(s,t)dsdt + [ [(xs - yt)u(s, t)dsdt
0 0

O —_—
O —_—

..(5)

with the exact solution u(x,y)=x—xy +3

we choose uniform partition with m=n=1,2,3. Approximated solution for some
values of (x,y) by using Bernstein polynomials method

we obtain the approximate solution as when n=m=1 in equation (3) and using
the equations (4) and (5) we get

U(X,¥) = Poo(L =X)L = y) + Pos (1= X)Y + Pyo(1— Y)X + PyyXy

.(6)
Substitution of the relation in equation(6) in equation (5) and find the control
points p;; ,i=0,1 j=0,1 are found as follows:

Find all integration in equation. Then in order to determine control points p; ,
i=0,1, j=0,1 we need n equations; now choose x; =01 and y; =01 in the
interval [01]x[0,1], which gives (n) equations .Solve the (n) equations by Gauss
elimination to find the values pj, i=0,1 , j=0,1. we obtain the approximate

solution as

u(x,y)=301-x)L-y)+31L—x)y + 41— y)x + 3xy

=X—Xy+3

when n=m=2 in equation (3) and using the equations (4) and (5) we get

2 2
u(x,y) :ZZ Pij Bi‘}

i=0 j=0

u(x,y)= ZZD.,( j{ jx yI(1-x)%" [1-y)*

i=0 j=0
u(x,y) = pooBo (X) Bo (y)+2 p01B§ (x) B22 (y)+2 ploBl2 (X) BOZ(Y)
+ P2oB3 (X)Bg (¥) + Po2BS (X)B3 (y) +4py1By (X)BE (y)
+2p,;B3 (X)Bf (y) +2p;,B7 (X)B; () + P2,B3 (X)B3 (y)
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U(X, y) = Poo@—X)* (L= Y)* +2Pg;y(L— Y) L X)* + 2 poX(L— X)L - y)
+ pzoxz(l— y)? + pozyz(l— X)* +4p;xyL-x)A-Y) - (7)

+2P X2 YL Y) + 2Py, X(1A- X)y? + PypX’y?
Substitution of the relation in equation(7) in equation (5) and find the control
points p; ,1i=0,1,2 j=0,1,2 are found as follows:

Find all integration in equation. Then in order to determine control points p; ,

i=0,1,2 j=0,1,2 we need n equations; now choose x;, =0,1,2 and y; =0,1,2 in the

interval [0,1]x[0,1], which gives (n)equations . solve the (n) equations by Gauss

elimination to find the values pj;, i=0,1,2, j=0,1,2. we obtain the approximate

solution as

u(x,y)=31—-x)2(1-y)* +2*3y(d-y)L-x)* + 2*0.5* x(L - x)(L - y)*
+1*x2(L-y)? +3y?(1—Xx)? +4*3.25xy(1— x)(L— )
+2*35*x°y(1-y) +2*3x(1— x)y* +3x°y?

=X—Xy+3

when n=m=3 in equation (3) and using the equations (4) and (5) we get

u,y)=>>, Pij Bi?

i=0 j=0

3 3 3Y3) . . _ _
U(X,y):zzpij(i](jjxlyj(l_X)S—l(l_y)3—J

i=0 j=0

U(X, Y) = PgoBg (X)Bg (¥) +3P0;Bg (X)B7 (Y) +3Pg,B5 (X)B3 (y)
+ PosBo (X)B3 (¥) +3pyB; (X)Bg (¥) +9py; By (X) B/ (y)
+9p,BY (B (y) + 3pyB2 (OB (y) + 3030 (B ()
+9p,,B3 (X)B3(¥) +9p,,B2 (OB (y) + 395 (B (y)
+ aoB2(X)B2(Y) + 3paB2(X)BE(Y) + 3pBL (BE(y)
+ P33B3 (X)B3(y)
U(X, Y) = Poo (1= X)° (A= ¥)® +3pgyY(1- ¥)* (LX) +3pPgry* (1- )AL - X)°
+ Posy° (1= X)° +3pyox(L—X)* (1-y)® +9py xy(1—-X)* (1-y)*
+9p,Xy (1= X)? (1= Y) +3pyxy (L= X)* +3p,x° (L-X)(1-y)°
+9P,X° YA - Y)? (L= X) +9PyX "y (1= Y) (L= X) +3P,ex°y (1 X)

+ p30X3(l— Y)3 +3p31X3Y(1— Y)Z +3p32x3y2(1— y)+ p33x3y3
.(8)
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Substitution of the relation In equation (8) In equation (7) and find the control
points p; ,1=0,1,2,3 j=0,1,2,3 are found as follows:

Find all integration in equation above . Then in order to determine control
points p; , i=0,1,2,3, j=0,1,2,3 we need n equations; now choose x, =01,2,3

and y; =01,2,3 in the interval [01]x[0,1], which gives (n)equations . solve the (n)
equations by Gauss elimination to find the values py;, i=0,1,2,3, j=0,1,2,3. we
obtain the approximate solution as

u(x,y) =3 -x)*@-y)’ +3*3y(L-y)*(L-x)° +3*3y* (L~ y)L - x)°

+3y3(1—x)3+3%X(1—X)2(1—y)gJrg?xy(l_x)z(l_y)2

+9%xy2(1—X)2(1—y) +3*3xy°(1-%)° +33X -0e-y

LN L] D y2y20-yya ¥y
5 YAV A=) +9°EX Y (L= VA= + 3% 3y (1= x)

+4x3(1-y)3 +31§x y(l—y)? +3l§x y2(@1-vy)+3x%y

=X—Xy+3
Example(2)

Consider the following two-dimensional linear Fredholm-Volterra Integro-
Differential Equation of the second kind:

au(x,y) , u(x,y)
OX

+'y[ i(x—s)u(s,t)dsdt+.lf j(ytz—xyZ)J(S,t)dsdt

with the exact solution u(x,y)=2x+6y -5

In the same way you can find the approximate solution when n=m, for n=1,2

and using the equations (3) and (4) we get

u(x,y)=-50-x)0-y) +1*(1-x)y =31 - y)x+3xy

=2X+6y—-5

u(x,y) =-5(-x)*(1-y)* -=2*2y(l- y)L-x)* - 2*4x(L- X)L - y)°
=3x*(L-y)* +1*y*(1-x)* - 4xy(L— X)L~ Y)
+2*0x2y(L—y) + 2*2x(1— X)y* + 3x%y?

=2X+6y -5

+u(x, y):2x+6y+§+2xy3 —gxzy2 —%xy2 —x3y +5x%y
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4. Conclusion
This paper presents the use of the Bernstein polynomials method, for
solving two-dimensional mixed linear Fredholm-Volterra Integro- Differential
Equations of the second kind. From solving some numerical examples the
following points have been identified:
1. This method can be used to solve of mixed linear Fredholm-Volterra
Integro- Differential Equations.
2. It is clear that using the Bernstein polynomial basis function to
approximate when the n™ degree of Bernstein polynomial increases the
error is decreases.
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