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The aim of this paper is to compare the RWHEP (Theorem 3.2), we
define and study several generalizations of homotopy equivalence maps.
1.INTRODUCTION

The weak homotopy extension property (WHEP) of a pair of spaces (X,
A) is very important in problems involving relative homotopy equivalence
(see for instance, Dold’s theorem [7], 2.18).

R. Brown, in ( [1] pp. 255 ) considers weaker concept , the rather
weak HEP (RWHEP) which is interesting for its applications in the
fibrations of groupoids.

The purpose of this paper is to compare the WHEP and RWHEP .
Throughout this paper we work in the category of topological spaces and
continuous maps .

( for definitions not given here see [3] ).

2 . PRELIMINARIES
Definition2.1 [3]: Let i: A—> X and i': A — Y Dbe two maps, a map

f:X > Y iscalled amap under Aif foi = 1.

Two maps f,g : X — Y are called homotopic under A, written f Qg
if there exists a homotopy H : X xI — Y such that H; : X — Y is a map
under A where Hy(x) = (x,t).

Definition2.2 [1]: Amap i: A — X issaid to have the (WHEP) with

respect to a space Y if given maps f :X—>Y and H: A x| — Y such that
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H(a,0)= f(i(a)) forall acA, then there exists a homotopy F: X x |

A

— Y such that Fo(ix1;)=H and Fy=f.

Definition2.3[1]: Amap i: A — X is said to have the (RWHEP)
with respectto a space Y if given mapsf: X >Y and H: Ax | >
Y such that H (a,0) =f(i@)) forall acA, then there exists a
homotopy F: X x| — Y such that F(x,0)=f(x) for all xeX
and Fo(ix 1; )= H rel. AxI.

If i has the WHEP ( RWHEP ) with respect to every space, we say
that i1 has the WHEP (RWHEP) with respect to every space, we say
that i has the WHEP (RWHEP) or i is a W cofibration (RW
cofibration).

Definition2.4 [7]: Leti: A — X beamap, thenf, g : X — Y such that
fol =goi are said to be homotopic under i, denoted by f 2 g if there
isahomotopy H:f = g suchthat Ho(i x 1;) = Ox.

Definition2.5: Leti: A — X be amap,then f,g: X — Y such that

fol =goi are said to be rather weakly homotopic under i denoted by f

2 g if there is a homotopy
H:f = g such that Ho(ix1;)= O rel . Ax1 .

Remark2.6 : Note that é and (;_) are equivalence relations in the set
of maps X — Y. The homotopy classes under i represented by f are
denoted by [f]' and [f]© .

Definition 2.7[8]: Let i:A—> X, I :A—Y bemaps, then f: X >

Y such that foi =1’ is said to be cofiber homotopy equivalence under
I, denoted by f:XéY, if there isamap g:Y — X suchthat go I =1,

fog ;lY and gof élx.
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Definition 2.8: Leti: A —> X, i":A—>Y bemaps, thenf: X > Y

such that foi=1i" issaid to be RW cofiber homotopy equivalence under
(i) L
I, denoted by f: X=Y,ifthereisamap g:Y — X suchthat go i' =1,

(i) (i)
fog ély and gof élx.
Proposition2.9 : Leti:A — X beamap, letf,g: X —> Y be two maps

A

suchthat  fei=gei then f =g ifand only if f=g .

A
Proof : Let f =g thenthereis H:fx=g suchthat H(i(@) =f (i(a)) =

g (i(a)), thus Ho(ix1;) = Of,; hence f;g . The converse is obvious
.

The following example shows two maps which are homotopic under i :

Example2 .10: Let i: | — R" be such that i (a)=2a. Define f, g:

R*—> R as follows :

f(x):{x 0<Xx<2

2 X>2
X O<x<?2

X) =
969 {4-x X>2

then foi =goi. Toshow that f - g, we have that f=g since any

two maps f, g : X > R are homotopic, thus there is H : f =g, H(X,

t)=(1-t)f(x)+tg(x). Then Hioi = foi . Hence fég.
3. SOME RESULTS

In this section we give a comparison theorem ( 3.2 ) of RWHEP and
WHEP which is analoguos to theorem ( 4.2 ) of [4]. We need the
following lemma which is the dualization of lemma ( 1.5 ) in [5], its
proof is also dual.

Lemma 3 .1: Ifi: A— X hasthe RWHEP and g: X — X satisfies

goi =1iand g = 1,, then there existsamap g’ : X — X such that
0]
g'og = 1.
AN
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Theorem 3.2:Let i: A — X be a map which has the RWHEP . Then
the following are equivalent :
(1) i has the WHEP . _
(2) givenamap f: A 5Y, if f': X —Y issuchthat f i =f, then [ ]
=[ 7. _ _
(3) forevery map g: X — X suchthat g i=i, then [g]®=[g] .
(4) for every map g: X — X suchthat g i=1i and g =1« there
exists a map g’ : X - X such that g’'g = 1y .
Proof: (1) = (2). Toshow that [f] < [f]” ; letg’ e [ ] then g -
f',so thereis H:g'=f, H(i(a), t) =fi(@ =Oroi(a,t). Sog = f,
Hence g’e[ 7. | | |
To show that [f]” < [f]' ; Let g’e[ ¥]”, hence there are
homotopies
G:g'=f and F:G (ix1)=0g rel. Axl .Define a homotopy F: A
xIx1—>Y by:
G(i(a),s) 0<t<l/2
F(ats)= stel
F(a,s,2t-1) 1/2<t<1

Sincei: A — X hasthe WHEP,so ix1 :Ax|l—> Xx1| has
WHEP hence there exists a homotopy extension @ : XxIxl — Y such
that ®( x, t, 0) = G(x, t), XxXeX, tel

Do(i x1y,; )=F : AxIxI>Y
Defineahomotopy H : X x I > Y by :
®(x,0,3t) 0<t<1/3
H(x,t) =7 &(x,3t-11) 1/3<t<2/3, xeX
®(x,1,3-3t) 2/3<t<1

ThenF:g'=f and F (i(a), t) =f(a), a €A, te | . Thatisg’ = f’ g <[]
and hence [f]" c[f']'. Therefore [f'1" = [f]'.

(2)= (3), as gei=i sobytaking Y=X,g=f wehave[g]”=[g]
(3)= (@) = (1) These are dual to that of (3.1) in[5]. ¢

We have the following result :

Corollary3.3: If i:A—> X and iI": A —> X' both have the WHEP
and f: X' —» X issuchthat fi" i, f: Xz X', then f isa

homotopy equivalence under i, thus f: X = X
Proof: Since f: X = X', so thereis f': X’ — X such that f'of = 1y«,
fof = 1)(' .

Let F:fof=1y, defineahomotopy @®:Ax1— X by :
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f'() 0<t<1/2
d(at) = ,aeA
F(a 2t-1) 1/2<t<1
Then @ and ' have a homotopy extension G : X' xlI — X such that
G(X',0)=f (X'),x" €X', Gl o x| =®. Define ': X' > X by f'(X)=G
(X', 1), x'eX’, then f"(a)=a, acA and f’"=f". Hence ' f=ff=1y, so
by (3.2 (4)), thereisamap g: X— X suchthat gf" f = 1. Letg' =g

f: X —> X, theng'f - 1x and gzgf fzly.Thus fg'=fgf'=
ff'zly ' .Hence g : X' =zX.
Then we can apply the same argument tog’ and f|nd g’ X-> X,

such that g''g = 1x and fg ~g” gfg ~g”g ~1’

It is known [8] that if i1:A —> X and I’ : A— X" have the
WHEP and f: X — X'is a homotopy equivalence such that foi =1" ,
then f is a homotopy equivalence under A.

To prove the RW version of this result, the following lemma is
needed :

Lemma3.4: Let i:A—> X and ' :A— X" bemapsand f: X - X’

be a map such that foi = i'. If 1 hasthe RWHEP then fég for
some g: X —> X' such that goi=1".

Proof: Since foi = i’,sothereis H: A x| — X" such that Hy= foi
and H; =1” since i has the RWHEP , there is F:XxI|l—>X

such that F; = f and

Fo(ix1;) =H rel Axi, Let F{=9g then g=F;=F,=f and

gOi = Floi =H, = I’

Note that H;(a)=H (a,1) and F{(X)=F (x,1)in the above proof.
Theorem3.5: If i: A— X and i': A— X' have the RWHEP and f
X— X' isamap such that foi=1i",f: X=X, then f isaRW cofiber

homotopy equivalence, f:X = Y X',

Proof: As f: X=X, thereis ahomotopy inverse h: X" — X of f.
Then

hi"=hofoi = i. Hence by Lemma (3.4), h @ h" for some h’': X’ —» X

such that h’ i" = 1. Since h'of 2 hof =1x, and as h’-foi = h'- i'= 1, S0 by
Lemma (3 1), there exists a map h”" : X — X such that h"-i =i and
h'"oh'o f~ 1x.

Thus f has a RW homotopy left inverse g= h""oh’ such that g-i’ =i, then
g is a homotopy equivalence, since f is a homotopy equivalence and so
the same argument applied to g instead of f , shows that g has a rather
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weakly homotopy left inverse g’ such that g'-i = i". Thus g has both a
RW homotopy inverse f and a RW homotopy left inverse g’. Hence g is
a RW cofiber homotopy equivalence . So f is a RW cofiber homotopy
equivalence.

Remark3.6: The above proof can be given as a dualization of Remark
1.6 in [5].

Corollary3.7: If i : A — X has a RWHEP, then thereisamap i’ : A
— X" has HEP andamap f: X' — X which is a RW homotopy
equivalence such that foi" =1 . (i.ef isa RW cofiber homotopy
equivalence )

Proof: Since i has the RWHEP , then i can be factored as i= fol’
where 1’ has a HEP and f is a homotopy equivalence by ( [7], prop.2) .
Hence f is a RW homotopy equivalence by (3.5).
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