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Abstract

In this paper , the concept of the Cartesian Product of two fuzzy
normed spaces is presented. Some basic properties and theorems on this
concept are proved. The main goal of this paper is to prove that the
Cartesian product of two complete fuzzy normed spaces is a complete
fuzzy normed space.
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1- Introduction

The fuzzy set concepts was introduced in mathematics by K.Menger
in 1942 and reintroduced in the system theory by L.A.Zadeh in 1965.
In 1984, Katsaras [ 1 ], first introduced the notation of fuzzy norm on
linear space, in the same year Wu and Fang [ 4 ] also introduced a notion of
fuzzy normed space . Later on many other mathematicians like Felbin [ 2 ]
, Cheng and Mordeson [ 10] , Bag and Samanta [12], J.Xiao and X.Zhu
[8,9] , Krishna and Sarma [11] , Balopoulos and Papadopoulos [ 13] etc,
have given different definitions of fuzzy normed spaces .
J.Kider introduced the definition of fuzzy normed space[ 7 ] , we use this
definition to prove that the Cartesian product of two fuzzy normed spaces
is also fuzzy normed space.

The structure of the paper is as follow : In section 2 we
present some fundamental concepts . In section 3, the definition of fuzzy
normed space appeared [7] is used to prove that the cartesain product of
two fuzzy normed spaces is also fuzzy normed space, then we prove that
the cartesain product of two complete fuzzy normed spaces is complete
fuzzy normed space.

2. Preliminaries
In this section, we briefly recall some definitions and preliminary
results which are used in this paper.
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Definition 2.1 7T
Let U be a vector space over field K (K=R or K=C) . Put I=[0,1] then

N:U x I — I'issaid to be a fuzzy normon U in case for each u,v € U
and A € K the following conditions hold

(N1) if @ = 0 then N(u, ) = 0.

(N2) if & # 0 then N(u, @) = 0 if and only if u = 0.

(N3) N(Au, @) = 121N (u, a).

(NHYNu+v,a) <N a)+ N, a).

(N5)if 0 < o0 < @ < 1then N(u, @) < N(u, o) and there exists

0 < @, < a such that lim,, N, a,) = N, a).

Then N is called fuzzy norm and (U, V) is called fuzzy normed space.
Proposition 2.2 [ 7]:

Let (U, |I. | be an ordinary normed space , define N(u, a) = i |||l for

a > 0and N(u,a) =0 fora = 0. Then (U, N) is a fuzzy normed space.
Example 2.3 [ 7]:
LetU = R , then N(u, @) = i || is afuzzy norm on R by proposition 2.2

called the usual fuzzy norm.
Definition 2.4[6]:
Let A and B be any two sets ,the Cartesian product is denoted by A X B
and is definedby A X B = {(a,b)|la € A,b € B}.
Definition 2.5[ 3 1:
Let U be a universe. A fuzzy set X over U is a set defined by afunction p,,
representing a mapping
Byt U —[01]
i, is called a membership function of X ,and the value ., (u) is called the
grade of membership of ue U. Thus a fuzzy set X over U can be
represented as follows

X ={(ux(u)/u)-u € U, ux(u) € [0,1]}
Definition 2.6 [ 5 1:
A fuzzy set x, of aset S is called a fuzzy point if

=5 Tx=Y

0 otherwise

forall x,y € § and @ € (0,1].
Definition 2.7[ 7 1:
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A sequence {(u,, a,,)} of fuzzy points in a fuzzy normed space (U, N)
converges tou, € U iflim, . N(u, —u, 1) =0, where a, e, € (0,1]
and A = min{a,,a,,a; ...a,,..}.
Definition 2.8 [ 7]:
A sequence {(u,, e, )} of fuzzy points in a fuzzy normed space (U, V) is
Cauchy if for any £ = 0 there is integer n- > 0 such that for all m,n = n-
, We have

N(u,, —u,, 1) <e where A = min{a,,a,, ..., &,, ... }.
3- Cartesian product of two fuzzy normed spaces
In this section, we introduce the definition of the Cartesian product of two
fuzzy normed spaces , then we prove that the Cartesian product of two
fuzzy normed spaces is also fuzzy normed space.
Finally , we prove the completeness of the Cartesian product of two
complete fuzzy normed spaces.
Definition 3.1:
Let (U, N,) and (V, N,) be two fuzzy normed spaces .The Cartesian
product of (U, N;)and (V,N,) is the product space (U X V, N) where
U x V is the Cartesian product of the sets U and V and N is a mapping
from (U x V x [0,1]) into [0,1] given by
N((wv),a) =N, (w,@) + N(v,a) , forall (u,v) €U XV ,a € (0,1).
Theorem 3.2:
Let (U, N,) and (V, N,) be two fuzzy normed spaces then (U x V,N) is a

fuzzy normed space .
Proof:
Let(w,v) eU XVand A €K

(N1) if @ =0 then N,(u,a) =0 and N, (v,a) =0 so
N, (u, @) + N, (v, @)= 0 which implies that N((w,v),a) =0 .
(N2) if a@ = 0then N((w,v),a)=0  N;(u,a)+N,(v,a)=0.
o N(wa) =0 and N,(v,a) =0.
o (ua)=0and (v,a)=0.
su=0andvr=0.
< (u,1v) =(0,0).
(N3) N(A(w, v), @) = N, (Qu. @) + N, (Av, @)
= AN, (u.a) + AN, (v, @)
= A[N; (@, @) + N (v, )]
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= AN((u,v),a) .

(N4) N (((u, )+ (ul,vl)l),(x) < N((u+u,,v+ v,), )
< N,(u+uy,a)+N,(v+v,,a).

< Ny(u,@) + Ny (uy, @) + Ny (v, @) + N, (vy,@).
= (N @ a) + N, (v, @) + (N; (g, @) + N (v, @)).
= ﬁ((u,v], c:r:) + N((uy,vy), a).
(NS)if 0<o<a<1 then N,(ua)<N,(uo0)
and N,(v,a) = N,(v,0),s0 ﬁ((u,v], a:) < N((u,v),0) and there
exist . .
0 < @, < a suchthat lim,_ N, (u,a,) = N, (u,«) and
lim, . N,(v,a,) = N(v,a) which implies that
lim,, .. ﬁ((u,v], a:n) = N((w,v), a).
Thus (U XV, N) is fuzzy normed space.

Proposition 3.3
If {(u,, a, )} is a sequence of fuzzy points in the fuzzy normed space

(U, N;) converges to u, in U and {(v,, a,,)} is a sequence of fuzzy points
in the fuzzy normed space (V, N,) converges to v, in V then

{((un, v,), an)} Is a sequence in U X V' converges to (u,,v,) iIn
([U X V],H) where @ = min{a, | n € N}.
Proof:
To conclude that sequence {( (u,,, v,,),@, )} in U X V converges to (i, )
we show that lim,,_, ﬁ((un, v,) — (u,v), ;1) =0.
By theorem 3.2, (U X V, N) is a fuzzy normed space . since
(U, ;) = Ugy.and (v, a,) »v, so lim,_ N, (u,—uli,)=0
and lim,,_,, N, (v, —v,4,)=0.
So lim, ﬁ((uw v,) — (1, t?],}L) =
lim, . N,(u, —u,A) +lim,_ . N, (v, —v,1)=0+0 =0
Thus {((w,,v,,), @, )} converges to (i, v, ).
Proposition 3.4

If {(u,,a,)}is Cauchy sequence in (U, N;) and {(v,, &)} is Cauchy
sequence in (V, N,) then {(u,, v,,), &, } is Cauchy sequence in (U x V, N).
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Proof:
By theorem 3.2, (U x V', N) is a fuzzy normed space . since {(u,,, @,,)} and
{(v,, a,)} are Cauchy sequences then for each given ¢ = 0 there is a
positive constant n- such that
N, (u, —u,, ) < 5 and N, (v, —v,,1,) < 5 for every m,n > n-
Now for each m,n = n-
N (i, V) = Uy V), D) = N (U =y, Vi — 1), ).
= ;N;(Em — Uy, A1) + ﬂ;{:ﬁm — Uy, A3).
=S+;=¢.
Thus {(u,, 17,), &, } is Cauchy sequence in (U X V, N).

Definition 3.5:
Let (U, N) be a fuzzy normed space , then a fuzzy normed space in which

every fuzzy Cauchy sequence {(u.,,, &, )} is convergent is said to be

complete.
Theor@_run 3.6 -
If (U,N,)and (V,N,) are complete fuzzy normed spaces then Cartesian

product (U x V,N) is a complete fuzzy normed space .
Proof:
Let {(u,,v,), a,} beaCauchysequence in U x V thatis forany given
£ >0 thereis n- such that ﬁ(((um, v,,) — (uﬂ,vﬂ]),ﬂ,) < £ which
injBIies that N

N, (u,, —u,, A+ N, (v, —v,,4,) < ¢ where A = min{1,,4,}
so that N, (u,,, —u,,A,) < & and N, (v,, — v,,,1,) < € thatis {(u,, a,,)}
is Cauchy in (U, N,) and {(v,, @,)} is Cauchy in (V,N,), but (U, N;)
and (V,N,) are complete fuzzy normed spaces , so there is u, in U/ and v,
in ¥ such that {(u,, @, )} convergesto u, and {(v,,a,)} converges to v,
that is lim,_ ., N;(u, —u,1,) =0 and lim,_,N,(v, —v,4,) =0 .
Now ,

lim,, .. ﬁ(((un, v,) — (u, v]),,l] =

lim,, .., N; (u,, —u,A,)+lim, . N, (v, — v,4,) = 0+0 =0
Thus {(u,, 1,), &, } converges to (u,,v,) in U XV, therefore
(UxV,N)

Is a complete fuzzy normed space.
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Theorema.,z . _
If (UxV,N)isafuzzy normed space, then (U/,N,) and (V,N,) are
fuzzy normed spaces by defining N, (w, @) = N((u, 0),a) and
N, (v, @) = N((0,v), ).
Proof:
Letue Uandy e K
(N1) if @ =0 then N((u,0),a)=0- N, (u,a)=0
(N2) if @ = 0 then N,(u,@) =0 & N((1,0),a) =0
« (u,0)=0
—u =0
(N3) Ny (ru, @) = N(Grw,0),@) = ly| N((, 0),@) = Iy | N, (w, ).
(N4) Ny(u+u;,a@)=N({(u+uy,0),a).
= ﬁ((u, O],a:) + N((uy,0),a).
= Ny(u,a) + Ny (uy, ).
(N5) if 0 <o < a< 1then N((u,0),a) < N((u,0),0) thatis
N, (u,a) < N, (u,0).
Then there exists 0 < a,, < a such that lim,_, N; (u,a,) = N; (4, a).
Thus (U, N;) is a fuzzy normed space.
Similarly we can prove that (V, N,) is a fuzzy normed space.
Theorem 3.8:
If (Ux V,N) is acomplete fuzzy normed space , then (U, N;) and
V,N;)
are complete fuzzy normed spaces .
proof:
(U,N;) and (V,N,)are fuzzy normed spaces by theorem 3.7 .
Let {(u,, @,)} be a Cauchy sequence in (U, N; ) then {(u,,0),a,)}isa
Cauchy sequence in 7 X V. But U X V' is complete fuzzy normed space ,
that is there is (u,,0) in U X V such that {((u,, 0),a,,))} converges to
(u,,0).
Now , lim,__, N, (u, —u,a) = lim,__, N((u, —u,0),a) =0
That is (U, N,) is a complete fuzzy normed space. Similarly we can prove
that (V,N,) is a complete fuzzy normed space.
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