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Abstract

In this paper, an important theorem of equivalence between system of linear
Volterra integro-fractional differential equations (LVIFDE's) with constant
coefficients in Caputo derivative scene and the corresponding well-known
Volterra integral equation system is demonstrate.
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1. Introduction

The theory of fractional order has become an active area of investigation due
to their applications in field such as physics, technical sciences and so on one
can see [1-3], also many research groups have studied and reported on fractional
problems such as integral equation with fractional time [5], fractional Volterra
integral equation [8], and others [4, 6].

In this work, the following system of linear Volterra integro fractional
differential equations (LVIFDE's) of Caputo type with constant coefficients in
multi-terms is considered

n-—1
ED/™u(t) + Z a;; 5D, " uy (0 + au ()
i=1
t m
=ﬁ-(f)+,1J.Zkz-j(t,s}uj(s}ds, i=12..m ..(1)
a §=1

together with initial conditions:

[D:iu?-!:f)]t:a = b:ti 5;"'!' = Drlr"':#z‘ —1

wherea <t <b;a;€ER,0; ER",i=12,..,mand j=12,..,n, with

Oin = Titn-1) > 2 O Z 05y = max{mz’rlr = 1,2,...,?1} and D:Ei € R for

all k,=0,1,..,u;,—1; as vya}k,as dfé; - Rand k8 XR—=R (with

€l ©)
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S ={(t,s):a<s =<t = b}) denote given (continuous ) functions for each
i,j =1,2,..,m, and u,;(t) is the unknown functions which are the solution of
system(1).

Thus, the system of LVIFDE's for one term, two terms and three terms can
be formulated as follows

(i) One term is

m t
SD7u, (1) = £(1) + Z}Lf k(6w ()ds,i=12,.,m  ..(2)
i=1 @
Equipped with initial conditions: [D"w, (9] __ = b ; k, = 0,1,...,4, — 1.
where g,,, = 05, > -+ = 0, = 0my, — 1 < 6, = My, , J; = My, = [0,,] for
alli=1,2,...,m.
(i) Two terms is

1 t
EDZ () + agtty (6) = £,() +Z,1 f ke (t, ) (s)ds - (3)
i=1 a
together with initial conditions: ~ [D, 1, ®]._ = b k=01, 0 — 1
where ¢,, = 0,5, = - = Gy, = 0;my, — 1 < 0, <= My, , Wy = My, = [a;,] for
alli =1,2,...,m.
(iii) Three terms is
DU, (8) + @y SOy (8) + @y ()
1 t
— (D) —|—Z}|.J‘kij[t,s] w(s)ds, i=12.,m .(4
i=1 g
with initial conditions: ugkﬂ (a)=Db
alli =1,2,...,m.

ki
i

=0; k;,=0,12,...,u,— 1, for

2. Preliminaries and Notations
In this section, some notion, definitions and preliminary facts are introduced
which are used throughout this paper.
Definition (1): [1]
Let u be a real valued function defined on [a,b] and € R* . Then the
Riemann-Liouville (R-L) fractional integral of order « is defined to be

1 t
J?u(tj=@f (t—s)* Lu(s)ds, a=0

Jeu(t) = Iu(t) = u(t)
Definition (2): [1] Do oA
A ) A (rg 150:@/} K4 A
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Let « =0 and m = [a| (where |a] Is the ceiling function of «), the

Riemann-Liouville (R-L) fractional derivative of order «, denote by D& are
defined by
EDfu(t) = I %u(t)
1

o) f(r—sjm“u(ﬂds m-1<a=m .(5)

If=m ,meN,, and u € C™[a,b] we have
EDPu(t) = u(®) ; DI u(t) = ut™ (0.
Definition (3): [7]
Let e € R*and m—1 < a <m (m € N) . The special operator 5Df
defined by
eDiu(t) = %F‘“Dé’iu(ﬂ

™m

=ﬁf&—s)m—ﬂ—l (%) u(s)ds .(6)

fora =t < b, is called the Caputo fractional derivatives of order «.

Lemma (1): (mixed integration and differentiation) [3]
(i) Leta = B = 0, then for u(t) € C[a, b] , the relation valied at every point

t € [a,b): BDF Jeu®) = Ji Pult) e (7)
In particular, where g =k € N and a > k, then Df _J%u(t) = J& *u(t)
(i)Let @ = B = 0 ,if the fractional derivative §Df ,(m—1<p=m) ofa
function w(t) is integrable,(or, if wu(t) € C[a,b] and
™ Pu(t) € C™[a, b]),

t

JERDPy(t) = =P RpyB-J (t-a)*7
JEEDPU(D) = g7 Pu(d) B [2DF u(n)] P .. (8)
Remark (1):
(a) The R-L fractional integral operators commute, i.e.,
a B E ra a+f
ajt a_-‘ltu(tj = ajt a_u‘rt u(t) = £ u(t] (:gr;a]

u(t) € Cla,b]l, a=0,=0.

(b)For ¢ = in equ. (7) from, lemma (1), the R-L fractional
differentiation operator is a left inverse to the R-L fractional
integration operator of the same order « , i.e.

EDE JEu(t) =u(t), as<t=bh ... (9/b)
(c)For « e R*,m — 1 < a = m .Thusforeach j=1,2,...m

e Y, 3
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m—]
RDE I u(r) = (jt) e (t) (9/0)

Theorem (1): [6]

Let @ = 0 andm = [a]. Moreover, assume that ZDfu exists and u
possesses (m — 1) derivative at a. Then,
EDFu(r) = BDE[u(t) — T,p_y [w;al], (m—1<a<m)
where T, _,[u; a] denotes the Taylor polynomial of degree m — 1 for the
function u, centered at a.
Remark (2): [1]

Let ue C™[a,b]l,m € M and m—1 < a < m. Then it is valid (from
Theorem (1)):

() SDFu(® = 2Dg (u(® - Zpt @t —a)¥) e 2 ..(10)

u‘k} i
(i) SDFu(E) = RDFu(r) — Tmi @ (¢t _g)k-@ ¢t > g (11

k=0 Pk—a+1)
Lemma (2): [7]
Assumethat ¢ = 0,m = [a] ,and u € C™[a, b]. Then

JEDFU(D) = u(®) - ) = (- @)}

k=0
The classic (m € N)-fold integral and differential operators of integer-order
satisfy like formula;

m-1l )
D Jru(®) =u(®) 5 JPDPu) = u(®) — ¥ (e~ a
k=0

Lemma (3): [3]
The R-L fractional integration operator _Jfwith @ = 0 is bounded from C[a, b]
into Cla, b]:
ay, (b—a)"

el ey = T gy Mlletes
Lemma (4): (new)

leta > =0,m,—1<a<=m, and mg —1 < =mg (M,,mg € N) be
such that u(t) € C™#[a, b].Then

mg— 1

(%)
u(a)
afCD.E ) = ) — t —q)kra-8
Proof: e ol

A L) 4 {‘é 1&21%@’} K4 s
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e —————————————————————————————————————————————————————

Let € N, . Using the definition of Caputo operator with equation (9/a),
yields
JESDu@ = o (7P Duto)
= ngaafr (Dr H[t)),(mﬁ—ﬁ:}ﬂ and a = 0)
a—f+mg

= o

= JEP (7D u)
Instead of « in lemma (2), putting mg and for all k =0,1,...,mz —1

(D:ﬂgu(t)), (¢ — B >0 and mg > 0)

which is greater than (—1) with linearity of _J/& , we obtain

mg -1
[ I
JESD u(t) = (uiﬂ— Z :;,[a) (t— )“)

k=0

m'.g—l

(k)
= J Fu®) - @

, T+ a- A

)k+a—3

if =mgeN | then applying lemma (2) and using R-L properties, we
obtain the lemma (4) also.
Lemma (5) :( new)
leta=f>0,m, —1<a=m,mg—1<fF <=mgand m,,mg € N. if
(t) € C™e"1[a,b] , then, for each y =0,1,...,m_, — 1 the following relation
hold:

()
a—p _ u (ﬂ] _ a— G+
. u&j_éﬂfic&—ﬁJrHlJ& @)= B+

L[(t__s)a B+(y-1) wJ(S}dS

F(a—B+‘fJ
Proof:
Using the definition of the R-L fractional integral (1), we have
Fue t—s)* F1u(s)ds
“Fu(e) = F(_ﬁ]f( )Pt u(s)

Repeated y-time mtegratlng by parts method for integral in above equation
which depends on the value of y = 0,1,2,...,m_ — 1, we have

e Y, 3
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NG
_ a—f-1 _ _ a—f+j
!(t s) u(s)ds = Zl‘[f“( B (t —a) j
1 _ ag—f+y—1.,0y)
+ izliﬂ_ﬁ+k_1]fit §)EF+r-14% (g)ds

with  noting: (a—PB)IL_(a—B+k—1)=T(ea—pB+1) and
take (I=y and 1 =j+1) ,soweget
_ ()
a—f — u _ a—G+j
Je "ulD) Zﬂ[‘(a—ﬁ+j+1]& a)

f(t_sja f+y—1 {v:l(s]ds

+F(rx ﬁ+‘f)

S “{"](‘1] a-frjy @BV @)
:Zol"[a—ﬁ+j+ﬂ&_aj T

In particular, if the all-linear conditions are equal to zero at the lower
limit, we have:

JEFu) = JEPFUY @) y=0,12,...,mp — 1.
3. Main Results

In this section we prove all the new theorems that shown the equivalence of
the LSVIFDE (1.44) in various terms and the non-linear system of VIE in the
sense that, ifw;(t) € C"[ab], r=m,, for g,, €N and r=m,, —1 for
g,, & M satisfies one of these relations, then it also satisfy the other one.
Theorem (2):

Assume that the functions f;(t) and k;;(t,s) continuous real valued

functions on I = [a,b] and § = {(t,s):a = s =<t < b} respectively, then the
system of LVIFDE for one-term, equ. (1) is equivalent to the system of VIE’s:

b
w@®= ) 25—k
ki=0 .
1 in—1 i
—|—F(Jm]J’(t—s] w1 F, (5, KOU(s)) ds - (12)
where  F(6,KQU®) = £,(0) + Z,(ku,) (©) L (129)
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with vector operator KW U(t) = (k"Pu, (6), k"% u, (1), ..., k", (2)
and U(t) = (ulﬁt],ug (t],...,%(t]). Define the Volterra kernel operator, for
all i,j=1,2,...,m , by

i

(k“Du)(t) = }Lf ki;(t, s)u;(s)ds
Let r=m,, for g, EN andr=m,, —1 for a,, @ N. If w,(t) € C"[a,b],
then w, (t) satisfies the relations (1) if only if w,(t) satisfies the VIE’s (12) .
Proof:

First, the necessity is proved. Let g,,, = m;, € N and u,;(t) € C™n[q, b]
be the solution of LVIFDE (2), by definition of kernel operator, can be formed
as:

gD:inui(tj = Fl' (trk{lﬂulitjyJk{lm:]u“]n(t))y 1 = 1!2!"'!m (13)

Applying the operator CJ;””‘ to the relation (13) and taking into account

lemma (2) with initial conditions in (1), one can arrive at the system of VIE
(12).

Inversely, if u;(t) € C™n[q, b] satisfies the system of IE (12), then, term-
by-term differentiating equation (12) using the fundamental theorem of calculus

[4], yields
mMip—1 bk;‘
uffz](t] _ Z W(t _ ajkg—ff 1
k=4 ' v
1 t
(m. — ¢, — 1]’_!’ (t— S]mz'n—fz'—l F, (S, 742, UES:J) ds . (14

for £, =1,2,...,m;, — 1. Taking the limit as ¢ — a, and taking into account
the continuity of the integrands in above equation , to get
[Dfw, )], =u'(@=b; £,=012,..,m, —1
Differentiating the equation (14) m,,-time ,to obtain
wmm (1) = F, (t, k‘iiﬂulf_t),...,kﬁmju.m(_t)),:: -12,...m
Thus theorem (2) is proved for g,,, € M.

Let now m;, — 1 < g, < m;, and u,;(t) € C™n"1[q,bl,i = 1,2,...,m.
According to equation (10) and R-L derivative definition (1),

e AL
<l &
o A (rg 15,5:@/} A Toa
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. d  Min Tl — T - .I:kijl
ED7mu(t) = (E) e fw(t) — Z u*k—,@@ —a)" I
k=0 r

By hypotheses in theorem (2), F;(t, K“U) € C[a,b], it follows from equation
(13) that $D;/™u,(t) € C[a, b], and hence,

min 1 (k)
(aﬂ”‘” 7w (e) — Z = fc-.(—a) (t —a)" )E C™n[a,b]
k=0 b
. .. ms _1u j{a] .
Applying lemma (1, ii) to v;(t) = u,;(t) — X, 7, —ﬂk—(t a)® , and since

N TFlsw —Fs {(min—ki) .
Ep.™ k‘ui(t] = ( ML TR [t)) , We can obtain
Mip— I:k
a.fgm CDJmH (t) — Jm iD:rin T.Lz-[t:} _ Z [ ) ( _ G‘,)k
Ift':U
Mgy — .: ( :} mm in ( ))(’mm—fﬂl
i a wia
— 1. _ — ayOin—E;
= u,(t) Zﬂ P Z rd o _2) (t —a)
.. (15)
i a \min ¢ Min —Fin
Now, how to find [(E) . vy (t]]t:a
First, using lemma (1, i) with &k =1,
Minp—1

{F.::I
%( ;”**’““’f“m(ﬂ)=% e @ - ) S “( ~ o)k

k=0
mMip—1
mn {k:]
My —Fy U, : {:a] ki—1
— in in ' ) — i r— i—
ki=1
Repeating this process (m;,, — €;)-times (£; = 1, ..., my,), yields
d o min N
(E) £ va(tj
ijp —1
n ':.It :]
Min —CFin (min—£;) {: ] Ki—mijn +¥;
; )y — f— i inTti
in =i | =40 (1) kz f_(kl__mmm!( a)

Making the change of variable s = a + &(t — a), we can obtain, for all
£, =1,2,...,my,

g ) A -\ré 1 *; KA Ina
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W-—

(E) ;nin_o'z'n v, (f]

(t — a]mz’n_o'z'n

f (1 ymn-an=t [u"n (a4 &(t - a))

r(mm - 1'1-1)
Min 1 {Fu: ) (@)
a Z (k; —m;, + f-)’[ﬂt_ I dg
ki=mgm —£; i in ise
Since Oy < My and ugm""_fﬂ (t) € Cla,b], for
£, =12,..m,,i=12,.,m then the last relations yield
(i Cm 1r[a]){m”‘_ﬁI =0 , and hence equation (15) takes the form
s Min—1 uz.;;qj. (@) .
o "D, () = uy(t) — Z 7 (t — a)* .. (16)
k;=0 L

Let now o, Nm,—1<o,=m, and u(t)€e C™n[a,b].By the

hypotheses of theorem (2), F; (t, K@ UEt]) continuous on [a, b], and it follows
from lemma (2) , JUMF, (t, K@ U(tj) € Cla, b], that

¢D.™u,(t) € Cla, bl;i = 1,2,...,m. Applying the operator .J;™ to either sides
of (1) or (12) and use equation (16) with initial conditions in (1), it can be found
that u, (t) € C’mfn‘l[a blis a solution to the system of VIE:

mm—l

w, () = Z kr[t )k

f(t—s]“m 'F, ( k' (s), .. k‘ilm]um[s))ds

"T(ow)

for all £=1,2,...,m, and thus the necessity is proved. Conversely, let
u;(t) € C™n~1[a,b] be the solution to the system of VIE (12). It is necessary
first; to show w;(t) satisfies the initial conditions in (1). Differentiating both

sides of it and taking lemma (1, i: integer case) into account, for all
£, =1,2,...,m,, — 1 (for £, = 0 itis clear), yields
Mip—1 'I':z
{fz] ki é;
t)= t—a)i-ti+
=) (_k_fj,rc a)

'I':E_ i
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g

] Lo a L

Making the change of variable z = (s — a)/(t — a) in the integrals in (17), for
all £, =1,2,...,m;, — 1, It can be found that

mzn_l

Fﬂz
{fz] ki_f
t) = t —a)k-fi 4
©- ) s E-a)
kej= fz
(t_ajo'm -4

o f(l 2)°n 4 F, (a +z(t — @), KPU((a + z(t — @) ) dz
Since a;,, > m;,, — 1 and F; continuous (for each i = 1,2, ...,m), the integrands
in these relations continuous, and taking the limit as t — a*, the following
relations are obtained:

@] =uP@=b6=01.,m,-1,i=12.,m
t=a

which 1s the initial conditions of equation (1). Now it’s shown that
u; (t) € C™in~1[q, b] satisfies the equ.(13) , rewritten equation (12) :

U (£) = Ty s [us0] = J7F, (£, KOUD))
Applying the operator an " to both sides, taking theorem (1) into account and

using the relation (9), the following equation is achieved
SDIu,(8) = F (£, kuy (0, kD uy (0), .., k™0, (1))

m T
:fi[t) +Z AJ k;‘j[t;-?)uj (S)d-? ; 1=1,2,....m
J=1 n

Thus, the theorem proved for a,, € N forall i = 1,2,..,m.
Theorem (3):

Under the assumptions of theorem (2), the system of LVIFDE for two-
term, equatlon (3) is equivalent to the system of VIE’s:

u(t)_Zkr(t ]kz
T m)f (¢ =) H, (5,1, KU )ds ... (18)

e Y, 3
4 i) 4 (‘é 1&815@’} K4 e
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whereH, (t,u,(£), KPU) ) = @y, (1) + F. (£, KD U() Jand @, = —a,

i

Define, for all ,j = 1,2,...,m , the F,’s and Volterra kernels operator k /) with
vector operator K @Was in equation (12*) theorem (2) .

Let r=m,, foreg, EN and r=m,, —1foro,, €HN. If
u,(t) € C"[a, b], then u,(t) satisfies the relation (17) if and only if it satisfies
the VIE’s (18).

[The proof is similar to the theorem (2), use same stages]
Remark (3)

In equation (1), the initial conditions are linear, which can be set equal to
zero by using any linear transform simply using:

mzn

v (£) = u(t)—z kr(t O i=12..m

Thus for any linear |n|t|al conditions, [Dt ul-(t]]t:a = bf*', the initial conditions

v;(a) = v/(a) = v/ (a) = --- = 0 can be obtained.
Theorem (4):

Under the assumptions of theorem (2), the system of LVIFDE for three-
terms, equation (3) 1s equivalent to the system of VIE’s:

ui(tj - F( ]J’[t—sjﬂ‘m 'H, (S Uy {:Sj (CDJEIH ﬂu)(s] K(a] UES)) ds
F[Jm)f& _S)JE” iUy (s)ds +F(JE- — Gn ll)flit—g)gm—ﬂ'z(n 1)~ 1u (s)ds
e I(E_S)J‘” PR (s, "y, kO, )ds L (19)

Where

H, (61,0, (S0, ) (0, KU (D))
= @y, () + By ED] " (0) + (£ KOV

Define the Volterra kernel and vector operators same as in theorem (2), and
Jl‘]‘l :} 0-21'1 :-:’ e :-:’ Jmﬂ :-:’ {] 3 Jl"ﬂ :-:’ Jl':‘]‘l 1:] :} D; .H’l' = mm = [Jlﬂ-l With

G, = —0;, and @,,,_, a,—q1, forall i =1,2,...,m
Proof:
For necessity, let g;, = m;,, € N and u,(t) € C™n[a, b] be the solution
P Aulxu a ~ 1 "\ \‘(A ‘\A
- -—Y‘ \@ Aﬁg-\'

7’
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of system (3), whichis
ED:’Hnui (t] = Ha‘ (t’ui’ (ED:ELn—i}m)JK{ﬂ U) (20)
Applying the operator GJ;”*'” to the relation (20) and taking into account lemma

(2) with initial conditions, to obtain
Mip—1 (F.:]

ua(t) = Z k {f: ](f — ﬂ,jki -+ aj;nmhr (t u”(gDazln 1) ),K{l:] U)
k=0
min k)

a 1 Filn— Min 1T :
= Z % r( j(t - ﬂ)kf + Qg aﬂnm th ) ﬂui(t) + ajt mHa‘(t;unKm U)

k=0

.. (21)
where  H, (t,u, kPU) = @, (0) + F, (6 kP, . kO™,)).

Since My, = Gyn—1y > 0, using lemma (4) for middle part in (21) :
J;nm cDJz (r—1) (fj ajmm Filn—1) (fj

Mip—1 {F.: )

(a) et o
t — @)l titn-n (22
Z F(k +m;, — 1-(“_1]4-1)( a) E )

Usmg equatlon (22) and result of theorem (3), to get:

mi?’! u[.[( |[a}
uy(t) = E (t —a)k
Mip—1 4
in (k)
u; " (a)
+ a. E E (t — @)Xt ™Min=Tin—1)
o ;=0 Tk + M — Gien-p + 1)

T
EE"J‘t J —
+— | (t —s)™n "y, (s)ds
(m,, — 1)! J !

Qi

F[:mz"n — Tiftn-1) et
T
1 Mip—1 (i1 {im)
+(m —l)lf[t_S) in F}(S;k 'ul[S},...,k um[S))dS
in g

After using initial conditions ugkf](a]={], the system of VIE is

obtained.
Inversely, if u; € C™mn[a, b] satisfies the integral equation (19), using

lemma (5), yields

oo
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u(t) = %f (t — s)™n Ty (s)ds

{Ff '
" (a)
(t — g)*e+™Min~Titn-1)
Qin—1 Z k +m;, — z[:rt—l)"‘l)

1
F(m - 'j-z'[’.rt—l"l + T)

+ f[t — S:}min_ﬂ'i(n—1}+I:}r—1':|uz|;}r:| [S)ds

b j (=)™ F (s, KOUW))ds  ...(23)

My — 1]"
Equation (23) Is true, for each y = 0,1,2...,m;,, — 1. But it can be reduced, after
using the initial conditions, to

3

u(t) = %f (t — s)™n Ty (s)ds

Qin—1 f . 1 )
(t — 5)MinGitn-0Fr—1)9 W (5)ds
F(m - Ijri!'li’.l‘t—l"l + ]{) E

_I_

o — 1 1)| f[t —§)mn (S H':“UES))ds .. (24)

For first |n|t|al condition, i.e. u;(a) : since the first and last integrands in (24)
continue for all m;,, = 1,i = 1,2,...,m , and for second part zero-time (that is
¥ = 0) . So the middle term can be written as:

t

1 i
f(f — Sjmin—giin—ﬂ_lui (s)ds = aj:nm “iln ﬂui(tj
r(min — Oi(n- 1]) p
By continuity of u;’s on [a,b] and m;,, > J;(,,_13, it can be concluded that,
m.

lim o, " u,(0) = 0,i=1,2,..,m .. (25)

t—at

Taking the limit as t — a® , taking into account the continuity of
integrands with equation (25), to obtain: w,(a)=0;i=12,..,m

For second initial condition, we can take y = 1 and differentiation (24)
one-time, forall m,,, = 2 , to get

in —

oo
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—

ui(t) = %f& — 5)Min" 2y (5)ds

a

_|_

t
in—1 f[t _ S}min—ﬂr&(n—ﬂ_l u; (s)ds
r(mfﬂ - Jf[ﬂ—lj') a

+ ﬁ![t —5)Min"2F, [s, K':E“«'U[s)) ds

Taking the limit as t—a, with the same reasons gets:
u;(a)=0,i=12,...m

applying the same arguments as in the above technique for u; (a),u; (a),...
taking y = 2,3,... respectively. So for (k,+ 1)-th initial conditions take
y=k;(k,=0,1.2,..,m, —1;i=12,...,m) and (24) differentiation k,-time,

4
I:ki-:l —_ afﬂ ’mm—ki—l
W0 =t [ = )ds
a

(

a

L
+ in—-1 ) f& _ S)mfn—ﬂ'il:n—ﬂ—luz';ki:' [S)d.‘i‘
a

F(miﬂ — 0 n-1)

1
(my, — k; — 1)!

+ f (t — s)men M p (5, KOU(s))ds ... (26)

a

Taking the limitas t — a , and the continuity of integrands u
wW@)=0 ; k,=01,.,mp—1;i=12,..,m

Putting k, = m,, — 1 and differentiating one more time of it about t , for
middle term using by parts method , to get

t
d 13 d (TP
_u'_:‘mm 1] [t:} _ _{Efﬂfuf[s:}ds + in—1

(

i

ko) * to obtain

dt * dt F(mm - Jz'l{ﬂ—l]) ’

a
[

[4
% J[t _S:}min_ﬂ'i(n—i]_lu:;min_lj' (s)ds + J F, (S, KEE:'U[.S‘:}) d.’i‘}
a a
Using fundamental theorem of calculus with initial conditions, to have
w5 () = Tt + s o)W () 4 F (660U
= au;(t) + Em—igﬂ:rm_ﬂuf[t) + 5 (t, k@ U(t)) = H(tu, (gﬂfﬂnﬂ}uf)ka u)
N;i=12,..m

Thus, the theorem (4) is true for €601 7.4
e o) 4 _1_3;,* K4 P
el
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Now let o,, ¢ N, m,, — 1 <@g, <m,, and u,;(t) € C™n"*[a,b], as
well as D7, ¢ = n,n — 1, of functions u,(t) are integrable (i = 1,2,...,m).
Applying equation (10) with lemma (1, ii) to the following equation:

RE
v, () = u,(t) — mm_l“—ﬂk—{a] (t — a)®: , then the result becomes
[

Min—

&, e o, 7; I:k (Q)
aImCD mu(t)_ mHD in u[t:}_z [t_a)k

=0

{ i) Min—Tin (Min—£;)
= u,(t) — Z [a} ——(t—a)f - Z ( oJ: o [aj) (t — a}“fn_ff

£ T(1+ 0, —4£)
- . . FHliv — (T {mi.'-n_'gf:]
As in stages before in this theorem, we have (Jt S 7 (aj) =0,
forall £, =1,2,...,m;,,i=1,2,...,m; Thus
Mipn—1
in U':z':]
Tin € yCin u; " (a) .
oJ: el M (1) = w; (1) — o @) -~ (27)
k=0 .

also, take into account g,,, > g;¢,,_1) = 0 with using lemma (4), the following

relation can obtained:
in T (n— Tim ~Tiln—1)
afg CD N u(t) = 4, Yu ()

Mip—1 -

Z uz';k” (a)

=0 F(1+k + 04 — Tiin—1)
Rewrite equation (4) as follows:
SDT™U,(8) + @y D7V, (0) = B, (6,,(0,EPU®) ... 29)
where 7, (t,u, kOU) = @y, (0) + F, (E, k@ U(tj)
Since H,(t,u;, K@ U) € Cla,b], by lemma 3),
JImH(t,u;, KPU) € Cla,b]. Applying the operator ,J;™ to both sides (29)

with using (27) and (28), it can be seen that u,(t) € C™n~[a,b] is the solution
to the integral equation:

[rc )
() = Z 9 - oy
0

?‘J’!iﬂ—l

) (t — a)fit9m~%im-1) _ (28)

; Z u @
Q.
et — I(1+k +o0y,— Tin—1)

~ i
e o) A 5%@@3} K4 PN
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#

@ [rP
e [ (6= )t (s + 2 [ (¢ — e (s)ds
F[Jz'n)a F(Jz".rt - I:I'_E'I:'.rt—ljl)ﬂ
1 . -
+ J[t —5)%in 1 (s, KMy, ..., k™ ds
M) ) sk )

For all =1,2,...,m, after using the initial conditions in (4) the equation (19) is
obtained. Thus, the necessity is proved.
Conversely, let u,(t) € C™in~[a,b] be the solution to the system of VIE

(19). First to show that u, (t) satisfies the initial conditions in (4), differentiating

both sides of it and taking lemma (2, integer case) into account, for all
£, =1,2,...,m, — 1, with lemma (5) , obtain
[

+ e J[t—s)g"’ Sitn-0"1y " (5)ds
F(Jm - zl[:rt 1|

1 . .
+—-E-}J& — s)"fﬂ_ﬁf’_lﬁ-(s,k':"lf'ul,..., k':*m*'um)ds

F(Jfﬂ i
- Fip — -fz Fin—%i(n- 1} ':f:] Fin—fi (D
= B o UD) + Ty o] ©+ J7mF (6 KPUD)
Since o, =€, (for all £; = 1,2,---,??11-“ —1) ,0in > Oyn-1y and F; s
continuous, i = 1,2,...,m . Taking the limitas t — a™, to obtain the relations

W) =0; £,=012..,mn—1i=12..,m
which are the initial conditions of equation (4).

Now we show that wu,(t) € C™n"*[a,b] satisfies (19). Using equation

(28) to rewrite equation (19) as
u; (t) — mm_l[uua]

i ot "W () + Biny o7 ED, (D)

ajgmp (f, K’(ﬂ U(f])

Appling the operator £D/™to both sides, taking theorem (1) into account and
using the relation (9/b), following equation is obtained
gD:f”ui (1) + am—lgD:M_i}ui (t) + a;,u;(t) = F; (f:k{iﬂuly wee k{im]um)
Thus, the theorem proved for g;, € N foralli = 1,2,...,m
Theorem (5):

. Q'}g ""p
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*
Under the assumptions of theorem (2), the system of LVIFDE (1) for

n(> 3)-term, with zeros initial conditions
u (@)= =0; k,=01,..,u,—1,i =1,2,..,m
Is equivalent to the system of VIE’s:

ui(t]—ri 3 f (t — s)omn~ H,(s,u;, $D. " M, ..., DT u, KD U(s)) ds
F( o f(t—sj“m lu;(s)ds
n-1
—|—me&—3]“!*‘ 71y, (s)ds
e - f(t—s)'fm F (s, kW, ..., K9y, )ds .. (30)
where

H(t,u;, D" P, ..., $D{ u, KD U)

n—1

= @yt (D) + Z a,; SD; " Pu(®) + F, (¢, kYU (D) )
j=1
Define the Volterra kernel operator, vector operator and F,’s are same as in the
theorem (2), and 01, = G = - = Ol Oy = Oypnoy = - > 0y = 0 with

a,=—a,foralli=12,...m ,f=nn-—1,..,1.

4. Discussion

Some actual problems are discussed that have their mathematical
representation appear directly in terms of linear fractional integro-differential
equation of Volterra type. Other problems, whose direct representation is in
terms of integral equations, can be reduced to the system of linear Volterra
integro fractional differential equations.

All the theorems that shown the equivalence of the LSVIFDE in various
terms and the non-linear system of VIE were proved in the sense that,
ifu,(t) € C"[a,b], r = m,, for g,, € N and r = m,,, — 1 for o, & N satisfies
one of these relations, then it also satisfy the other one. For the concept of
fractional derivatives, Caputo’s definition was adopted which is a modification
of the Riemann —Liouville definition.
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