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ABSTRACT

In this paper, the formula of second order parabolic problems with
finite difference method (mesh method) has been presented and we used
the spectral method to investigate the stability for parabolic problems.

1- INTRODUCTION

Spectral methods have been used extensively during the last decades for
numerical solution of partial differential equations. The expression spectral
methods has different meanings for several subareas of mathematics, like
functional analysis and signal processing. Jeseviciute [1], explained the stability
of implicit difference scheme for parabolic equation subject to integral
conditions, he investigated the stability of difference scheme for parabolic
equations subject to nonlocal integral conditions. Hanif, Hans and Alaeddin [2],
they considered the exponential stability and approximate controllability, dual
phase lagging equation and this equation is linear, time independent partial
differential equation modeling the heat distribution in a thin film. Hannes [3],
the spectral method has been explained as Fourier modes which use the
representation of the solution by orthogonal eigenfunctions of some linear
partial differential operator. In our work it has the meaning of high accuracy
numerical method to solve partial differential equations. In this paper we
investigate the stability for parabolic problems in some cases not all, presented a
finite- difference schemes by using spectral method. In fact, we have to make
investigations of the stability of schemes because of these schemes dont work
for arbitrary choice of important conditions to satisfies the stability. The
simplest way to express about the meaning of the stability in numerical methods
is : first, we say in a given scheme is stable if it satisfies such conditions that the
error of approximation is decreasigg so_jn the scheme which presented in our
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paper there Is some conditions with the steps hand t , and second the scheme
Is not stable this means when we calculate all layers and this errors accumulates
and gets bigger and bigger, in this case we have a wrong solution. We know that
choosing the smaller step gives us more precise approximation in general case,
but if the scheme is not stable or unstable this is not enough doesnt work. Third
we say that the scheme is absolutely stable if for an arbitrary choice of steps h
and T we have a stable scheme. So here we gave in idea about the meaning of
stability in our case. In fact, we use the scheme for parabolic problems which
describe an approximate solution by using mesh method to obtain a solution and
considering the sufficient condition of stability for one of the cases and the
scheme presented as weighted scheme.

2. Difference scheme for parabolic problems.

Differential Problem
Consider the following boundary value problem for heat equation
W, = U, +flet)

...(2.1) [4]
InG={(xth:0<x=<], 0=<t=<T}

The Initial Condition

u|t=l} = p(x), ﬂi x =]
The Boundary Conditions

”|_-{=u =wit), 0=t=T

u| = Uit} 0=t=T

x=1 .

And the Compatibility Conditions

@(0) = 1 (0), @(l) = up(0)

We assume that the compatibility conditions @(0) = 1;(0).¢(D = u;(0) hold
and flxt) e €G),e(x) e C[0,11). u,(t) e c([0, TD.
Then the problem has unique solution from the class €12 (G n C(6™),

Equation (2.1) describes the heat distribution in a thin road of length 1 for
given initial heat distribution ¢= and for given lows wi(thu:(t) of changing the
temperature at the two ends of the road. The variable = is a space variable , the
variable t has a sense of time.

Difference Scheme
We construct difference scheme to solve the problem approximately.
In the region G we introduce the mesh W

i
1
Whe = Wp X W, where: Wy, = <:x-l = ih, h= pi=o 1,..,n

o It . T, 1
mt—:\j—yr, T—E,J—D, 2 eaes 111
We approximate the derivative Y of equation in the following way:
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Ljr1 . Ui r

U—’t': X'l,tj} = p + _2 ul:t':xh I‘}
Ui+t Ui »
— { LI
+ DxT}, tj =Y tj+j_. (22)

And for the derivative = we use the following approximation:
ui.,+1,j - 2'-11,] + ui.—l_.j ]f'.l.2

u-_. . — u._.- + u._ - . n
_ Uity hzl] it ol h?), Hoq =6 Sx,, .”(2.3) [5]
Next, we substitute the problem (2.1) with the difference equation of the form:
Ujj+1 — Uy | Wiy — 20y |+U—l—:L.j} Uis1je1 — 2Uj51 T Wimgj41
— =ll—v = +a = + ij*
T h- h-
i=1,..,n i=L.,m-1
(2.4 [6]
Uip = @i i:u_....,n
...(2.5)
Ugj= My Ugpj=Hzp J=1..,m
...(2.6)

Where the fixed number o ele.11, we call weight or weighted scheme. We will
study the case when the parameter @ =0 we will have explicit scheme.

We will use a technique called spectral method which gives a possibility to find
conditions for stability with respect to initial data for homogenous linear difference
schemes of constant coefficients.

Let us seek for particular solutions of homogeneous difference scheme of the
Kind:

vi;(8) = q(8)e’® k=01,..,n j=o1..m .. (2.7
Where i is the imaginary part, 8 is appropriate real number.

Fori=0, we find vxo = e, thusyio js bounded for every & and k=0,1,...,n.

Then the solutions of kind (2.7) would be stable with respect to the initial data, if
Vi (8)] = yio®)]  k=01..,n  j=01,.,m and it is enough that
g8l =1, V.
Now, Let us applied the spectral method to the weighted scheme (1.4) written as:
Veld]) = 0¥l j + 1) + (1 - 6)y(i])
= £ (1), i=1..,n—1, i=0,1,..,m-1.

When ¢ =0, we get

Velk,J) — Vax (K, J) = (R, )

Or

VelkJ) = ¥ux(kJ)  with y;(8) = g;(8)e
Vij+1 — Vi Viee1j — ZVkj + Vi1

ikhB

. and  yy;(8) = q;(8)e’xhE
pikh® _ g pikh@ g pilk+1)he _ qu pikh® g pilk-1)h8

=

Oj+1

T h?
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?
qj'~q_l}eikh9=qi'-.el —2+e) e

e

=

oih8 | g-ik8 _

T

h?

g-1 2costh-2

T

q_

1 2l-2sin*=

h?
2 R
2

T

hl

4t . Bh
g=1-— sin“—

h? 2
But lal = 1. enough to obtain stability.

1—41/h"2 sin*2[BR/2]| =1

1=1 it | fﬂh:'l
= h:s:n 5 =

W ..(2.8)
2

Then =72 This is the condition of stability.
Hence, the explicit difference scheme is conditionally stable ,it means the
scheme is stable when the condition (2.8) is fulfilled.
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