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ABSTRACT 

In this paper, we give the general solutions of bounded operator 

equation CABXXBA  ***    (1) , where A  and B  are noninvertible operator 

.on complex Hilbert space H  and properties of the mapping 

ABXXBAX
BA

***

,
)(   

INTRODUCTION 

In 2007 D. S. Djordjevic [2] , find the explicit solution of operator 

equation BAXXA  **  for linear operators on Hilbert spaces. Dragana S. 

in 2008 generalized the result of D. S. Djordjevic in to operator equation 

CAXBAXB  ***  [1] , and study solvability of this operator equation .The 

purpose of this paper is modify the operator equation appear in [1] and give 

the necessary and sufficient conditions to get the general explicit  solution 

of bounded operator equation CABXXBA  ***  where A  and B  are 

noninvertible operator , as well as studied some properties of nonlinear 

operator mappings ABXXBAX
BA

***

,
)(   ,  )(HBX  . Let H  be arbitrary 

complex Hilbert space , )(HB  be the space of all bounded linear operators 

from H  into H . Let )()(: HBHB
A

  , be the mapping defined as follow 

ABXXBAX
BA

***

,
)(    ,  )(HBX   ,where A  and B  is known operators in 

)(HB  .but X  is unknown operator must be determine and then 

Rang(
A
)={ )(,*** HBXABXXBA  } . Also, here we need recall some 

basic concept of operator that the adjoint operator *A  of ),( KHBA  is the 

operator HKA :*  such that  yAxyAx *,, , where for all Hx  and 

Ky  , an operator A  is said to be self-adjoint if AA *  , and skew-adjoint 

if AA *  ,[4], The moor-penrose inverse of ),( KHBA  is defined as the 

operator ),( HKBA   satisfying the equations 

AAA) , (AAA) , (AAAAAA , AAAA **   , also for the mapping
BA,
 

if YXYXXY
BABABA

)()()(
,,,

  , for all )(, HBYX  , then the 

mapping
BA,
is derivation  . 
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1- The solution of operator equation CABXXBA
***   : 

in this section , we give the general solution for the operator equation : 

CABXXBA  *** …(1) , where CBA ,,  are known and X  is unknown 

operator on H  that must be determined . The following theorem introduce  

the general solution for the nonlinear operator equation  (1)  by giving the 

necessary and sufficient conditions,  where A  and B  are bounded invertible 

operator define on Hilbert space H . 

Theorem (1.1): 

Let ),( KHBA  and ),( HKBB  be an invertible operators if  )(KBC  is a 

self-adjoint operator. then
 

1*1*1*1* )()()()(
2

1   BZABCAX  where 

)(HBZ   is a skew-adjoint operator.  

Proof:  

Let X   be any solution of equation (1), then CABXXBA  ***  

and hence,  1**1*1*1* )()()()(   BABXABCAX  

                      

1**1*1*1*1*1* )()()()(
2

1
)()(

2

1   BABXABCABCA  

                      









  1**1*1*1*1*1* )()()()(

2

1
)()(

2

1
BABXABCABCA  

                      

1*****1*1*1* )(
2

1

2

1
)()()(

2
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 BABXABXXBAABCA  

                      

1**1*1*1* )(
2

1

2

1
)()()(

2
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 BABXAXBABCA  

Let ABXXBAZ ***

2

1

2

1
  then 

*

****

2

1

2

1









 ABXXBAZ  

                                                








 ***

2

1

2

1
XBAABX  

                                            
    

.Z  
Therefore; Z  is a skew-adjoint operator

 Then any solution of operator equation (1) has the form    

1*1*1*1* )()()()(
2

1   BZABCAX
 

Now, The following proposition give the sufficient condition shows that 

converse of above theorem is true  

Proposition (1.2): 

Let ),( KHBA  and ),( HKBB  be invertible operators. If 

1*1*1*1* )()()()(
2

1   BZABCAX
 
is a general solution of equation (1) 
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then  )(KBC  is a self -adjoint operator, where )(HBZ   is a skew-adjoint 

operator. 

Proof: 

Assume that 1*1*1*1* )()()()(
2

1   BZABCAX  is a general solution of 

operator equation (1)  then its satisfy this equation, thus we get:  

CABZABCABBBZABCAA 

















 

*

1*1*1*1**1*1*1*1** )()()()(
2

1
)()()()(

2

1

 and reduces into *CC  , therefore; ( )C B H  is a self -adjoint operator.  

Now, from above theorem (1.1) its easy to get the following corollary  

Corollary (1.3): 

Let ),( KHBA  and ),( HKBB   be an invertible operators and )(HBZ   is 

skew adjoint operator. Then  1*1*1*1* )()()()(
2

1   BZABCAX
 
is a general 

solution of equation CABXXBA  ***  if and only if  )(KBC  is a skew- 

adjoint operator.  

Now, we give the general solution of nonlinear operator equation (1), when 

B  is invertible operator and A  is noninvertible operator 

Theorem (1.4): 

Let ),( KHBA  and ),( HKBB   be an operators and A  has closed range. 

Then equation (1) has solution if and only if *CC  and 

0)()(   DDIEDDI , where *1)(  BAD  , 1*1 )(  BCBE . 

Proof: 

In first we reduced equation (1) in to  *111***1 )()(   BCBBAXXAB    

We claim  DZZDDIEDEDX )()()(
2

1
)(

2

1 ***    is a general solution 

of equation (1). To do this substitute in  the left side of operator equation 

EDXXD  **  then we get:  










  DZZDDIEDEDDDXXD )()()(

2

1
)(

2

1 ******         

DDZZDDIEDED

*

*** )()()(
2

1
)(

2

1









   

     DZDZDDDDIEDDEDD ***** )()(
2

1
)(

2

1
   

ZDDDZDDDEDDIDDE ****** ))((
2

1

2

1
   

And by using the condition *CC   one can have : 

DEDDDIDEDDDIDEDDED   )(
2

1

2

1
)(

2

1

2

1
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DDEDDDEDDEDDDEDDDEDDED  
2

1

2

1

2

1

2

1

2

1

2

1
 

DDEDDDEDDED    

E  

Conversely, since CABXXBA  ***  so,   ***** CABXXBA  , therefore; 
**** CXBAABX  , then, *CC  . 

Also , ))()(()()( ** DDIDXXDDDIDDIEDDI    

)(][ **** DDIDDXDXDDDDXXD    

)(])([ ***** DDIDDXDXDDDDXXD    

)(])([ ****** DDIDDXDXDDDDXXD  
 

)(][ **** DDIDDXDXDDXXD    

)(][ ** DDIDDXDDX    

DDDDXDDDDXDDXDDX   ****  

DDXDDXDDXDDX ****    
0  

Now, we give the general solution of nonlinear operator equation 

when A  is invertible operator and B  is noninvertible operator 

Theorem (1.5): 

Let ),( KHBA  and ),( HKBB   be an operators and B  has closed 

range. Then equation (1) has solution if and only if *CC   and 

0)()(   DDIEDDI , where BAD 1* )(   , 11* )(  CAAE . 

Proof: 

In first we reduced equation (1) in to  11**1*1* )()(   CAABXAAXB    

We claim  )()()(
2

1
)(

2

1 *** ZZDDEDDIDEX    is a solution of 

equation (1). To do this substitute in  the left side of operator equation 

EDXXD  **  then we get:  

****** )()()(
2

1
)(

2

1
DZZDDEDDIDEDXXD 








       

*

*** )()()(
2

1
)(

2

1









  ZZDDEDDIDED  

******* )()(
2

1
)(

2

1
DDZDZDDDEDDIDDE    

****** )(
2

1

2

1
DZDDDZDDIEDDEDD    

******* )(
2

1

2

1

2

1
)(

2

1
)(

2

1
)(

2

1   DDEDDEDDEDDDDEDDDDEDDE

 

And by using the condition *CC   one can have: 
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  EDDDDEDDEDDEDDDDEDDEDD
2

1

2

1

2

1

2

1

2

1

2

1
 

  EDDDDEDDEDD  

E  

Conversely, since CABXXBA  ***  so,   ***** CABXXBA  , therefore; 
**** CXBAABX  , then, *CC  . 

Also, ))()(()()( **   DDIDXXDDDIDDIEDDI  

))(( ****   DDDXXDDXXDDDI  
  DDDXDXDDDXDX ****  

0  
Now, we give the general solution of nonlinear operator equation 

when A  and B  are noninvertible operator 

Theorem (1.6): 

Let ),( KHBA  , ),( HKBB  and D  be an operators have closed 

range then equation (1)  has general solution if and only if 
*CC  , 0)()(   DDIEDDI , where *)(  BAD , *)(  BCBE  and 

** ABBBBA   . 

Proof: 

In first we reduced equation (1) in to ****** )()()(   BCBBABXBBXBAB   

We claim  DZZBBDDIEDEDX )()()(
2

1
)(

2

1 ***    is a general 

solution of equation (1). To do this substitute in the left side of operator 

equation EDBXBBXBD   **** )(  then we get:  

********** )()()()(
2

1
)(

2

1
)( 










 BBDZZBBDDIEDEDDDBXBBXBD   

DDZZBBDDIEDEDBB

*

*** )()()(
2

1
)(

2

1









   

************ )()()()()(
2

1
)()(

2

1   BDBZZBBDBBDDIEDDBEBDD  

DBBZZBDBDDEDDIBBDDBEB ******* ))(())((
2

1

2

1    

And by using the condition *CC   one can have: 

************ )()()()()(
2

1
)()(

2

1   BDBZZBBDBBDDIEDDBEBDD  

  DBBZZBDBDEDDDIBBDBEDB **** ))(()(
2

1

2

1    

               

**************** )()()()(
2

1
)()(

2

1
)()(

2

1   BDBZZBBDBDBEDDDBEBDDBEBDD
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  DBBZZBDBDDEDBDBDBEDBDBEDB **** ))((
2

1

2

1

2

1    

DEDDBDBBDBEDDDDBEDBBDEBDD   ********** )(
2

1
)()(

2

1
)()(  

DBBZZBDBBDBZZBBD ******** ))(()()(    

               DBBZZBDBBDBZZBBDDDEDDDDEDDDEDDED ******** ))(()()(
2

1

2

1    

DBBZZBDBBDBZZBBDDDEDDDEDDED ******** ))(()()(  

DBBZZBDBBDBZZBBDE ******** ))(()()(    

And by using the condition ** ABBBBA    , one can have: 

DZZDDZZDE )()( ****   

ZDDDZDDZDZDDE ******   
0 E  

E  

Conversely, since CABXXBA  ***  so,   ***** CABXXBA  , therefore; 
**** CXBAABX  , then, *CC  . 

Also, ))()()(()()( **** DDIDBXBBXBDDDIDDIEDDI    

))()()(( ******** DBXBDDBXBDDBXBBXBDDDI  
 

))()()(( ****** DDBXBDBXBDDDI    

DDBXBDBXBDDDBXBDBXBD   ************ )()()()(

     0  

2- Some properties of the mapping Aμ   

Now, we give some properties of the map )()(:, HBHBBA   is 

defined by )(,)( *** HBXABXXBAXA   where A and B are known 

operator in  

In the first we show this map A  is an additive map in fact  

AXXBBXXAXXA

*

21

*

21

*

21 )()()(      

ABXABXBXABXA
*

2

*

1

*

2

**

1

*   

)()(
*

2

*

2

**

1

*

1

* ABXBXAABXBXA   

)()( 21 XX AA    

But the map A  is no homogenous  

Since AXBBXAXA

*** )()()(    

ABXXBA ***    
)(XA  

But if H is a Real Hilbert space then A is a linear map  

Now we give more properties of this map by the following proposition. 
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Proposition (2.1): 

The map a  is a bounded  

Proof: 

ABXXBAXA

***)(   

ABXXBA ***   

AXBBXA ***   

XBA2  

XM   

Where BAM 2  clearly, 0M  , Therefore the map A  is bounded 

And the following proposition shows in general the map )()(: HBHBA   

is not necessary one to one   

Now the following theorem study some properties of the Rang of  the map 

A  

Theorem (2.2): 

Let Range )}(,{)( *** HBXABXXBAA  then :- 

i) )())(( *

AA RangeRange    

ii) RRangeRange AA   ),()(  

iii) iRange )(,{)( * HBXABXAXBA   

Proof:  

i) )(,){())(( ***** HBXABXXBARange A   

              

)(

)}(,{

)}(),{(

***

***

ARange

HBXABXXBA

HBXXBAABX







 

ii) )}(),({)( *** HBXABXXBARange A        

                         

)(

)}(,{

)}(,)()({

1

*

1

*

1

*

***

ARange

XWhereXHBXABXBXA

HBXAXBBXA













                         

iii) )}(),{()( *** HBXAiBXXBiARangei A   

                           
iXWhereXHBXABXBXA

HBXAiXBBiXA





11

*

1

*

1

*

***

)}(,{

)}(),)()({(
 

Theorem (2.3):  

If )(,).(, 2121 AA RangeCCThenRangeCC    

Proof: 

Let )(, 21 ARangeCC   then there exist 1X and )(2 HBX   such that 

21

*

21

*

21

*

2

*

2

*

2

*

1

*

1

*

1

*

)()(, CCXXBBXXASo

CABXBXandACABXBXA
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And therefore; )(21 ARangeCC   

From above theorem one can have the following corollary. 

Corollary (2.4): 

If )(,).(,, 2121 ANAN RangeCCCThenRangeCCC     

Recall that a mapping f  from a ring R into it self is called derivation if  

Rbabafbafabf  ,)()()(  . the following remark shows the mapping A  

is not derivation . 

Remark (2.5): 

Since AXYBBXYAXYBA

***

, )()()(   

AXYBBXYA )()( ****   

But AYBXYXBAYXandAXBYYBXAYX BABA

***

,

***

, )(,,)(     

Thus , YXYXXY BABABA )()()( ,,,    , to illustrate this consider the 

following example . 

Example (2.6): 

Consider the unilateral shift operator U is defined on the Hilbert space 

ℓ
2
={x=(x1, x2, …): 



1i

ix < , xi¢} by U(x1,x2,…)=(0,x1,x2,…), 

(x1,x2,…)ℓ
2
, then bilateral shift operator is the adjoint operator of U is 

U
*
(x1,x2,…) =(x2,x3,…), (x1,x2,…)ℓ

2
. 

Then AXBXXU

*)(   where B is the bilateral shift operator thus  

UIUU

UBU

UBUBUBU

UUBBUBUUIUBut

BUBUBUU

UUU

UU

U

)()()(

3

)()()(,

2)(

2

2

















 

Where I is identity operator therefore; A is not derivation. 
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 المستخلص
CABXXBA دمنا الحلول العامة لمعادلة المؤثر المقيدة قفي هذا البحث    Aحيثث   ***

وكثذل  وثواا البيبيث      Hوالمعرفة علث  فاثاه هلبثرت المعقثدة      مؤثرات ليس لها معكوس  Bو 

ABXXBAX
BA

***

,
)(  . 

 


